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Abstract 
During the past decade, a significant amount of research has been conducted 
internationally with the aim of developing, implementing, and verifying "advanced 
analysis" methods suitable for non-linear analysis and design of steel frame structures. 
Application of these methods permits comprehensive assessment of the actual failure 
modes and ultimate strengths of structural systems in practical design situations, 
without resort to simplified elastic methods of analysis and semi-empirical 
specification equations. Advanced analysis has the potential to extend the creativity 
of structural engineers and simplify the design process, while ensuring greater 
economy and more uniform safety with respect to the ultimate limit state. 
The application of advanced analysis methods has previously been restricted to steel 
frames comprising only members with compact cross-sections that are not subject to 
the effects of local buckling. This precluded the use of advanced analysis from the 
design of steel frames comprising a significant proportion of the most commonly used 
Australian sections, which are non-compact and subject to the effects of local 
buckling. This thesis contains a detailed description of research conducted over the 
past three years in an attempt to extend the scope of advanced analysis by developing 
methods that include the effects of local buckling in a non-linear analysis formulation, 
suitable for practical design of steel frames comprising non-compact sections. 
Two alternative concentrated plasticity formulations are presented in this thesis: the 
refined plastic hinge method and the pseudo plastic zone method. Both methods 
implicitly account for the effects of gradual cross-sectional yielding, longitudinal 
spread of plasticity, initial geometric imperfections, residual stresses, and local 
buckling. The accuracy and precision of the methods for the analysis of steel frames 
comprising non-compact sections has been established by comparison with a 
comprehensive range of analytical benchmark frame solutions. Both the refined 
plastic hinge and pseudo plastic zone methods are more accurate and precise than the 
conventional individual member design methods based on elastic analysis and 
specification equations. For example, the pseudo plastic zone method predicts the 
ultimate strength of the analytical benchmark frames with an average conservative 
error of less than one percent, and has an acceptable maximum unconservati_ve error 
of less than five percent. The pseudo plastic zone model can allow the design 
capacity to be increased by up to 30 percent for simple frames, mainly due to the 
consideration of inelastic redistribution. The benefits may be even more significant 
for complex frames with significant redundancy, which provides greater scope for 
inelastic redistribution. 
The analytical benchmark frame solutions were obtained using a distributed plasticity 
shell finite element model. A detailed description of this model and the results of all 
the 120 benchmark analyses are provided. The model explicitly accounts for the 
effects of gradual cross-sectional yielding, longitudinal spread of plasticity, initial 
geometric imperfections, residual stresses, and local buckling. Its accuracy was 
verified by comparison with a variety of analytical solutions and the results of three 
large-scale experimental tests of steel frames comprising non-compact sections. A 
description of the experimental method and test results is also provided. 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections + ii 
Publications 
1. Avery, P. (1996), "Advanced analysis of steel frames comprising non-compact 
sections", Ph.D. literature review, School of Civil Engineering, Queensland 
University of Technology, Brisbane, Australia. 
2. Mahendran, M., Avery, P., and Alsaket, Y. (1997), "Benchmark solutions for steel 
frames structures comprising non-compact sections", Proceedings of the 
International Conference on Stability and Ductility of Steel Structures, Nagoya, 
Japan. 
3. Avery, P., Alsaket, Y., and Mahendran, M. (1997), "Distributed plasticity analysis 
and large scale tests of steel frame structures comprising members of non-compact 
cross-section", Physical Infrastructure Centre Research Monograph 97-1, 
Queensland University of Technology, Brisbane, Australia. 
4. Avery, P. and Mahendran, M. (1998), "Advanced analysis of steel frames 
comprising non-compact sections", Proceedings of the Physical Infrastructure 
Centre's Conference on Infrastructure for the Real World, Queensland University 
of Technology, Brisbane, Australia. 
5. Avery, P. and Mahendran, M. (1998), "Advanced analysis of steel frame 
structures comprising non-compact sections", Proceedings of the Australasian 
Structural Engineering Conference, Auckland, New Zealand. 
6. Avery, P. and Mahendran, M. (1998), "Large scale testing of steel frame 
structures comprising non-compact sections", Physical Infrastructure Centre 
Research Monograph 98-1, Queensland University of Technology, Brisbane, 
Australia. 
7. Avery, P. and Mahendran, M. (1998), "Distributed plasticity analysis of steel 
frame structures comprising non-compact sections", Physical Infrastructure Centre 
Research Monograph 98-2, Queensland University of Technology, Brisbane, 
Australia. 
8. Avery, P. and Mahendran, M. (1998), "Analytical benchmark solutions for steel 
frame structures comprising non-compact sections", Physical Infrastructure Centre 
Research Monograph 98-3, Queensland University of Technology, Brisbane, 
Australia. 
9. Avery, P. and Mahendran, M. (1998), "Refined plastic hinge analysis of steel 
frame structures comprising non-compact sections", Physical Infrastructure Centre 
Research Monograph 98-4, Queensland University of Technology, Brisbane, 
Australia. 
10. Avery, P. and Mahendran, M. (1998), "Pseudo plastic zone analysis of steel frame 
structures comprising non-compact sections", Physical Infrastructure Centre 
Research Monograph 98-7, Queensland University of Technology, Brisbane, 
Australia. 
11. Avery, P. and Mahendran, M. (1999), "Large scale testing of steel frame 
structures comprising non-compact sections", Engineering Structures (under 
review). 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • iii 
12. Avery, P. and Mahendran, M. (1999), "Distributed plasticity analysis of steel 
frame structures comprising non-compact sections", Engineering Structures 
(under review). 
13. Avery, P. and Mahendran, M. (1999), "Analytical benchmark solutions for steel 
frame structures comprising non-compact sections", Journal of Structural 
Engineering, ASCE (under review). 
14. Avery, P. and Mahendran, M. (1999), "Refined plastic hinge analysis of steel 
frame structures comprising non-compact sections I: Formulation", Journal of 
Structural Engineering, ASCE (under review). 
15. Avery, P. and Mahendran, M. (1999), "Refined plastic hinge analysis of steel 
frame structures comprising non-compact sections II: Verification", Journal of 
Structural Engineering, ASCE (under review). 
16. Avery, P. and Mahendran, M. (1999), "Pseudo plastic zone analysis of steel frame 
structures comprising non-compact sections", Journal of Structural Engineering, 
ASCE (in preparation). 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • iv 
Table of Contents 
Acknowledgements ........................................................................................ i 
Abstract .......................................................................................................... i i 
Publications .................................................................................................. iii 
Table of Contents .......................................................................................... v 
List of Figures ............................................................................................... ix 
List of Tables ............................................................................................... xiv 
Notation ...................................................................................................... xvii 
Abbreviations ...................................................................................................... xvii 
Symbols ............................................................................................................... xvii 
Chapter 1. Introduction ................................................................................ 1 
Chapter 2. Literature Review ....................................................................... 4 
2.1 Advanced analysis of steel frame structures ..................................................... 4 
2.1.1 Distributed plasticity analysis .................................................................. 4 
2.1.2 Concentrated plasticity analysis ............................................................... 6 
2.1.3 Design considerations ............................................................................ 15 
2.2 Local buckling ................................................................................................. 19 
2.2.1 Local buckling fundamentals ................................................................. 19 
2.2.2 Quantifying local buckling effects ......................................................... 21 
2.3 Design of steel frame structures comprising non-compact sections ............... 25 
2.3.1 AS4100 ................................................................................................... 25 
2.3.2 AISC LRFD ............................................................................................ 28 
2.3.3 Comparison of the AS4100 and AISC LRFD design specifications ..... 30 
Chapter 3. Large Scale Frame Testing ...................................................... 31 
3.1 Test specimens ................................................................................................ 31 
3.2 Test setup and instrumentation ........................................................................ 36 
3.3 Test procedure ................................................................................................. 43 
3.4 Test results and discussion .............................................................................. 45 
3.4.1 Test frame 2 (non-compact universal beam) .......................................... 45 
3.4.2 Test frame 3 (slender rectangular hollow section) ................................. 52 
3.4.3 Test frame 4 (slender welded 1-section) ................................................. 57 
3.5 Summary ......................................................................................................... 63 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • v 
Chapter 4. Distributed Plasticity Finite Element Analysis ...................... 65 
4.1 Model description ............................................................................................ 65 
4.1.1 Elements ................................................................................................. 66 
4.1.2 Discretization of the finite element mesh ............................................... 67 
4.1.3 Material model and properties ................................................................ 68 
4.1.4 Loads and boundary conditions .............................................................. 69 
4.1.5 Initial geometric imperfections .............................................................. 70 
4.1.6 Residual stresses ..................................................................................... 72 
4.1.7 Analysis .................................................................................................. 76 
4.2 Verification ...................................................................................................... 76 
4.2.1 Vogel frames comprising compact sections ........................................... 77 
4.2.2 Test frames comprising non-compact sections ...................................... 86 
4.3 Analytical benchmarks and parametric studies ............................................... 97 
4.3.1 Modified Vogel frames .......................................................................... 98 
4.3.2 Series 1: Fixed base sway portal frames (major axis bending) ............ 102 
4.3.3 Series 2: Pinned base sway portal frames (major axis bending) .......... 112 
4.3.4 Series 3: Leaned column sway portal frames (major axis bending) .... 113 
4.3.5 Series 4: Pinned base non-sway portal frames (major axis bending) ... 114 
4.3.6 Series 5: Pinned base sway portal frames (minor axis bending) .......... 115 
4.4 Summary ....................................................................................................... 116 
Chapter 5. Concentrated Plasticity Refined Plastic Hinge Analysis .... 117 
5.1 Formulation of the frame element force-displacement relationship ............. 118 
5.1.1 Second-order effects ............................................................................. 120 
5.1.2 Section capacity .................................................................................... 122 
5 .1.3 Gradual yielding and distributed plasticity .......................................... 126 
5.1.4 Hinge softening .................................................................................... 138 
5.2 Assembly and solution of structure force-displacement relationship ........... 140 
5 .2.1 Coordinate transformation .................................................................... 140 
5.2.2 Solution method ................................................................................... 141 
5.3 Sensitivity of analytical model parameters ................................................... 142 
5.3 .1 Initial load increment size .................................................................... 143 
5.3.2 Number of elements per member ......................................................... 145 
5.3.3 Effective section properties .................................................................. 146 
5.3.4 Section capacity interaction function ................................................... 147 
5.3.5 Tangent modulus .................................................................................. 148 
5.3.6 Flexural stiffness reduction parameter ................................................. 149 
5.3.7 Method of analysis ............................................................................... 150 
5.4 Verification of the refined plastic hinge method ........................................... 152 
5.4.1 Modified Vogel frames ........................................................................ 152 
5.4.2 Series 1: Fixed base sway portal frames (major axis bending) ............ 154 
5.4.3 Series 2: Pinned base sway portal frames (major axis bending) .......... 162 
5.4.4 Series 3: Leaned column sway portal frames (major axis bending) .... 164 
5.4.5 Series 4: Pinned base non-sway portal frames (major axis bending) ... 167 
5.4.6 Series 5: Pinned base sway portal frames (minor axis bending) .......... 170 
5.5 Summary ....................................................................................................... 172 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • vi 
Chapter 6. Concentrated Plasticity Pseudo Plastic Zone Analysis ...... 174 
6.1 Stub beam-column model analysis ................................................................ 174 
6.1.1 Description of the stub beam-column model ....................................... 175 
6.1.2 Analytical results and discussion ......................................................... 176 
6.2 Formulation of the pseudo plastic zone frame element force-displacement 
relationship .......................................................................................................... 182 
6.2.1 Plastic strength, section capacity and initial yield ................................ 183 
6.2.2 Section tangent moduli ......................................................................... 186 
6.2.3 Hinge softening .................................................................................... 189 
6.2.4 Imperfection reduction factor. .............................................................. 191 
6.2.5 Second-order effects ............................................................................. 192 
6.2.6 Flexural stiffness reduction parameter ................................................. 193 
6.3 Verification of the pseudo plastic zone analytical method ........................... 194 
6.3.1 Series 1: Fixed base sway portal frames (major axis bending) ............ 195 
6.3.2 Series 2: Pinned base sway portal frames (major axis bending) .......... 201 
6.3.3 Series 3: Leaned column sway portal frames (major axis bending) .... 203 
6.4 Summary ....................................................................................................... 206 
Chapter 7. Conclusions ............................................................................ 208 
Appendix A. Benchmark Load-Deflection Results ................................. 211 
Al. Benchmark series 1 load-deflection results .................................................. 212 
A2. Benchmark series 2load-deflection results .................................................. 221 
A3. Benchmark series 3 load-deflection results .................................................. 223 
A4. Benchmark series 4 load-deflection results .................................................. 229 
A5. Benchmark series 5 load-deflection results .................................................. 231 
Appendix B. Comparison of Load-Deflection Curves ............................. 232 
B 1. Benchmark series 1 load-deflection curves .................................................. 233 
B2. Benchmark series 2 load-deflection curves .................................................. 239 
B3. Benchmark series 3 load-deflection curves .................................................. 243 
B4. Benchmark series 4load-deflection curves .................................................. 247 
B5. Benchmark series 5load-deflection curves .................................................. 249 
Appendix C. Comparison of Strength Curves ......................................... 251 
Cl. Benchmark series 1 strength curves ............................................................. 252 
C2. Benchmark series 2 strength curves ............................................................. 258 
C3. Benchmark series 3 strength curves ............................................................. 260 
C4. Benchmark series 4 strength curves ............................................................. 264 
C5. Benchmark series 5 strength curves ............................................................. 266 
Appendix D. Abaqus Residual Stress Modules ...................................... 267 
Dl. Abaqus module used to define membrane residual stress in hot-rolled!-
sections ................................................................................................................ 268 
D2. Abaqus module used to define membrane residual stress in welded!-
sections ................................................................................................................ 269 
D3. Abaqus module used to define membrane and bending residual stress in 
cold-formed rectangular hollow sections ............................................................ 270 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • vii 
Appendix E. Source Listing of BMC Program ......................................... 272 
Appendix F. Equation Derivations ........................................................... 280 
Fl. Derivation of the refined plastic hinge model's hinge softening equation 
(5.1-42) ................................................................................................................ 281 
F2. Derivation of the pseudo plastic zone model's flexural stiffness reduction 
factor equation ( 6.2-1 0) ....................................................................................... 283 
F3. Derivation ofthe pseudo plastic zone model's imperfection reduction 
factor equation (6.2-8) ......................................................................................... 285 
References ................................................................................................. 287 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • viii 
List of Figures 
Figure 1-1 Comparison of elastic and plastic methods of analysis (White and 
Chen, 1993) ............................................................................................................ 1 
Figure 2.1-1 Fibre element plastic zone discretization: (a) frame; (b) beam-
column element; (c) section (Toma and Chen, 1992) ............................................ 6 
Figure 2.1-2 Storey and member notional loads (Liew et al., 1994) ............................ 8 
Figure 2.1-3 Comparison of load-displacement characteristics for a portal frame 
bending about the major axis (Liew and Chen, 1994) .......................................... 11 
Figure 2.2-1 Post-buckling behaviour of slender plates (Trahair and Bradford, 
1988) ..................................................................................................................... 20 
Figure 2.2-2 Effective width concept for simply supported plate in uniform 
compression (Trahair and Bradford, 1988) .......................................................... 21 
Figure 3.2-1 Schematic diagram of test arrangement.. ............................................... 37 
Figure 3.2-2 Internal test frame .................................................................................. 37 
Figure 3.2-3 External support frame .......................................................................... 38 
Figure 3.2-4 General arrangement showing external support frame .......................... 38 
Figure 3.2-5 RHS strut, load cell, and vertical jack ................................................... 40 
Figure 3.2-6 Lateral bracing of beam ......................................................................... 41 
Figure 3.2-7 Floor girder and lateral bracing ............................................................. 41 
Figure 3.2-8 Horizontal jack and column base connection, showing strain gauges 
and displacement transducers ............................................................................... 42 
Figure 3.2-9 Location of strain gauges ....................................................................... 43 
Figure 3.3-1 Tensile test apparatus ............................................................................. 45 
Figure 3.4-1 Vertical to horizontal load ratio vs. load increment for test frame 2 ..... 46 
Figure 3.4-2 Load application sequence for test frame 2 ........................................... 46 
Figure 3.4-3 Local buckling at the base of the right hand column for test frame 2 ... 47 
Figure 3.4-4 Measured vertical displacements for test frame 2 ................................. 48 
Figure 3.4-5 Vertical load-deflection curve for test frame 2 ...................................... 48 
Figure 3.4-6 Measured in-plane horizontal displacements for test frame 2 ............... 49 
Figure 3.4-7 Sway load-deflection curve for test frame 2 .......................................... 49 
Figure 3.4-8 Vertical jack load vs. out-of-plane local deflection of the web near 
the base of the right hand column for test frame 2 ............................................... 50 
Figure 3.4-9 Measured strains from test frame 2 ....................................................... 50 
Figure 3.4-10 Stress-strain curve for 310 UB 32.0 flange steel.. ............................... 51 
Figure 3.4-11 Stress-strain curve for 310 UB 32.0 web steel .................................... 52 
Figure 3.4-12 Vertical to horizontal load ratio vs. load increment for test frame 3 ... 52 
Figure 3.4-13 Load application sequence for test frame 3 ......................................... 53 
Figure 3.4-14 Measured vertical displacements for test frame 3 ............................... 54 
Figure 3.4-15 Vertical load-deflection curve for test frame 3 .................................... 54 
Figure 3.4-16 Measured in-plane horizontal displacements for test frame 3 ............. 55 
Figure 3.4-17 Sway load-deflection curve for test frame 3 ........................................ 55 
Figure 3.4-18 Measured strains from test frame 3 ..................................................... 56 
Figure 3.4-19 Stress-strain curve for 200x100x4 RHS flange steel.. ......................... 57 
Figure 3.4-20 Stress-strain curve for 200x100x4 RHS web steel .............................. 57 
Figure 3.4-21 Vertical to horizontal load ratio vs. load increment for test frame 4 ... 58 
Figure 3.4-22 Load application sequence for test frame 4 ......................................... 58 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • ix 
Figure 3.4-23 Measured vertical displacements for test frame 4 ............................... 59 
Figure 3.4-24 Vertical load-deflection curve for test frame 4 .................................... 60 
Figure 3.4-25 Measured horizontal displacements for test frame 4 ........................... 60 
Figure 3.4-26 Sway load-deflection curve for test frame 4 ........................................ 61 
Figure 3.4-27 Vertical jack load vs. out-of-plane local deflection of the web near 
the base of the right hand column for test frame 4 ............................................... 61 
Figure 3.4-28 Stress-strain curve for welded !-section flange steel ........................... 62 
Figure 3.4-29 Stress-strain curve for welded !-section web steel .............................. 63 
Figure 4.1-1 Geometry and finite element mesh of a typical test frame model ......... 68 
Figure 4.1-2 Beam-column joint showing multiple point constraint and applied 
loads ...................................................................................................................... 70 
Figure 4.1-3 Imperfections ......................................................................................... 72 
Figure 4.1-4 Assumed longitudinal membrane residual stress distribution for hot-
rolled !-sections (ECCS, 1984) ............................................................................. 73 
Figure 4.1-5 Assumed longitudinal membrane residual stress distribution for 
welded !-sections (ECCS, 1984) .......................................................................... 73 
Figure 4.1-6 Assumed longitudinal membrane and bending residual stress 
distributions for rectangular hollow sections (based on Key and Hancock, 
1985) ..................................................................................................................... 74 
Figure 4.1-7 Contours of residual stress in a typical !-section model.. ...................... 75 
Figure 4.2-1 Stress-strain relationship used for Vogel's calibration frames .............. 77 
Figure 4.2-2 Configuration of Vogel's portal frame .................................................. 79 
Figure 4.2-3 Geometry and finite element mesh of the Vogel portal frame model ... 79 
Figure 4.2-4 Comparison of sway load-deflection curves for Vogel's portal frame. 80 
Figure 4.2-5 Configuration of Vogel's gable frame ................................................... 81 
Figure 4.2-6 Geometry and finite element mesh of the Vogel gable frame model .... 81 
Figure 4.2-7 Comparison of sway load-deflection curves for Vogel's gable frame .. 82 
Figure 4.2-8 Comparison of vertical load-deflection curves for Vogel's gable 
frame ..................................................................................................................... 82 
Figure 4.2-9 Configuration of Vogel's six storey frame ............................................ 83 
Figure 4.2-10 Geometry and finite element mesh of the Vogel six storey frame 
model .................................................................................................................... 84 
Figure 4.2-11 Comparison of sway load-deflection curves for Vogel's six storey 
frame ..................................................................................................................... 85 
Figure 4.2-12 Configuration of test frame models ..................................................... 86 
Figure 4.2-13 Geometry and finite element mesh of the test frame 2 model.. ........... 87 
Figure 4.2-14 Deformations and von Mises stress distribution at the ultimate 
capacity of the test frame 2 distributed plasticity model ...................................... 88 
Figure 4.2-15 Graph of vertical load vs. local buckling displacement of web and 
outside flange near the base of the right hand column for test frame 2 analysis .. 88 
Figure 4.2-16 Comparison of experimental and analytical sway load-deflection 
curves for test frame 2 .......................................................................................... 89 
Figure 4.2-17 Comparison of experimental and analytical vertical load-deflection 
curves for test frame 2 .......................................................................................... 90 
Figure 4.2-18 Geometry and finite element mesh of the test frame 3 model.. ........... 91 
Figure 4.2-19 Graph of vertical load vs. local buckling displacement of outside 
flange near the base of the right hand column for test frame 3 analysis .............. 92 
Figure 4.2-20 Comparison of experimental and analytical sway load-deflection 
curves for test frame 3 .......................................................................................... 92 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • x 
Figure 4.2-21 Comparison of experimental and analytical vertical load-deflection 
curves for test frame 3 .......................................................................................... 93 
Figure 4.2-22 Geometry and finite element mesh of the test frame 4 model.. ........... 93 
Figure 4.2-23 Graph of vertical load vs. local buckling displacement of web and 
flange near the base of the right hand column for test frame 4 ............................ 94 
Figure 4.2-24 Comparison of experimental and analytical sway load-deflection 
curves for test frame 4 .......................................................................................... 95 
Figure 4.2-25 Comparison of experimental and analytical vertical load-deflection 
curves for test frame 4 .......................................................................................... 96 
Figure 4.3-1 Stress-strain relationship used for the modified Vogel frames ............ 100 
Figure 4.3-2 Sway load-deflection curve for the modified Vogel portal frame ....... 101 
Figure 4.3-3 Sway load-deflection curve for the modified Vogel gable frame ....... 101 
Figure 4.3-4 Sway load-deflection curves for the modified Vogel six storey frame 102 
Figure 4.3-5 Configuration of the benchmark series 1 frames ................................. 102 
Figure 4.3-6 Benchmark numbering system ............................................................ 105 
Figure 4.3-7 Overall and local deformations of typical benchmark series 1 frame 
at the ultimate load (mm units) ........................................................................... 106 
Figure 4.3-8 Sway load-deflection curves showing the effect of section 
slenderness .......................................................................................................... 108 
Figure 4.3-9 Vertical load-deflection curves showing the effect of section 
slenderness .......................................................................................................... 108 
Figure 4.3-10 Sway load-deflection curves showing the effect of column 
slenderness .......................................................................................................... 109 
Figure 4.3-11 Vertical load-deflection curves showing the effect of column 
slenderness .......................................................................................................... 109 
Figure 4.3-12 Sway load-deflection curves showing the effect of P/H ratio ........... 110 
Figure 4.3-13 Vertical load-deflection curves showing the effect of P/H ratio ....... 110 
Figure 4.3-14 Sway load-deflection curves showing the effect of y ........................ 111 
Figure 4.3-15 Vertical load-deflection curves showing the effect of y .................... 111 
Figure 4.3-16 Configuration of the benchmark series 2 frames ............................... 112 
Figure 4.3-17 Configuration of the benchmark series 3 frames ............................... 113 
Figure 4.3-18 Configuration the benchmark series 4 frames ................................... 114 
Figure 5.1-1 Beam-column element, showing local degrees of freedom ................. 118 
Figure 5.1-2 Sway member illustrating displacements associated with chord-
rotation (L1) and curvature (8) ............................................................................. 120 
Figure 5.1-3 Stability functions ................................................................................ 122 
Figure 5.1-4 Comparison of the AISC LRFD and AS4100 section capacity 
equations for compact sections ........................................................................... 125 
Figure 5.1-5 Comparison of AS41 00 section capacity equations for compact and 
non-compact sections with varying slenderness ................................................. 126 
Figure 5.1-6 Tangent modulus calculation using column curve .............................. 127 
Figure 5.1-7 Comparison of CRC, AISC LRFD, and AS4100 compression 
member capacity curves for compact hot-rolled !-sections ................................ 128 
Figure 5.1-8 Comparison of AS4100 compression member capacity curves for 
various types of compact sections ...................................................................... 129 
Figure 5.1-9 Comparison of AS41 00 compression member capacity curves for 
non-compact sections with varying section slendernesses (ab = 0) ................... 129 
Figure 5.1-10 Comparison of CRC, AISC LRFD, and AS4100 tangent modulus 
functions for compact hot-rolled !-sections ........................................................ 132 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xi 
Figure 5.1-11 Comparison of AS4100 tangent modulus functions for different 
section types ....................................................................................................... 132 
Figure 5.1-12 Comparison of AS4100 tangent modulus functions for non-
compact !-sections with varying section slendemesses ...................................... 133 
Figure 5.1-13 Flexural stiffness reduction factor equations showing the effect of 
section slenderness for aiy = 0.5 ......................................................................... 136 
Figure 5.1-14 Initial yield curves for a typical hot-rolled !-section beam ............... 137 
Figure 5.1-15 Flexural stiffness reduction factor equations showing the effect of 
initial yield .......................................................................................................... 137 
Figure 5.1-16 Moment-rotation curve illustrating hinge softening behaviour of a 
non-compact section ........................................................................................... 138 
Figure 5.1-17 Comparison of moment-rotation curves for a non-compact!-
section (asc = 0.971) ........................................................................................... 139 
Figure 5.3-1 Beam-column model used for sensitivity analysis .............................. 143 
Figure 5.3-2 Load-deflection curves showing the influence of initial load 
increment size ..................................................................................................... 144 
Figure 5.3-3 Load-deflection curves showing the influence of the number of 
elements per beam member ................................................................................ 145 
Figure 5.3-4 Load-deflection curves showing the influence of the effective 
section properties ................................................................................................ 146 
Figure 5.3-5 Load-deflection curves showing the influence of the section capacity 
interaction function ............................................................................................. 147 
Figure 5.3-6 Load-deflection curves showing the influence of the tangent 
modulus .............................................................................................................. 148 
Figure 5.3-7 Load-deflection curves showing the influence of flexural stiffness 
reduction (FSR) and hinge softening (HS) ......................................................... 150 
Figure 5.3-8 Load-deflection curves showing the influence of local buckling ........ 151 
Figure 5.4-1 Sway load-deflection curves for the modified Vogel portal frame ..... 153 
Figure 5.4-2 Sway load-deflection curves for the modified Vogel gable frame ...... 153 
Figure 5.4-3 Sway load-deflection curves for the modified Vogel six storey frame 154 
Figure 5.4-4 Sway load-deflection curves for benchmark frame 1-2111.. ............... 154 
Figure 5.4-5 Sway load-deflection curves for benchmark frame 1-2121.. ............... 155 
Figure 5.4-6 Sway load-deflection curves for benchmark frame 1-2131.. ............... 155 
Figure 5.4-7 Vertical load-deflection curves for benchmark frame 1-2111.. ........... 156 
Figure 5.4-8 Comparison of strength curves for frames 1-11X1 ............................. 156 
Figure 5.4-9 Comparison of strength curves for frames 1-21X1 ............................. 157 
Figure 5.4-10 Comparison of strength curves for frames 1-31X1 ........................... 157 
Figure 5.4-11 Comparison of strength curves for frames 2-21X1 ........................... 162 
Figure 5.4-12 Sway load-deflection curves for benchmark frame 3-2131.. ............. 164 
Figure 5.4-13 Comparison of strength curves for frames 3-21X1 ........................... 165 
Figure 5.4-14 Comparison of strength curves for frames 3-21X1a ......................... 165 
Figure 5.4-15 Sway load-deflection curves for benchmark frame 4-2151.. ............. 168 
Figure 5.4-16 Comparison of strength curves for frames 4-21X1 ........................... 168 
Figure 5.4-17 Comparison of strength curves for frames 5-11X1 ........................... 170 
Figure 6.1-1 Stub beam-column model geometry and finite element mesh ............ 175 
Figure 6.1-2 Tangent modulus curves sho"ving the effect of stress concentrations. 17 6 
6.1-3 Local buckling modes .......................................................................... 177 
Figure 6.1-4 Plastic strength, section capacity, and initial yield curves for the 310 
UBi 32.0 section (k1= 0.902, Z/S = 0.976) ........................................................ 178 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xii 
Figure 6.1-5 Plastic strength, section capacity, and initial yield curves for the 310 
UBr2 32.0 section (k1 = 0.802, ZeiS = 0.887) ...................................................... 178 
Figure 6.1-6 Normalised moment-curvature curves ................................................. 179 
Figure 6.1-7 Normalised axial compression force-strain curves .............................. 180 
Figure 6.1-8 Normalised moment-curvature curves showing the effect of section 
slenderness .......................................................................................................... 180 
Figure 6.1-9 Comparison of PEA flexural tangent modulus curves for four 
different p/m ratios .............................................................................................. 181 
Figure 6.1-10 Comparison of FEA axial tangent modulus curves for four different 
p/m ratios ............................................................................................................ 181 
Figure 6.1-11 Comparison of FEA flexural tangent modulus curves for three 
different section slendernesses ........................................................................... 182 
Figure 6.2-1 m-p interaction diagram ....................................................................... 184 
Figure 6.2-2 Comparison of FEA and approximate plastic strength, section 
capacity, and initial yield equations for the 310 UBi 32.0 section ..................... 185 
Figure 6.2-3 Comparison of FEA and approximate plastic strength, section 
capacity, and initial yield equations for the 310 UBr2 32.0 section ................... 186 
Figure 6.2-4 Comparison of the approximate and PEA tangent modulus curves 
(310 UBi 32.0 section, p/m = 0.2) ...................................................................... 188 
Figure 6.2-5 Comparison of the approximate and PEA tangent modulus curves 
(310 UBi 32.0 section, p/m = 1) ......................................................................... 189 
Figure 6.2-6 Comparison of the approximate and PEA tangent modulus curves 
(310 UBi 32.0 section,p/m = 5) ......................................................................... 189 
Figure 6.2-7 Comparison of analytical and approximate flexural softening curves 
for the 310 UBi 32.0 section with p/m = 1 ......................................................... 190 
Figure 6.2-8 Imperfection reduction factor vs. normalised total displacement for 
various element PIH ratios and £1/L = 1/500 ...................................................... 192 
Figure 6.2-9 Imperfection reduction factor vs. element P/H ratio for various 
initial imperfection magnitudes and £1 = 0 .......................................................... 192 
Figure 6.2-10 Flexural stiffness reduction parameter vs. end moment ratio for 
various flexural tangent moduli .......................................................................... 193 
Figure 6.2-11 Flexural stiffness reduction parameter vs. force state parameter for 
various end moment ratios and a particular flexural tangent modulus function 194 
Figure 6.3-1 Sway load-deflection curves for benchmark frame 1-2111 ................. 195 
Figure 6.3-2 Sway load-deflection curves for benchmark frame 1-2121.. ............... 195 
Figure 6.3-3 Sway load-deflection curves for benchmark frame 1-2131.. ............... 196 
Figure 6.3-4 Vertical load-deflection curves for benchmark frame 1-2111.. ........... 196 
Figure 6.3-5 Comparison of strength curves for frames 1-11X1 ............................. 197 
Figure 6.3-6 Comparison of strength curves for frames 1-21X1 ............................. 197 
Figure 6.3-7 Comparison of strength curves for frames 1-31X1 ............................. 198 
Figure 6.3-8 Comparison of strength curves for frames 2-21X1 ............................. 201 
Figure 6.3-9 Sway load-deflection curves for benchmark frame 3-2131.. ............... 203 
Figure 6.3-10 Comparison of strength curves for frames 3-21X1 ........................... 204 
Figure 6.3-11 Comparison of strength curves for frames 3-21X1a ......................... 204 
Figure F3-1 Cantilever beam-column ...................................................................... 285 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xiii 
List of Tables 
Table 2.3-1 AS41 00 member section constants ( ab) for k1 = 1 .................................. 27 
Table 2.3-2 AS4100 member section constants ( ab) for k1 < 1 .................................. 27 
Table 3.1-1 Extent of susceptibility to local buckling in common Australian 
sections ................................................................................................................. 33 
Table 3.1-2 Section dimensions and properties of members used in the test frames. 36 
Table 3.1-3 Effective section properties and capacities of members used in the 
test frames ............................................................................................................. 36 
Table 3.3-1 Measured out-of-plumbness geometric imperfections ............................ 44 
Table 3.4-1 Location of strain gauges for test frame 2 ............................................... 51 
Table 3.4-2 Approximate multi-linear stress-strain curves for 310 UB 32.0 steel.. ... 51 
Table 3.4-3 Summary of 310 UB 32.0 flange and web steel properties ..................... 52 
Table 3.4-4 Location of strain gauges for test frame 3 ............................................... 56 
Table 3.4-5 Approximate multi-linear stress-strain curves for 200x100x4 RHS 
steel ....................................................................................................................... 56 
Table 3.4-6 Summary of 200x100x4 RHS flange and web steel properties .............. 57 
Table 3.4-7 Approximate multi-linear stress-strain curves for welded !-section 
steel ....................................................................................................................... 62 
Table 3.4-8 Summary of welded !-section flange and web steel properties ............... 62 
Table 3.5-1 Ultimate vertical and horizontal loads .................................................... 63 
Table 4.2-1 Section dimensions and properties of members used in Vogel's 
calibration frames ................................................................................................. 78 
Table 4.2-2 Summary of available results for the Vogel portal frame ....................... 79 
Table 4.2-3 Summary of available results for the Vogel gable frame ........................ 81 
Table 4.2-4 Summary of available results for the Vogel six storey frame ................. 84 
Table 4.2-5 Summary and comparison of experimental, analytical, and design 
capacities .............................................................................................................. 96 
Table 4.3-1 Idealised section dimensions and properties of members used in the 
modified Vogel frames ......................................................................................... 99 
Table 4.3-2 Effective idealised section properties and capacities of members used 
in the modified Vogel frames ............................................................................... 99 
Table 4.3-3 Modified Vogel frame analytical results ............................................... 100 
Table 4.3-4 Section dimensions and properties of the idealised and reduced 
sections ............................................................................................................... 104 
Table 4.3-5 Effective section properties of the idealised and reduced sections ....... 104 
Table 4.3-6 Parametric variables defined by the frame configuration identifier ...... 105 
Table 4.3-7 Parametric variables defined by the column slenderness identifier ...... 106 
Table 4.3-8 Parametric variables defined by the beam/column stiffness ratio 
identifier .............................................................................................................. 106 
Table 4.3-9 Parametric variables defined by the load case identifier ....................... 106 
Table 4.3-10 Parametric variables defined by the section slenderness identifier ..... 106 
Table 4.3-11 Summary of benchmark series 1 analytical results ............................. 107 
Table 4.3-12 Summary of benchmark series 2 analytical results ............................. 113 
Table 4.3-13 Summary of benchmark series 3 analytical results ............................. 114 
Table 4.3-14 Summary of benchmark series 4 analytical results ............................. 115 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xiv 
Table 4.3-15 Section dimensions and properties (series 5) ...................................... 115 
Table 4.3-16 Effective section properties and capacities (series 5) ......................... 115 
Table 4.3-17 Summary of benchmark series 5 analytical results ............................. 115 
Table 5.3-1 Comparison of normalised ultimate loads, showing the influence of 
initial load increment size ................................................................................... 144 
Table 5.3-2 Comparison of normalised ultimate loads, showing the influence of 
the number of elements per member .................................................................. 145 
Table 5.3-3 Comparison of normalised ultimate loads, showing the influence of 
the effective section properties ........................................................................... 146 
Table 5.3-4 Comparison of normalised ultimate loads, showing the influence of 
the section capacity interaction function ............................................................ 148 
Table 5.3-5 Comparison of normalised ultimate loads, showing the influence of 
the tangent modulus ............................................................................................ 149 
Table 5.3-6 Comparison of normalised ultimate loads, showing the influence of 
flexural stiffness reduction (FSR) and hinge softening (HS) ............................. 149 
Table 5.3-7 Comparison of normalised ultimate loads, showing the influence of 
local buckling ..................................................................................................... 151 
Table 5.4-1 Comparison of ultimate load factors for modified Vogel frames ......... 152 
Table 5.4-2 Comparison of FEA, RPH and design ultimate capacities for 
benchmark series 1 ............................................................................................. 158 
Table 5.4-3 Statistical analysis of benchmark series 1 results ................................. 159 
Table 5.4-4 Effect of parametric variation on the accuracy of the refined plastic 
hinge model for benchmark series 1 ................................................................... 160 
Table 5.4-5 Comparison of FEA, RPH and design ultimate capacities for 
benchmark series 2 ............................................................................................. 163 
Table 5.4-6 Statistical analysis of benchmark series 2 results ................................. 163 
Table 5.4-7 Effect of parametric variation on the accuracy of the refined plastic 
hinge model for benchmark series 2 ................................................................... 164 
Table 5.4-8 Comparison of FEA, RPH, and design ultimate capacities for series 3 166 
Table 5.4-9 Statistical analysis of benchmark series 3 results ................................. 167 
Table 5.4-10 Effect of parametric variation on the accuracy of the refined plastic 
hinge model for benchmark series 3 ................................................................... 167 
Table 5.4-11 Comparison of FEA, RPH, and design ultimate capacities for series 
4 .......................................................................................................................... 169 
Table 5.4-12 Statistical analysis of benchmark series 4 results ............................... 169 
Table 5.4-13 Effect of parametric variation on the accuracy of the refined plastic 
hinge model for benchmark series 4 ................................................................... 170 
Table 5.4-14 Comparison of FEA, RPH and design ultimate capacities for 
benchmark series 5 ............................................................................................. 171 
Table 5.4-15 Statistical analysis of benchmark series 5 results ............................... 171 
Table 5.4-16 Effect of parametric variation on refined plastic hinge model 
accuracy for benchmark series 5 ........................................................................ 172 
Table 5.5-1 Statistical analysis of combined benchmark series 1-5 results ............. 172 
Table 5.5-2 Accuracy of the refined plastic hinge model for each series ................ 172 
Table 6.1-1 Comparison ofFEA and AS4100 effective section properties for the 
310 UBi 32.0, 310 UBr1 32.0, and 310 UBr2 32.0 sections .............................. 178 
Table 6.2-1 Plastic strength constants for the 310 UBi 32.0, 310 UBrl 32.0, and 
310 UBr2 32.0 sections ...................................................................................... 184 
Table 6.2-2 Section capacity constants for the 310 UBi 32.0 section ...................... 184 
Table 6.2-3 Section capacity constants for the 310 UBr1 32.0 section .................... 185 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xv 
Table 6.2-4 Section capacity constants for the 310 UBr2 32.0 section .................... 185 
Table 6.2-5 Tangent modulus constants for the 310 UBi 32.0 section .................... 187 
Table 6.2-6 Tangent modulus constants for the 310 UBr1 32.0 section .................. 187 
Table 6.2-7 Tangent modulus constants for the 310 UBr2 32.0 section .................. 188 
Table 6.2-8 Normalised flexural softening moduli for the 310 UBi 32.0, 310 
UBr1 32.0, and 310 UBr2 32.0 sections ............................................................. 190 
Table 6.3-1 Comparison of PPZ, PEA, RPH, and design ultimate capacities for 
benchmark series 1 ............................................................................................. 198 
Table 6.3-2 Statistical analysis of benchmark series 1 results ................................. 199 
Table 6.3-3 Effect of parametric variation on the accuracy of the pseudo plastic 
zone model for benchmark series 1 .................................................................... 200 
Table 6.3-4 Comparison of PPZ, PEA, RPH, and design ultimate capacities for 
benchmark series 2 ............................................................................................. 202 
Table 6.3-5 Statistical analysis of benchmark series 2 results ................................. 202 
Table 6.3-6 Effect of parametric variation on the accuracy of the pseudo plastic 
zone model for benchmark series 2 .................................................................... 202 
Table 6.3-7 Comparison of PPZ, PEA, RPH, and design ultimate capacities for 
benchmark series 3 ............................................................................................. 204 
Table 6.3-8 Statistical analysis of benchmark series 3 results ................................. 205 
Table 6.3-9 Effect of parametric variation on the accuracy of the pseudo plastic 
zone model for benchmark series 3 .................................................................... 206 
Table 6.4-1 Statistical analysis of combined benchmark series 1-3 results ............. 206 
Table 6.4-2 Summary of the pseudo plastic zone model accuracy for each series .. 207 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xvi 
Notation 
Abbreviations 
AISC = American Institute of Steel Construction 
AISI = American Iron and Steel Institute 
AS41 00 = Australian Standard for the Design of Steel Structures 
BMC 
c 
CHS 
CRC 
FEA 
FSR 
HS 
LRFD 
N 
PPZ 
R3D4 
RHS 
RPH 
S4 
S4R5 
SHS 
UB 
uc 
WB 
we 
s 
=BenchMark Create computer program 
= AS41 00 compact section classification for pure bending 
= circular hollow section 
= Column Research Council 
= finite element analysis 
= flexural stiffness reduction 
= hinge softening 
= load and resistance factor design 
= AS41 00 non-compact section classification for pure bending 
= pseudo plastic zone 
= rigid quadrilateral element with four nodes and three degrees of freedom 
per node 
= rectangular hollow section 
= refined plastic hinge 
= quadrilateral general purpose shell element with four nodes and six 
degrees of freedom per node 
= quadrilateral thin shell element with four nodes, reduced integration, and 
five degrees of freedom per node 
= square hollow section 
=universal beam 
=universal column 
= welded beam 
= welded column 
= AS41 00 slender section classification for pure bending 
Symbols 
Notes: 
1. Scalar symbols shown in italic font (e.g., Er). 
2. Vector symbols shown in bold font (e.g., fp). 
3. Non-dimensional symbols shown in lower case (e.g., er = E/E). 
4. Incremental symbols denoted with a single dot (e.g., P =incremental axial force). 
5. AS4100 notation used in preference to AISC LRFD notation. 
6. SI units are used unless otherwise stated. 
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c 
D 
d 
d 
dl 
dg 
dgi 
dl 
E 
Es 
Er 
Eta 
Etf 
= cross-section area 
=effective cross-section area 
= flange area 
= gross cross-section area 
=web area 
=temporary variable used to solve cubic equation for A.'n, or constant used 
to define the plastic strength 
=flange and web lengths yielded due to residual stress in welded !-sections 
= plate width 
=effective width 
= flange width 
=temporary variable used to solve cubic equation for A.'n, or constant used 
to define the section capacity 
=cosO, or parameter used to define the shape of the moment-inelastic 
curvature curve (Attalla et al., 1994) 
= constant used to define the section capacity, or constant used to define the 
tangent modulus 
= constant used to define the plastic strength 
=parameter used to define the shape of the axial force-inelastic strain curve 
(Attalla et al., 1994) 
= decay factor 
= total depth of section 
= element displacement vector 
= web clear depth 
= global element displacement vector 
= components of the global displacement vector dg 
= local element displacement vector 
= elastic modulus 
= softening modulus 
= tangent modulus 
= axial tangent modulus 
= flexural tangent modulus 
= member out -of -straightness imperfection 
=non-dimensional softening modulus= E/E 
= non-dimensional tangent modulus = E/E 
=non-dimensional axial tangent modulus= Eu/E 
= non-dimensional flexural tangent modulus = Et/E 
= critical stress 
=ultimate stress 
= yield stress 
= element force vector 
= component of element force vector independent of element displacements 
= fr + fp 
=element fixed-end force vector 
= global element force vector 
=global element pseudo-force vector 
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f1 = local element force vector 
fp =element pseudo-force vector 
H = applied horizontal load 
H' = applied horizontal load that would produce a maximum first-order elastic 
bending moment equal to Mp 
h = frame height 
I =second moment of area with respect to the axis of in-plane bending 
Ib = second moment of area of beam section 
Ic = second moment of area of column section 
i1 =flange out-of-flatness local imperfection 
iw =web out-of-flatness local imperfection 
K = structure stiffness matrix 
k = axial force parameter = ~ P j EI , or local buckling coefficient 
k = element stiffness matrix 
ke =effective length factor 
k1 =form factor for axial compression member= A/Ag 
kg = global element stiffness matrix 
kiJ = row i, column j component of the element stiffness matrix 
k1 = local element stiffness matrix 
L = member length or length of element chord 
Lb = length of beam member 
Lc = length of column member 
Le = member effective length 
L1 = deformed length of element chord 
L0 = initial length of element chord 
M = bending moment 
M* = applied bending moment 
MA = bending moment at element end A 
Ms =bending moment at element end B 
Mb = nominal member moment capacity 
Mi = AS4100 nominal in-plane moment capacity 
Miy = bending moment defining the initial yield 
Mn = AISC LRFD nominal flexural strength 
M 0 = AS4100 nominal out-of-plane moment capacity 
Mp = plastic moment capacity = CJyS 
Mps = bending moment defining the plastic strength 
Mr = AS41 00 nominal section moment capacity reduced due to axial force, or 
AISC LRFD limiting buckling moment 
Ms = AS41 00 nominal section moment capacity = CJyZe = (Z/S)Mp 
Msc = bending moment defining the section capacity 
Mu =Required ultimate flexural strength 
My = yield moment = CJyZ 
m = non-dimensional bending moment = M/Mp 
miy =non-dimensional bending moment defining the initial yield= MiyiMp 
mps =non-dimensional bending moment defining the plastic strength= Mps/Mp 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • xix 
p 
P' 
Pe 
Piy 
Pmin 
Pn 
Pps 
Psc 
Pu 
PuJ, Pu2 
Py 
P1, P2 
p 
Pe 
Piy 
Pps 
Psc 
Q 
q 
r 
Sr 
s1, s2 
s'1, s'2 
Tg 
Ti 
t 
=non-dimensional bending moment defining the section capacity= MsciMp 
= applied axial force 
= AS41 00 nominal axial compression member capacity 
= AS41 00 nominal axial compression section capacity = CT0e = k1P y 
=parameter used to define the shape of the moment-inelastic curvature 
curve (Attalla et al., 1994) 
=parameter used to define the shape of the axial force-inelastic strain curve 
(Attalla et al., 1994) 
= axial force or applied vertical load 
= applied vertical load that would produce a maximum first -order elastic 
axial force equal to P y 
= Euler buckling load = rc 2 EI / L2 
= axial force defining the initial yield 
= minimum applied vertical load 
= AISC LRFD design strength of compression member 
= axial force defining the plastic strength 
= axial force defining the section capacity 
=required ultimate strength of compression member, or ultimate applied 
vertical load 
= left and right hand column ultimate vertical loads 
=squash load= CT0g 
= left and right hand column applied vertical loads 
=non-dimensional axial force= P!Py 
=non-dimensional Euler buckling load= P /Py 
=non-dimensional axial force defining the initial yield= Pi/Py 
=non-dimensional axial force defining the plastic strength= Pps/Py 
=non-dimensional axial force defining the section capacity= PscfPy 
= AISC LRFD form factor 
=temporary variable used to solve cubic equation for ll'n 
= radius of gyration with respect to the axis of in-plane bending, or 
temporary variable used to solve cubic equation for ll'n 
= beam member radius of gyration 
= column member radius of gyration 
= root radius of fillet at flange-web junction 
= plastic section modulus with respect to the axis of in-plane bending 
=major axis and minor axis plastic section moduli 
= sine or beam span 
= stiffness ratio used to calculate the normalised horizontal load 
= elastic stability functions 
= inelastic stability functions 
= local to global transformation matrix 
= initial force transformation matrix 
= plate thickness, or variable used to define the plastic strength and section 
capacity 
= flange thickness 
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fw = web thickness 
u = axial displacement 
Ue =axial displacement from elastic analysis 
ui =axial displacement from inelastic analysis 
w = applied beam distributed load 
Wu =ultimate beam distributed load 
x = distance along member from end A 
x0 = initial projected global x axis length of element chord 
y = in-plane transverse displacement at location x 
y0 = initial projected global y axis length of element chord 
Z = elastic section modulus with respect to the axis of in-plane bending 
Ze = effective section modulus with respect to the axis of in-plane bending 
Zex, Zey =major axis and minor axis effective section moduli 
a =force state parameter, or parameter representing the influence of initial 
curvature and residual stress in the modified von Karmen equation (Trahair 
and Bradford, 1988) 
a' =effective force state parameter 
aa = compression member factor 
ab = member section constant 
ac = member slenderness reduction factor 
CXjy = force state parameter corresponding to initial yield 
asc = force state parameter corresponding to section capacity 
f3 =factor used to define plastic strength (Duan and Chen, 1990), or end 
moment ratio 
L1 =relative lateral deflection between member ends due to member chord 
rotation 
L1HJ, L1m = sway displacement at top of left and right hand columns, respectively 
tnom 
=horizontal displacement at mid-height of left hand column 
= initial imperfection magnitude 
=vertical displacement at top of left and right hand columns, respectively 
= deflection associated with member curvature measured from the member 
chord 
=strain 
= nominal strain 
= plastic strain 
= logarithmic plastic strain 
= yield strain 
=curvature 
= curvature corresponding to formation of a plastic hinge (i.e., section 
capacity) 
=capacity reduction factor, flexural stiffness reduction factor, or non-
dimensional curvature 
= flexural stiffness reduction factor for element end A 
= AISC LRFD capacity reduction factor for bending 
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t; 
= flexural stiffness reduction factor for element end B 
= AISC LRFD capacity reduction factor for axial compression 
= plastic curvature 
= column to beam stiffness ratio = (lciLc)I(I,/Lb) 
= compression member imperfection factor 
= load factor or member slenderness ratio 
= AISC LRFD member slenderness ratio 
= plate element slenderness 
= plate element plasticity slenderness limit 
= plate element yield slenderness limit 
= modified compression member slenderness ratio 
= plasticity slenderness limit 
= yield slenderness limit 
= section slenderness 
= section plasticity slenderness limit 
= section yield slenderness limit 
= ultimate load factor 
= web slenderness ratio 
= web yield slenderness limit 
= Poisson's ratio 
= rotation of deformed element chord 
= rotation at element end A 
= rotation at element end B 
=rotation from elastic analysis 
=rotation from inelastic analysis 
= initial rotation of element chord 
=axial force normalised with respect to the Euler buckling load= PIPe 
=stress 
= critical local buckling stress 
= nominal stress (from tensile test) 
= maximum residual stress 
= bending residual stress 
= membrane residual stress 
= true stress 
= ultimate stress 
= flange and web ultimate stresses 
= yield stress 
= flange and web yield stresses 
=member out-of-plumbness imperfection 
= distributed load magnitude 
= compression member factor 
= imperfection stiffness reduction factor 
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Chapter 1. Introduction 
T he Structural Stability Research Council Technical Memorandum No. 5 (SSRC, 1988) establishes that the proper basis for the design of steel structures is maximum strength. It is widely recognised that steel frame structures may 
exhibit significant non-linear behaviour prior to achieving maximum load capacity. 
With the advent of limit states design specifications based directly on factored loads 
and limits of resistance, rational and explicit consideration of the effects of this non-
linear behaviour has become advantageous. However, until recently, rigorous 
consideration of the combined effects of inelasticity and stability, including the 
interdependence of member and system strength and stability in the analysis of large-
scale steel frame structures has been neither feasible nor practical. Consequently, 
design specifications have been based on simplified elastic methods of analysis, and 
rely on semi-empirical equations to approximately account for non-linear behavioural 
effects. A comparison of elastic and plastic methods of analysis is shown in Figure 1-
1. 
• Elastic Buckling Load= aHe 
He ••••••••••••••••••••••••• ••••••••••••••••••••••••••••••••••••••••••••••••••• 
LATERAL 
LOAD 
H 
First·Order ....._ 
Elastic " 
Analysis 
Rigid 
Plastic 
Analysis 
• /\~e) 
Local and/or Lateral-
Torsional Buckling 
LATERAL DEFLECTION (drift)6 
Elastic Stability 
Limit Load 
aH 
H__,.. I I I I I I ! ! I I t I t 
aH 
I I II ! I I I I ! I I I 
H-
Figure 1-1 Comparison of elastic and plastic methods of analysis 
(White and Chen, 1993) 
Studies by Liew et al. (1993) show that elastic analysis procedures based on 
specification member capacity checks are "limited in their ability to provide true 
assessment of the maximum strength behaviour of redundant structural systems." 
Some design concepts, such as the effective length factor, do not represent the 
behaviour of a steel frame after inelastic redistribution occurs, and should only be 
applied when the frame is essentially elastic. Although limit state design using elastic 
analysis is generally conservative, the ultimate strength predicted by this approach 
may be too conservative compared to the true strength of a redundant frame. 
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Recent advances in computer technology (particularly increases in the processor 
speed, memory, data storage, and graphical capabilities of affordable systems) have 
permitted the development of feasible and practical advanced methods of structural 
analysis. Advanced analysis, as it is known, has been defined as "any method of 
analysis which sufficiently represents the behavioural effects associated with member 
primary limit states, such that the corresponding specification member capacity 
checks are superseded" (White and Chen, 1993). The analysis must therefore take 
into account all aspects that influence the behaviour of the frame, which may include: 
• material properties, 
• residual stresses, 
• geometric imperfections, 
• second-order (instability) effects, 
• loading history, 
• large deflections, 
• local buckling, 
• load eccentricities, 
• connection response, 
• end restraint, and 
• interaction with the foundations . 
When properly formulated and executed, this type of analysis holds the promise for 
"rigorous assessment of the interdependencies between the strength of structural 
systems and the performance (for example, maximum strength and ductility) of their 
component elements" (White and Chen, 1993). With the use of these methods, 
comprehensive assessment of the actual failure modes and maximum strengths of 
framing systems is now possible. According to Maleck et al. (1995), "the primary 
benefit in directly assessing the capacity of a structure within the analysis is that this 
allows for a simplified design methodology that eliminates the need for checking of 
certain member interaction equations and determination of design approximations 
such as effective length factors." Furthermore, the member and system behaviour can 
be directly assessed and tuned to better achieve design objectives such as system 
ductility. 
The quest for maximum structural efficiency has motivated a recent trend towards the 
use of high strength steel and thin-walled sections. This trend is reflected in the 
recent introduction in Australia of grade 300 hot-rolled !-sections (replacing grade 
250) and the cold-formed hollow flange beams, combined with the increasing use of 
high strength cold-formed hollow sections and C/Z purlins in building structures. 
Consequently, a significant proportion of steel frame structures constructed in 
Australia include sections which are non-compact (i.e., subject to local buckling). In 
fact, more than 50 percent of the most commonly used Australian steel sections are 
non-compact. For advanced analysis to achieve its potential as a tool for the design of 
steel frame structures, it must therefore have sufficient generality to cope with the 
effects of local buckling. However, all of the previously developed advanced analysis 
techniques suitable for the analysis and design of steel frames preclude non-compact 
sections. An enormous quantity of local buckling research has been conducted over 
the past 30 years, but little attempt has been made to incorporate the effects of local 
buckling into a second-order inelastic frame analysis. 
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Issues that need to be addressed are: 
1. When and where does local buckling occur? 
2. How can the effects of local buckling be quantified? 
3. What effect does local buckling have on the inelastic redistribution of forces? 
A summary of current literature relevant to the advanced analysis and design of steel 
frame structures comprising non-compact sections is provided in Chapter 2. 
The overall objective of the research project described in this thesis was to develop a 
method of computational structural analysis suitable for practical design that can be 
used to directly and accurately predict the serviceability deflections and ultimate 
strength of two dimensional steel frames with full lateral restraint, allowing for all 
significant behavioural effects including local buckling. 
The first specific objective of the research project was to produce experimental results 
and analytical benchmark solutions of two dimensional steel frames subject to local 
buckling effects. Whatever the level of sophistication, an analytical model must be 
adequately verified using realistic experiments. Although future design codes will 
permit the use of advanced analysis, the programs currently under development will 
not be acceptable for use in daily engineering practice until they have been verified 
against suitable benchmark calibration frame solutions. In fact, researchers in this 
field (Toma and Chen, 1992; Bridge et al., 1991) have expressed great concern over 
the lack of adequate benchmark solutions. Toma and Chen (1992) present the details 
of the available calibration frames from North America, Japan, and Europe. These 
frames comprise only compact sections that are not influenced by local buckling, and 
therefore cannot be used to verify the proposed new advanced analysis method. The 
first stage of the project involved conducting a series of large scale experimental tests 
of steel frames comprising non-compact sections. The method of investigation and 
results of these tests are presented in Chapter 3. The large scale test results were used 
to verify the accuracy of a distributed plasticity shell finite element model, which was 
in tum used to produce a comprehensive range of analytical benchmark solutions for 
steel frames comprising non-compact sections. A description of the distributed 
plasticity model, verification studies, and new analytical benchmark frames is 
presented in Chapter 4. 
Distributed plasticity analysis, although accurate, is too complex and computationally 
intensive for practical design use. The second specific objective of the research 
project was therefore to formulate a simpler concentrated plasticity model suitable for 
practical advanced analysis of steel frames comprising non-compact sections. Two 
alternative formulations are presented in this thesis. Chapter 5 describes a 
modification to the refined plastic hinge formulation (Liew, 1992) to include the 
effects of local buckling. Further investigation led to the development of the pseudo 
plastic zone method, which is presented in Chapter 6. Both models were verified by 
comparison with the new distributed plasticity benchmark solutions. 
A summary of the most significant findings and recommendations for further research 
are presented in Chapter 7. 
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Chapter 2. Literature Review 
This chapter contains a review of current literature and design specifications relevant to the advanced analysis of steel frame structures comprising non-compact sections subject to the effects of local buckling. 
The rationale behind the current trend towards advanced analysis is described in 
Section 2.1, and a brief description of advanced analysis techniques is provided. 
Design considerations, current limitations, and important research issues are 
identified. Issues relevant to the inclusion of local buckling effects in advanced 
analysis are discussed in Section 2.2. The current Australian (AS4100) and American 
(ASIC LRFD) standard specification equations for the design of steel frames 
comprising non-compact sections are summarised and compared in Section 2.3. A 
comprehensive review of other relevant topics, including structural stability, finite 
element analysis, elastic frame analysis, and elastic-plastic hinge analysis is presented 
by Avery (1996). 
2.1 Advanced analysis of steel frame structures 
Advanced analysis can be defined as "any method of analysis which sufficiently 
represents the behavioural effects associated with member primary limit states, such 
that the corresponding specification member capacity checks are superseded" (White 
and Chen, 1993). This section contains a description of the various advanced analysis 
techniques that have been developed during the past decade. Advanced analysis 
methods can be categorized as either distributed plasticity or concentrated plasticity 
methods. The advantages and limitations of each technique are discussed in Sections 
2.1.1 and 2.1.2. 
2.1.1 Distributed plasticity analysis 
Second-order distributed plasticity analysis, also referred to as plastic zone analysis, 
compatibility analysis, spread of plasticity analysis, and elasto-plastic analysis, 
involves explicit modelling of the gradual spread of plasticity throughout the volume 
of the structure. This is achieved by discretization of each member into a number of 
beam-column elements, and the subdivision of each element cross-section into a 
number of fibres. Alternatively, the geometry of the structure can be explicitly 
modelled using shell finite elements. 
A distributed plasticity analysis can readily accommodate factors such as spread of 
plasticity, residual stresses, and initial geometric imperfections. Inelastic structural 
performance can therefore be accurately predicted to realistically reflect the behaviour 
and the ultimate capacity of members or structures. If correctly formulated to include 
all significant behavioural effects, distributed plasticity analysis is considered to 
provide an analytically "exact" structural solution (King et al., 1991; Liew et al., 
1993). According to Liew et al. (1994) distributed plasticity analysis "eliminates the 
need for checking individual member capacities in a frame." This type of analysis 
can therefore be classified as an advanced analysis technique in which design 
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specification checks for the member and section capacities are not required. 
However, a relatively fine element discretization is generally required to accurately 
model the spread of plasticity, therefore distributed plasticity methods of analysis tend 
to be computationally intensive. The cost and effort of such procedures are so great 
that analysis of complete frameworks is often prohibitive. Furthermore, Liew and 
Chen (1995) report that detailed modelling of connection effects is not readily 
compatible with the distributed plasticity approach. Therefore, the use of distributed 
plasticity methods has to date been primarily restricted to: 
1. Research projects. Distributed plasticity methods are well suited for analysis of 
highly specialised structures with complex or unusual behaviour. For example, 
Clarke and Hancock (1991) developed a plastic zone model to simulate the 
geometric non-linear behaviour and plasticity in the top chord of stressed arch 
frames. 
2. Development of calibration benchmark frames for comparison with simplified 
methods of analysis. Benchmark frames based on distributed plasticity theory 
have been reviewed by Vogel (1985), Toma and Chen (1992), Clarke et al. 
(1993), and Ziemian (1993). 
3. Establishment of design charts and equations. The American Institute of Steel 
Construction (AISC) design interaction equations for beam-columns were derived 
in part by calibration to the planar distributed plasticity solutions generated and 
reported by Kanchanalai (1977), after adjustment for the effects of initial 
imperfections. 
As mentioned previously, there are two types of distributed plasticity analysis: 
1. Three dimensional shell finite element distributed plasticity analysis. This type 
of analysis involves explicitly modelling the geometry of a structure with shell 
finite elements, formulated to include the effects of material yielding. This 
approach typically requires numerical integration for the evaluation of the 
stiffness matrix. When combined with geometric non-linear theory, this technique 
provides an accurate but computationally intensive advanced analysis technique. 
Initial section and member geometric imperfections can be explicitly incorporated 
into the geometrical definition of the structure. Toma and Chen (1992) indicate 
that this method of analysis is best suited for occasions when the detailed 
solutions for member local buckling instability and yielding behaviour are 
required. 
2. Two dimensional beam-column fibre element plastic zone analysis. This 
approach involves the discretization of each member (perpendicular to the axis of 
bending) into a number of beam-column elements, and the subdivision of each 
beam-column element (parallel to the axis of bending) into a number of fibres 
(refer to Figure 2.1-1). The in-plane bending stresses are considered as uniform 
within each fibre. When the computed normal stress at the centroid of a fibre 
reaches the uniaxial normal strength of the material, the fibre is considered to have 
yielded. This results in a change in the effective stiffness of the beam-column 
element containing the yielded fibre/s, which is obtained by integrating the elastic 
region of the cross-section. An iterative solution strategy is required for the 
calculation of forces and deformations in the structure after yielding due to the 
non-linear nature of the structural response. Residual stresses and initial member 
imperfections can be explicitly considered in this type of analysis, but local 
imperfections and deformations can not be explicitly modelled. A number of fibre 
element plastic zone analyses have been developed (Chu and Pabarcius, 1964; 
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Alvarez and Bimstiel, 1969; Kanchanalai, 1977; Swanger and Emkin, 1979; 
Vogel, 1985; White, 1985; Kitipomchai et al., 1988; Clarke et al., 1993; Chen and 
Toma, 1994). However, all of these methods rely on the assumption that local 
buckling is not permitted. 
a b 
c 
Figure 2.1-1 Fibre element plastic zone discretization: (a) frame; (b) beam-column 
element; (c) section (Toma and Chen, 1992) 
2.1.2 Concentrated plasticity analysis 
Due to the impracticality of distributed plasticity methods for general design use, a 
significant amount of research has been conducted with the aim of developing simpler 
methods of second-order inelastic analysis that adequately capture the non-linear 
behaviour of conventional steel frame structures. The traditional second-order 
elastic-plastic hinge method is a simple and efficient approach to the inclusion of the 
effects of inelasticity in frame analysis. This method typically requires the use of 
only one or two beam-column elements per member and its computational efficiency 
exceeds that of the distributed plasticity method by several orders of magnitude. This 
is achieved by the simplifying assumption that each element remains fully elastic 
except at its ends, where zero length plastic hinges may occur. A plastic hinge is 
inserted at the end of a member when the full plastic capacity of the member is 
reached. The cross-section corresponding to the location of the plastic hinge is 
subsequently assumed to be perfectly plastic (i.e., no strain hardening). Analysis 
methods involving the use of plastic hinges are referred to as concentrated plasticity 
methods. 
Research by Ziemian (1990) indicated that the second-order elastic-plastic hinge 
method could be classified as an advanced inelastic analysis. However, this 
conclusion was based on comparison with benchmark problems that, according to 
Liew and Chen (1994), were "not sensitive for determining the accuracy and possible 
limitations of the elastic-plastic hinge method." A more comprehensive range of 
suitable experimental and theoretical benchmark problems which may be used for 
verification of second-order inelastic analysis techniques intended for use as advanced 
analysis tools have since been provided by Liew (1992), White and Chen (1993), and 
Toma and Chen (1992). Extensive comparison of the elastic-plastic hinge method 
with these benchmarks has revealed that unconservative errors as large as 29 percent 
can occur (White and Chen, 1993). Second-order elastic-plastic hinge methods can 
provide accurate results for some structures in which several hinges form prior to 
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reaching the inelastic limit point, but have been shown to overestimate the capacity 
when structural behaviour is dominated by the instability of a few members. 
Due to the simplifying approximations inherent in the elastic-plastic hinge method, it 
does not in general provide adequate accuracy to be classified as an advanced method 
of analysis (Liew and Chen, 1991). This can be demonstrated by using the elastic-
plastic hinge method for the analysis of a single beam-column subject to combined 
bending moment and axial force. In this case, the strength and stiffness of the 
element are usually overestimated when it is loaded in the inelastic range. This is due 
to the neglecting of the stiffness reduction as yielding spreads from the extreme fibres 
prior to the formation of a plastic hinge, and the subsequent reduction in stiffness due 
to the spread of plasticity longitudinally within a member. 
A significant quantity of research has attempted to develop the plastic hinge concept 
into an acceptable advanced analysis tool by including within the analysis means for 
accounting for the degradation of stiffness due to the spread of plasticity without 
explicit modelling of the plastic zone. This holds the promise of maintaining the 
computational efficiency of the plastic hinge method, while providing results of 
accuracy comparable to the distributed plasticity solution. 
Liew et al. (1993) describes eight desirable criteria of plastic hinge based elements 
suitable for advanced analysis of plane frame behaviour: 
1. The analysis model should have sufficient generality to adequately capture the 
characteristic behaviour of a wide range of structural systems and member types, 
for example: major and minor axis bending, hot-rolled and welded beam and 
column sections, sway and non-sway members, and inelastic and elastic stability 
failure. It should also accurately represent second-order (P-.1 and P-8) effects, 
and the structural response due to the distributed plasticity associated with 
residual stresses, geometric imperfections, and internal forces. 
2. The element model should be not more than five percent unconservative in the 
prediction of in-plane stability and strength of individual frame components 
compared to distributed plasticity solutions. This limit has been adopted as the 
maximum tolerable error in the development of the American Institute of Steel 
Construction load and resistance factor design (AISC LRFD) beam-column 
interaction equations. 
3. The response characteristics generated by the analysis model for various types of 
members and systems should be consistent with those predicted by a distributed 
plasticity analysis. 
4. The element force-displacement relationships should be derived analytically and 
implemented in explicit form, not using numerical integration. Residual stress 
effects should be accommodated implicitly within the model. 
5. The effects of inelasticity on axial member deformations should be represented. 
6. The element formulation should reduce to well-recognised models in the limits of 
pure beam (zero axial force) and pure column (zero bending moment) actions. 
7. The possible benefits of strain hardening should not be relied upon, as the ability 
of a beam-column member to develop significant strain hardening is dependent on 
factors such as moment gradient, and interaction of local and lateral torsional 
buckling effects and distributed yielding along the member length. 
8. The axial force and bending moment at a plastic hinge location must at no time be 
allowed to breach the strength surface associated with the full plastic cross-
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section. For example, if the axial force supported by a beam-column increases 
after a plastic hinge has formed, the moment at the plastic hinge must decrease. 
The following five sections review a variety of alternative approaches to advanced 
analysis based on the plastic hinge method, including the: 
1. Notional load plastic hinge method (EC 3, 1990; Liew et al. 1994). 
2. Refined plastic hinge method (Liew, 1992). 
3. Hardening plastic hinge method (King and Chen, 1994). 
4. Quasi plastic hinge approach (Attalla et al., 1994). 
5. Springs in series model (Yau and Chan, 1993; Chen and Chan, 1995). 
Notional load plastic hinge method: 
This method involves the application of fictitious equivalent lateral loads, intended to 
account approximately for the influences of residual stresses, member imperfections 
and distributed plasticity that are not included in the second-order elastic-plastic hinge 
frame analysis. 
Liew et al. (1994) comprehensively demonstrated that the notional load plastic hinge 
technique permitted "the use of second-order elastic-plastic hinge analysis without the 
risk of overestimating the maximum strength of the component members in the 
framework." He proposed a storey notional load factor equal to 0.005 for member 
and section capacity checks of gravity loaded steel frames. That is, a lateral load is to 
be applied at each storey, equal to 0.5 percent of the total gravity load for that storey 
(see Figure 2.1-2). In comparison with a wide range of benchmark solutions, the 
notional load technique with this load factor was never more than five percent 
unconservative for strong axis bending in both sway and non-sway moment resisting 
frames. For frames in which members are subject to high axial forces and/or are 
expected to demonstrate significant P-8 effects, a member notional load equal to one 
percent of the column axial force is recommended. These member notional loads 
should be applied in the direction that causes the maximum transverse displacement 
of the member, and located at the midspan of the member. 
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Figure 2.1-2 Storey and member notional loads (Liew et al., 1994) 
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The notional load approach can also be used in conjunction with second-order elastic 
analysis. This may be useful for a simplified design of frames comprising non-
compact sections, in which the notional load second-order elastic analysis would 
eliminate the need for separate member capacity checks without relying on the 
questionable inelastic redistribution in members subject to local buckling. In the case 
of frames comprising compact sections, second-order elastic-plastic hinge analysis 
may be used advantageously to account for the additional reserve strength in the 
system after the section capacity of the most critically loaded member has been 
reached. That is, the notional load second-order elastic-plastic hinge analysis allows 
the accommodation of inelastic force redistribution and therefore provides a rational 
assessment of the system strength and stability. Other significant advantages of the 
notional load technique are that it accounts for member initial imperfections without 
physically altering the frame geometry, and no modifications to the base analysis 
formulation (second-order elastic-plastic hinge or second-order elastic) are required. 
The notional load technique, with some alterations, is employed by the Canadian 
Standards Association (CSA, 1989). A similar approach is adopted by Eurocode 3 
(EC 3, 1990). It requires the analysis to model explicitly the frame's initial geometric 
imperfections, and specifies an enlarged "out-of-plumbness" imperfection instead of a 
notional load to simulate the deleterious effects of residual stresses and distributed 
plasticity. The European Convention for Construction Steelwork (ECCS, 1991) 
recommends the use of this technique in conjunction with second-order elastic-plastic 
hinge analysis for frame design. 
Refined plastic hinge method: 
The second approach to concentrated plasticity advanced analysis is based on 
modification to the basic elastic-plastic hinge theory to allow a smooth degradation of 
stiffness due to the spread of plasticity through member cross-sections and along 
member lengths. The effects of residual stresses, geometric imperfections, gradual 
yielding and distributed plasticity are accommodated implicitly in the beam-column 
formulation by proper calibration of phenomenological or behavioural models. The 
refined plastic hinge method requires two modifications to the elastic-plastic hinge 
model: the inclusion of a tangent modulus and flexural stiffness reduction function. 
The elastic modulus is replaced with a tangent modulus (Et) to represent the 
distributed plasticity along the length of the member due to axial force effects. The 
member inelastic stiffness, represented by the axial rigidity (EtA) and the bending 
rigidity (El), is assumed to be a function of the axial load only. The tangent modulus 
can be evaluated from the compression member capacity equations of the 
specifications used by the designer, and implicitly includes the effects of residual 
stresses and member imperfections. 
The original refined plastic hinge formulation (Liew, 1992) offered a choice of two 
tangent moduli functions derived from the CRC column curve and the AISC LRFD 
column curve for members with compact cross-sections. As the CRC curve does not 
allow for initial geometric imperfections, Kim and Chen (1992) recommended that the 
CRC tangent modulus be reduced by a factor of 0.85. 
er = 0.877 for p :::;; 0.39 
e1 = -2.389 p ln(p) for p > 0.39 
AISCLRFD: (2.1-1) 
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Reduced CRC: 
e1 = 0.85 for p ~ 0.5 
e1 = 3.4p(1- p) for p > 0.5 
(2.1-2) 
The initial constant stiffness reduction implicitly accounts for the effects of initial 
geometric imperfections, while the subsequent gradual stiffness degradation models 
the gradual yielding associated with residual stresses and the associated instability 
effects. 
Distributed plasticity effects associated with flexure are represented by introducing a 
gradual degradation in stiffness as yielding progresses and the cross-section strength 
is approached. The member stiffness gradually degrades according to a prescribed 
flexural stiffness reduction function ( l/J) after the element end forces exceed a 
predefined initial yield function from the elastic stiffness to the stiffness associated 
with the cross-section plastic strength. To represent this gradual transition for the 
formation of a plastic hinge at end A of an initially elastic beam-column element, 
Liew et al. (1993) suggested that the element incremental force-displacement 
relationship during the transition be described by Equation 2.1-3: 
MA ~+' s; (H.)] l/J Al/JBS2 0 eA sl 
MB EJ l/J Al/JBS2 ¢8 [s,- :: (1 ¢J] 0 eB (2.1-3) 
L 
p 0 0 A/I u 
The stiffness reduction parameter ( l/J) is equal to unity when the element end is elastic, 
and zero when a plastic hinge has formed. Intermediate values, representing partial 
yield, are determined using a parabolic decay function. 
¢ = 1 for a ~ 0.5 
l/J = 4a(1-a) for a> 0.5 (2.1-4) 
The force state parameter (a) represents the magnitude of the axial force and bending 
moment at the element end. The initial yield is denoted by a = 0.5, and the plastic 
strength by a = 1.0. The determination of the force state parameter (a) depends on 
the functions used to define the plastic strength. Liew et al. (1993) employed the 
AISC LRFD bi-linear interaction equations (AISC, 1995) for a member of compact 
cross-section and zero length to define the plastic strength. The expressions for a 
corresponding to this definition are: 
8 
a=p+-m 
9 
1 
a=-p+m 
2 
2 for pfm?::.-
9 
2 
for pfm<-
9 
(2.1-5) 
Liew et al. (1993) considered both linear and non-linear incremental solution 
techniques for the implementation of the refined plastic hinge method. The non-linear 
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strategy (using Newton-Raphson iteration to obtain equilibrium at each step) was 
considered inefficient in the numerical integration process due to the requirement to 
trace the hinge formation in the structure. An automatic linear load increment 
procedure was therefore used. Measures were taken to prevent plastic hinges forming 
within a load increment, excessive increases in the stiffness reduction parameter ( ¢), 
and excessive increments in the end forces of partially yielded elements. Force point 
movement on the plastic strength surface was also permitted. lllustrative examples 
and extensive verification studies were well documented. A typical result is shown in 
Figure 2.1-3. The second-order refined plastic hinge method can also be extended to 
account for connection flexibility (Liew et al., 1993b). The refined plastic hinge 
method is recommended by Kim and Chen (1996a, 1996b) for practical advanced 
analysis of both braced and unbraced steel frames. 
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Figure 2.1-3 Comparison of load-displacement characteristics for a portal frame 
bending about the major axis (Liew and Chen, 1994) 
Hardening plastic hinge method: 
A similar formulation, referred to as the modified plastic hinge method, was proposed 
by King et al. (1991). However, this method includes the assumption that once a 
plastic hinge has formed at the end of an element, the moment at the plastic hinge will 
remain unchanged as the axial force is increased. This may violate the cross-section 
plastic strength, and does not allow for unloading of the hinge. The method was 
therefore found to give unconservative errors in excess of the tolerable limit (five 
percent), and did not reduce to the behaviour of an inelastic column for members 
loaded by axial force alone. It is therefore considered unacceptable as an advanced 
analysis design tool. An alternative technique presented by King et al. (1991), termed 
the beam-column strength method, alleviated these problems. However, this method 
tended to underestimate column capacity in some situations and did not reduce to the 
behaviour of a beam member in the limit that the member is subjected only to bending 
moment. 
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A refined and extended version of the modified plastic hinge method was presented 
by King and Chen (1994). This method, referred to as the hardening plastic hinge 
method, gave load-deflection responses "almost identical to the test results" for a 
small number of published example analyses. Although it does not appear to have 
been tested as extensively as the refined plastic hinge model, the hardening plastic 
hinge method contains several aspects worthy of consideration. It should be noted 
that the phrase "hardening" bears no reference to material strain hardening, which is 
in fact neglected in the proposed method. The authors use the phrase "work 
hardening" to indicate the concept of a degradation of tangent stiffness of a cross-
section, which is calibrated against the exact moment-curvature-axial force 
relationship. The emphasis of this research is on the behaviour of semi-rigid steel 
frames with minor axis bending. 
The philosophy of this method with regards to degradation of stiffness is similar to 
that of the refined plastic hinge method. A flexural stiffness reduction function is 
used to represent the gradual plastification due to column action and flexure. 
However, the plastic strength, initial yield, and stiffness reduction parameters were 
derived using alternative techniques. 
The plastic strength equation proposed by Duan and Chen (1990) is used for minor 
axis bending of wide flange !-sections. 
f3 + 1 {3 = 2 + 1.2 Aw Pps mps = ; (2.1-6) 
AI 
The initial yield equation was obtained from the plastic zone moment-curvature-axial 
force (M-l!>-P) curves provided by Ketter et al. (1955). For a typical W8x31 section 
the equation of the initial yield surface can be written as: 
Piy + miy = 1 
0.8 0.85 
(2.1-7) 
The degradation of the flexural stiffness was determined from the slope of the 
appropriate M-l!>-P curve. The flexural stiffness reduction equation is defined as: 
(2.1-8) 
The decay factor (D) was determined by a least squares regression analysis for each 
M-l!>-P curve. 
Quasi plastic hinge method: 
Attalla et al. (1994) presents a technique called the quasi plastic hinge approach. An 
element that accounts for gradual plastification under combined bending and axial 
force was developed from basic equilibrium, kinematic and constitutive relationships 
using the flexibility method. As for the hardening plastic hinge method, gradual 
plastification through the cross-section is handled by fitting non-linear equations to 
moment-curvature-axial force data obtained from a plastic zone analysis. This 
calibration procedure employs two independent parameters that are functions of the 
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current force state at the cross-section. Flexibility coefficients are then obtained by 
successive numerical integrations along the length of the element, and used to derive 
an inelastic stiffness matrix. Second-order effects are included by adding the 
conventional geometric stiffness matrix (Yang and McGuire, 1986). This involves 
some degree of approximation, as the slope of an inelastically deformed beam-column 
will differ from that of an elastically deformed beam-column upon which the 
conventional geometric stiffness matrix is based. 
The quasi plastic hinge derivation is based on the following assumptions: 
1. Material strain hardening, shear deformations, and the effects of torsion are 
neglected. 
2. Plane sections remain plane. 
3. Bending moments vary linearly along the element length. 
4. Axial force and uniaxial bending only considered at this stage. Attalla et al. 
(1994) reports that extensions of the technique to include biaxial bending are 
underway. 
5. Out-of-plane lateral torsional buckling and local buckling are not considered. 
A new plastic strength equation was developed by Attalla et al. (1994) by calibration 
with plastic zone analysis data. The form of the equation is: 
(2.1-9) 
The constants a 1 to a6 were obtained for the W8x31 section (considered to be 
representative of light to medium weight steel members) by a least squares curve 
fitting procedure. This technique produced an almost exact fit of the plastic zone 
solution. 
A linear yield initial surface was assumed, with P and M axis intercepts equal to (cry _ 
O"r)A and (cry- O"r)Z, respectively. 
P;,+~mry [1 :: J (2.1-10) 
The incremental force-displacement relationship for a beam-column element using the 
flexibility method can be written as: 
aeAJaMB 
aeBjaM B 
JujJMB 
(2.1-11) 
To determine the flexibility coefficients, expressions for the displacement and end 
rotations must be derived as functions of the applied axial force and bending moment. 
This was achieved by separating the elastic and plastic components of curvature and 
strain, and then using the plastic zone M-l/Jp and P-ep curves to calibrate equations to 
represent the plastic components of curvature and strain. The total curvature and 
strain models are obtained by adding the elastic and plastic components, to give: 
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l/J(M)=-M + C IM [M -Miy Jn 
E/ M ps - M iy M;y M ps - M dM 
(2.1-12) 
c:(x)=-PL+ cP sP[P P;YJnpdP 
AE p -P P;y p -P 
ps iy ps 
(2.1-13) 
The integration of curvatures and strains is facilitated by dividing the element into 
elastic regions (M < Miy) and plastic regions (M::::: Miy). The second term in Equations 
2.1-12 and 2.1-13 must be evaluated for each of the plastic regions. The curvature 
distribution along the element is obtained by substituting the equation representing the 
assumed linear moment variation into Equation 2.1-12. The rotation and transverse 
displacements at any point along the element can then be obtained from the first and 
second integrals of the curvature distribution for the appropriate regions. 
The integrals can be expressed in terms of M, L, MA, and MB using the principle of 
similar triangles to relate dM and dx (for the assumed linear bending moment 
distribution). 
(2.1-14) 
The integrals representing the slope and axial deformation can then be evaluated 
numerically using Gauss quadrature, and the appropriate boundary conditions 
substituted to give the required functions of eA, eB, and U in terms of the end moments 
and axial force. The flexibility matrix can be evaluated using Equation 2.1-11, and 
inverted to give a stiffness matrix. 
The quasi plastic hinge model was tested by comparison with three plastic zone 
solutions of frames known to be sensitive to distributed plasticity effects 
(Kanchanalai, 1977; El-Zanaty et al., 1980; Ziemian et al., 1992). The proposed 
model was found to give results within five percent for all cases studied. This 
indicates, subject to more comprehensive testing, that the quasi plastic hinge model 
may be more accurate than the refined plastic hinge method, reflecting the more 
precise model formulation. The computer run time was similar to that of a 
conventional second-order elastic-plastic hinge analysis, and approximately 1/lOOth of 
the time required for a distributed plasticity analysis. 
Other methods: 
Yau and Chan (1993) formulated a beam-column element with springs connected in 
series at the element ends to account for the effects of gradual section yield and semi-
rigid connections. This technique was modified by Chen and Chan (1995) to include 
a midspan spring, allowing the use of a single element per member. The springs in 
series model was also used by Chan and Chui (1997) in conjunction with an improved 
plastic strength function based on a section assemblage concept. 
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2.1.3 Design considerations 
Formation ofplastic hinge within the member: 
Most concentrated plasticity methods only capture plastic hinge formations at the 
node points. If a peak moment can occur within a member, it must therefore be 
divided into two elements. Liew and Chen (1995) provide the following inequality, 
which if satisfied implies that the peak second-order moment occurs at end A (x/L < 
0) or end B (x/L > 1) of an element: 
_::= __ 1 tan_1[(MA/M 8 )coskL+1]>l.O or<O; k= {iPI 
L kL (MAjM 8 )sinkL V~ (2.1-15) 
The variable x represents the distance from end A to the location of the maximum 
moment, and MA is the larger of the end moments. If xiL is between zero and one, an 
additional node must be inserted at the point corresponding to the location of the peak 
moment. Research by Chen and Atsuta (1976) indicates that when the "exact" 
location of the plastic hinge in a member is not more than one sixth of span away 
from the assumed position, the solution is not more than five percent unconservative. 
Inclusion of initial imperfections: 
Initial member imperfections are implicitly accommodated in the notional load plastic 
hinge method and the refined/hardening plastic hinge methods using equivalent lateral 
loads and stiffness reduction functions, respectively. This is desirable for practical 
advanced analysis as it considerably simplifies the design procedure. However, both 
the distributed plasticity method and the quasi plastic hinge method require explicit 
modelling of imperfections. Maleck et al. (1995) recommends the use of the AISC 
Code of Practice (AISC, 1995) erection and fabrication tolerances for explicit 
modelling of member imperfections. The same tolerances are specified in Sections 
14.4 and 15.3.3 of the Australian Standard for the Design of Steel Structures (SAA, 
1990): 
• Out-of-straightness: L/1000 but not less than 3 mm. 
• Out-of-plumbness: h/500 but not more than 25 mm for h < 60 metres. 
The European code (EC 3, 1990) recommends a slightly more conservative out-of-
plumbness imperfection equal to h/400. 
Provisions for lateral bracing: 
The effect of plastic hinge formation on the lateral torsional buckling capacity of a 
beam-column member within a steel frame structure is a topic that requires further 
investigation. All advanced analysis methods reviewed in this document assume that 
no out-of-plane member buckling can occur. To ensure that this is the case, most 
design specifications provide a maximum distance between points of lateral restraint 
with minimum force and stiffness requirements for the bracing in order for the 
member to be considered fully braced, and require bracing and/or the use of load 
bearing stiffeners in the immediate vicinity of a plastic hinge. In the Australian steel 
construction industry, full lateral bracing is often not the most economical alternative. 
It would therefore be advantageous if advanced analysis methods could be developed 
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that retain their integrity for the analysis of steel frames subject to elastic and inelastic 
lateral buckling. 
Serviceability: 
In the opinion of Liew and Chen (1995), plastic hinge formation under service loads 
should be prohibited to prevent the possibility of excessive localized damage. 
Inelastic redistribution of forces should only be permitted at serviceability limit states 
if the loading will not be repeated. 
Proportional and non-proportional loading: 
A proportional increase in lateral and vertical load is generally adequate for 
incremental solution procedures, and preferable for practical advanced analysis. 
However, according to Liew and Chen (1995), this approach is "overconservative for 
semi-rigid frames in which connections on the windward side tend to unload 
elastically when subject to wind induced loads." It is more realistic to apply the full 
gravity load before application of the lateral wind load. 
Semi-rigid connections: 
Very few real connections are fully rigid. Ease of construction often results in the use 
of simple connection details that can exhibit pronounced semi-rigid behaviour. These 
connection types increase displacements in sway frames, and can behave highly non-
linearly when their limiting capacity is exceeded. Consequently, advanced analysis 
will often render the serviceability limit state as critical, particularly for tall steel 
frames. Several of the analysis formulations discussed in this section allow for the 
inclusion of semi-rigid connection response. Plastic hinge based methods are 
particularly suitable. Semi-rigid connections can be modelled as rotational springs, 
with a moment-rotation curve based on the connection type and dimensions. This 
results in modified stability coefficients which can then be used in conjunction with 
an elastic-plastic hinge based method. The derivation of the modified stability 
coefficients is provided by Liew et al. (1993b). 
A seven step procedure for the design of semi-rigid steel frames based on advanced 
inelastic analysis is proposed by Liew et al. (1993b): 
1. Perform a preliminary second-order elastic analysis, assuming rigid frame action. 
2. Select the type of semi-rigid connection to be used, and based on the forces 
obtained from step 1, estimate the dimensions of the connections and check for 
bolt tension, shear etc. 
3. Determine the ultimate moment capacity and the initial stiffness of the connection. 
This can be achieved by selecting a connection in step 2 with a known moment-
rotation curve. 
4. Check connections for ductility. 
5. Perform advanced analysis incorporating the effects of the semi-rigid connections. 
6. Check the strength and serviceability limit states. 
7. Since the preliminary design is based on rigid frame action, it may be overly 
conservative. The connection design can be modified, repeating steps 2-6 until 
the most economical structure is achieved. 
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Inelastic hinge rotation capacity: 
A member may not be able to sustain its cross-section strength if the inelastic rotation 
demand exceeds the rotation capacity. The AISC LRFD specification requirements 
are intended to ensure that compact sections can achieve rotation capacities of 
approximately three times the rotation corresponding to the initial hinge formation. 
Ziemian et al. (1992) presents a simple procedure to evaluate the inelastic rotation 
demand of compact sections. 
Limitations: 
The following list is a summary of the non-linear behavioural phenomena and 
physical attributes which in general may be considered in the analysis and design of 
steel frame members, either by explicit or implicit means (White and Chen, 1993). 
Phenomena and attributes that can be represented by advanced analysis procedures 
reviewed in this document are shown in normal type; additional phenomena and 
attributes are shown in italics. 
Non -linear behavioural phenomena. 
• Geometric non-linearity: 
1. P-A. and P-8 effects. 
2. Sway and curvature (bowing) shortening. 
3. In-plane flexural buckling. 
4. Interaction of in-plane member and frame stability. 
5. Wagner effect. That is, the effect of bending moments and axial forces acting 
through displacements associated with member twisting. 
6. Behaviour of moments under finite three dimensional rotations. 
7. Lateral torsional buckling. 
8. Torsional buckling. 
9. Interaction of out-of-plane member and frame stability. 
10. Local buckling and local distortion. 
11. Interaction of local and member stability. 
• Material non-linearity: 
12. Yielding. 
13. Strain hardening. 
14. Elastic unloading after plastic deformation. 
15. Multi-dimensional plasticity interaction between axial force, moment, and 
shear stress resultants. 
16. Influence of loading sequence on the above path dependent material effects. 
17. Cyclic plasticity effects. 
18. Strain aging. 
Physical attributes. 
1. Initial geometric imperfections: erection out-of-plumbness, member out-of-
straightness, joint or load eccentricities, and initial cross-section distortion. 
2. Initial residual stresses 
3. Positive member end restraint: translational, flexural, torsional, and warping. 
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4. Negative member end restraint: translational from leaning columns; flexural, 
torsional or warping from other members that depend on restraint from the 
member under consideration for stability. 
5. Cross-section symmetry /non -symmetry. 
6. Prismatic/non-prismatic member profile. 
7. Rigid, semi-rigid and flexible connections. 
8. Stiffness and location through the cross-section depth of out-of-plane bracing. 
9. Location of transverse member loads with respect to the cross-section depth 
and shear centre (these attributes also influence out-of-plane behaviour). 
10. General member stiffness and deformational characteristics: axial, flexural, 
shear and torsional (including warping displacements and transfer of warping 
stress resultants at restrained member ends). 
11. Composite interconnection with floor slabs, and other interconnections with 
primary or secondary systems. 
12. Variability of structural resistance. 
Current worldwide research activities include modelling of three-dimensional effects, 
cyclic loading, and the development of guidelines for practical use of advanced 
analysis. 
Design code implementation: 
As of 1993, the Australian Standard for the Design of Steel Structures (SAA, 1990) 
was the only design specification that explicitly gave permission to disregard 
specification capacity checks if an advanced analysis of a structural system was 
performed. However, this is only permitted for frames comprising members of 
compact cross-section with full lateral restraint. The relevant clause is shown below: 
APPENDIX D 
ADVANCED STRUCTURAL ANALYSIS 
(Normative) 
Dl GENERAL For a frame comprising members of compact section (see Clause 5.2.3) with full 
lateral restraint (see Clauses 5.3 and 5.4), an advanced structural analysis may be carried out, provided 
the analysis can be shown to accurately model the actual behaviour of that class of frame. The analysis 
shall take into account the relevant material properties, residual stresses, geometrical imperfections, 
second-order effects, erection procedures and interaction with the foundations. 
D2 DESIGN For the strength limit state, it shall be sufficient to satisfy the section capacity 
requirements of Clause 8.3 for the members and the requirements of Section 9 for the connections. 
Eurocode 3 (EC 3, 1990) permitted the use of direct analysis for column strengths, but 
not for full structural systems. The use of advanced analysis was not addressed in the 
Canadian CSA-S16.1 standard (CSA, 1989) or American AISC LRFD manual (AISC, 
1995). However, there is a general agreement among researchers that future design 
codes will include provisions for the use of advanced analysis procedures for the 
design of steel frame structural systems. 
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2.2 Local buckling 
The quest for maximum structural efficiency has motivated a recent trend towards the 
use of high strength steel and thin-walled sections, resulting in widespread use of non-
compact sections. Non-compact sections cannot achieve and/or maintain their 
maximum plastic strength due to local buckling. For advanced analysis to achieve its 
potential as a tool for the design of steel frame structures, it must therefore have 
sufficient generality to cope with the effects of local buckling. However, all of the 
advanced analysis techniques described in Section 2.1.2 preclude non-compact 
sections. 
An enormous quantity of local buckling research has been conducted over the past 30 
years, but little attempt has been made to incorporate the effects of local buckling into 
a second-order inelastic frame analysis. This section does not attempt to review all 
literature relating to local buckling, but rather distill from it information pertinent to 
the inclusion of local buckling effects in advanced analysis formulations. 
Issues that need to be addressed are: 
1. When and where does local buckling occur? 
2. How can the effects of local buckling be quantified? 
3. What effect does local buckling have on the inelastic redistribution of forces? 
2.2.1 Local buckling fundamentals 
Elastic buckling: 
The elastic critical local buckling stress (O'er) for a rectangular plate simply supported 
along all edges and subjected to a uniform longitudinal compressive stress was 
presented by Bryan (1891): 
(2.2-1) 
The elastic critical stress is a function of the elastic material properties (E, v), plate 
slenderness ratio (bit), and the restraint conditions along the longitudinal boundaries 
(represented by the buckling coefficient k). The same equation can be used to 
determine the local buckling stress for plates with other boundary conditions, for 
example: fixed, free, or elastically restrained (Bleich, 1952; Timoshenko and Gere, 
1961; Bulson, 1970). An equation of the same form can be used for the local 
buckling of plates subject to bending and shear (Trahair and Bradford, 1988). 
Inelastic buckling: 
Equation 2.2-1 is only valid if the elastic critical local buckling stress (O'er) is less than 
the material yield stress ( CTy). Inelastic local buckling may occur after the initial yield 
due to the reduction in stiffness caused by spread of plasticity, or the stress increases 
caused by strain hardening. 
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Post-buckling strength: 
Local buckling does not necessarily constitute failure, but rather causes a loss of 
stiffness and a redistribution of stress. For example, uniform edge compression in the 
longitudinal direction results in a non-uniform post-buckling stress distribution. The 
main reason for this is that the deflected shape of the buckled plate cannot be 
developed from the pre-buckled configuration without some redistribution of the in-
plane stresses. Consequently, slender plate elements exhibit significant post-buckling 
strength (see Figure 2.2-1), with the ultimate capacity dependent not only on the local 
buckling stress, but also on the yield strength and residual stress. 
c...<> 
~ 
-g 
..Q 1·0 
!:l 
Q) 
c 
0 
·u; 
c: 
Q) 
E 0·5 
0 
0 0·5 1·0 1·5 2·0 2·5 
Dimensionless transverse deflection o /t 
Figure 2.2-1 Post-buckling behaviour of slender plates (Trahair and Bradford, 1988) 
Effect of initial curvature (local imperfections) and residual stresses: 
The small initial curvatures caused by the local imperfections present in real plates 
cause pre-buckling lateral displacements (see Figure 2.2-1). Trahair and Bradford 
(1988) state that initial curvature only causes a significant reduction in the ultimate 
strength of plates with intermediate slenderness. 
Residual compressive stresses cause premature buckling of slender plates and reduce 
the ultimate strength. Residual stresses also cause premature yielding in plates of 
intermediate slenderness, but have little effect on stocky plates. 
Compactness criteria: 
A plate is defined as slender if the elastic critical local buckling stress (O'er) is less 
than the material yield stress (cry). A slender section will buckle locally before the 
squash load (P y) or the yield moment (My) is reached. 
A section is defined as non-compact if it cannot achieve and/or maintain its full 
plastic moment capacity (Mp) due to local buckling effects. The elastic critical local 
buckling stress of plates comprising a non-compact section may be greater than the 
material yield stress (i.e., inelastic local buckling). In this thesis, slender sections are 
considered to be a subset of the more general non-compact section definition. 
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A section is defined as compact if it can achieve and maintain its full plastic moment 
capacity. The elastic critical local buckling stress of plates comprising a compact 
section must be greater than the material yield stress. If local buckling of these plates 
does occur, it must be preceded by strain hardening. The effects of local buckling can 
therefore be neglected in the elastic design of compact beam-column members. Local 
buckling effects do not reduce the ability of a compact cross-section to maintain its 
full plastic moment capacity until the collapse mechanism of the structure has fully 
developed. 
Some confusion exists due to differing definitions of compactness criteria. 
Furthermore, a beam section may be fully compact in the absence of any axial force 
(i.e., it can develop and maintain its full plastic moment capacity), but slender under 
the action of a compressive force with no bending action. In this situation, despite the 
"compact" label given to the section by specifications such as AS4100, the section 
cannot achieve and maintain its full plastic strength for all combinations of moment 
and axial force and is therefore defined as non-compact in this thesis. 
2.2.2 Quantifying local buckling effects 
Effective width concept: 
The use of an effective width concept has been found to give satisfactory conservative 
approximations for the ultimate strength of plates subject to local buckling effects. As 
seen in Figure 2.2-2, in the case of a simply supported plate subject to a uniform 
compressive stress the concept involves a simplified distribution in which the 
maximum compressive stress acts uniformly over two strips of plate with the central 
region unstressed. The width over which the yield stress acts is referred to as the 
effective width (be). The same concept can be applied to sections subject to combined 
bending and compression. 
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Figure 2.2-2 Effective width concept for simply supported plate in uniform 
compression (Trahair and Bradford, 1988) 
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The effective width concept, originally proposed by von Karmen et al. (1932), is the 
basis of most specifications (including AS4100 and AISC LRFD) for the design of 
sections subject to local buckling effects. The von Karmen effective width can be 
expressed in the form: 
b, = ~{T cr 
b (Jy 
(2.2-2) 
Following tests on thin-walled, cold-formed plates with residual stresses and initial 
curvature, Winter (1947) suggested a modified effective width formula: 
(2.2-3) 
The coefficient 0.25 was reduced to 0.22 in the 1968 AISI specification. This 
modified Winter formula is still accepted as appropriate for the design of cold-formed 
members. 
Trahair and Bradford (1988) suggest that quantitative values of the effective width for 
hot-rolled and welded plates can be obtained using a modified von Karmen equation 
of the form: 
(2.2-4) 
The parameter a reflects the influence of initial curvatures and residual stresses. 
Potential applications of the effective width concept in advanced analysis 
formulations include: 
1. Evaluation of an appropriate tangent modulus from column specification equations 
based on effective section properties. This could then be used in conjunction with 
the refined plastic hinge method. 
2. Derivation of moment-curvature-axial force relationships based on effective 
section properties. This can be done by application of inelastic beam-column 
theory, with integrations performed over the effective area. The M-@-P curves 
could then be used to derive a tangent modulus (as in the hardening plastic hinge 
method) or incorporated directly into the beam-column formulation to derive 
flexibility coefficients (as for the quasi plastic hinge method). Such relationships, 
first implemented by Wang and Tien (1973) were effectively employed by Liew et 
al. (1989) to investigate the ultimate strength of thin-walled steel box columns 
subject to an eccentrically applied load. This technique, despite the assumption of 
elastic material properties in the derivation of the moment-curvature-thrust 
relationships, combined with a geometric non-linear beam-column analysis was 
able to accurately predict the ultimate strength. The procedure was extended by 
Shanmugam et al. (1989) to account for biaxial bending. 
3. Determination of a reduced plastic strength surface to account for the effects of 
local buckling. This could be achieved by extension of the inelastic beam-column 
theory used to determine the M-(!J-P curves to develop an interaction curve based 
on the effective section properties. 
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Finite strip analysis: 
The finite strip method of analysis developed by Cheung (1976) has proved to be a 
useful and popular research tool for the buckling and non-linear analyses of thin-
walled structural members (Mahendran and Murray, 1986; Hancock, 1978). The 
advantages of a finite strip formulation compared with finite element analysis are the 
greatly reduced number of degrees of freedom for a given structural system and the 
simple conformity of membrane and flexural displacements at plate junctions. For an 
extensive review of finite strip buckling and non-linear analyses, refer to Hancock et 
al. (1990). 
The finite strip method is not suitable for adaptation to a practical stand alone method 
of advanced analysis. However, it has been shown to be a useful tool for the 
determination of constitutive moment-curvature relationships by subjecting a short 
length of column to various combinations of axial strain and curvature using a post-
local buckling finite strip analysis (both elastic and inelastic). This method is used by 
Rasmussen and Hancock (1991) in conjunction with a second-order elastic beam-
column analysis to investigate the ultimate strength of thin-walled channel section 
columns (including the effects of residual stresses and imperfections). The limitations 
encountered in the investigation suggested that "a rigorous approach to the elastic-
plastic interaction buckling problem would require the inelastic post-local buckling 
analysis and the (non-linear) beam-column analysis to be performed simultaneously." 
Using this approach, the constitutive relationships for each local buckle should be 
updated as the non-linear beam-column analysis proceeds. This was recommended 
due to the observation that: "when local buckling occurs in the flanges, the axial force 
and moment become highly dependent on the sequence of (£, l/J) combinations 
analysed prior to a certain combination of axial strain and curvature. This path 
dependency makes it impossible to obtain the constitutive relationship before 
performing the non-linear (beam-column) analysis." 
Despite this finding (which although logical, is not well supported), it may be possible 
to overcome the need for simultaneous analyses by: 
1. Defining the constitutive relationship of a locally buckled cell using additional 
parameters to account for the path dependency. 
2. Using a lower bound solution which may be easily found by following a particular 
(£, l/J) path. 
This approach, based on "exact" analytical evaluation of the moment-curvature 
relationships may be conducive to implementation in advanced analysis of frame 
structures comprising non-compact sections. 
Finite element analysis: 
The use of suitable shell finite elements provides sufficient degrees of freedom to 
explicitly model local buckling deformation and associated effects. Combined with 
an elasto-plastic material model and geometric non-linear formulation, shell finite 
element analysis should provide an accurate distributed plasticity analysis of steel 
frames comprising non-compact sections. 
However, to accurately describe local buckling deformation, a very fine mesh 
discretization is necessary, with approximately eight typical four node shell elements 
per local buckle half-wavelength. Such an analysis would therefore be extremely 
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computationally intensive and not suitable for practical frame design. Despite this, 
finite element analysis has the potential to be a useful research tool to assist in the 
development of practical advanced analysis procedures for steel frames comprising 
non-compact sections. Possible applications include: 
1. Determination of "exact" moment-curvature-axial force relationships for a locally 
buckled cell (Usami et al., 1985), and investigation of the path dependent nature 
of such relationships reported by Rasmussen and Hancock (1991). 
2. Determination of the "exact" section capacity interaction equation of a locally 
buckled section and development of a suitable softening function to model the 
reduction in section capacity at a plastic hinge due to the progression of inelastic 
local buckling. 
3. Investigation of the suitability of existing first yield functions to initiate the 
reduction in stiffness due to distributed plasticity in conjunction with local 
buckling. 
4. Development of benchmark calibration frame solutions for use in assessing the 
accuracy of less rigorous practical advanced analysis techniques for steel frames 
comprising non-compact sections. 
Plastic collapse mechanism approach: 
Murray (1973) proposed that the behaviour of a thin-walled plate assembly may be 
described by combining a second-order elastic analysis with a spatial plastic 
mechanism analysis (Murray and Khoo, 1981; Murray, 1984). The spatial plastic 
mechanism model describes the behaviour of a thin-walled section during post-
buckling collapse when yield lines develop across component plates to form a 
compatible mechanism. This approach is presented by Rasmussen and Hancock 
(1991) and Hancock et al. (1990) as a less computationally intensive alternative to the 
rigorous finite element and finite strip non-linear analyses. 
Hancock et al. (1990) compared experimental load versus axial shortening and load 
versus central deflection with different theoretical models for an eccentrically loaded 
beam-column. The spatial mechanism analysis, which allows for a short section at 
the specimen mid length to be grossly distorted, was found to more closely predict the 
experimentally observed post-ultimate behaviour with regard to strength and rate of 
collapse than the rigid section mechanism theory which assumes that a simple plastic 
hinge formed at the specimen mid-length, and excluded cross-section distortions. 
In the context of an advanced frame analysis, this approach may have the potential to: 
1. Predict the load combination at which a spatial plastic mechanism should be 
inserted at a locally buckled section. 
2. Quantify the reduction in capacity with increasing strain at such a location. 
Other methods: 
Beamish (1986) developed a thin-walled beam model comprising rectangular plates 
with hi-cubic local buckling displacement fields. This allowed local buckling 
deformations to be explicitly modelled with a relatively coarse mesh. The 
formulation also accounted for shear strains, local deformations, inelastic material 
non-linearity, and large displacement effects. The model was used in an investigation 
of the inelastic local buckling and rotation capacities of grade 300 universal columns 
(Butterworth, 1995). 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 24 
Baigent and Hancock (1982) present a technique for predicting the ultimate capacity 
of portal frames composed of cold-formed channel section. The proposed analytical 
method involved three stages: 
1. Calculation of the stress resultants at critical cross-sections. 
2. Calculation of progressive yielding at critical cross-sections. 
3. Determination of the ultimate strength of the structure based on inelastic local 
buckling at critical cross-sections. 
An analytical method to predict load-deformation relationships including post-
buckling behaviour of steel members governed by local buckling was proposed by 
Yamada and Akiyama (1995). A typical degrading stress-strain curve was defined 
based on the experimental behaviour of a stub beam-column, and applied to the 
compressive zone when integrating the stress over the cross-section area in the 
determination of the moment-curvature relationship. Morino et al. (1995) also 
presents a technique for the analysis of a beam-column using a numerical integration 
scheme based on the moment-curvature relationship derived from a degrading stress-
strain function. 
2.3 Design of steel frame structures comprising non-
compact sections 
Current specifications for the design of steel beam-column members are based on 
semi-empirical interaction equations, used to estimate the ultimate section and 
member capacities. The capacity of each member in a frame structure is determined 
using the appropriate specification equations and compared to the member forces 
corresponding to the ultimate applied loads, typically obtained from a simple elastic 
analysis. The effects of local buckling are accounted for using the effective section 
concept. The current AS4100 and AISC LRFD specifications for the design of 
members subject to combined bending and axial compression with full lateral restraint 
and non-compact sections are presented in Sections 2.3.1 and 2.3.2. A brief 
comparison of the alternative procedures is provided in Section 2.3.3. Shear, bearing, 
axial tension, and biaxial bending are not considered. 
2.3.1 AS4100 
Design for bending: 
The nominal section moment capacity (Ms) is defined in Clause 5.2.1 (SAA, 1990) as 
follows: 
(2.3-1) 
The effective section modulus (Ze) represents the plastic section modulus, reduced due 
to flexural local buckling if necessary. The effective section modulus is defined in 
Clauses 5.2.3 to 5.2.5 (SAA, 1990) as follows: 
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(2.3-2) 
The section slenderness (As) is taken as the value of the plate element slenderness (Ae) 
for the element of the cross-section which has the greatest value of (Ae/Aey). The plate 
element slenderness (Ae) is defined in Clause 5.2.2 (SAA, 1990) as a function of the 
element clear width (b), thickness (t), and yield stress (O"y): 
(2.3-3) 
The section plasticity and yield slenderness limits (Asp. Asy) are taken as the values of 
the element slenderness limits (Aep• Aey) given in Table 5.2 (SAA, 1990) for the 
element of the cross-section which has the greatest value of Ae/Aey· The limiting 
slenderness ratios were established from lower bound fits to the experimental local 
buckling resistances of plate elements in uniform compression and flexure. 
The nominal member moment capacity (Mb) of members with full lateral restraint is 
equal to the section capacity. That is, out-of-plane lateral torsional buckling cannot 
occur. 
Design for axial compression: 
The nominal section capacity (Ns) of a concentrically loaded compression member is 
defined in Clause 6.2.1 (SAA, 1990) as follows: 
(2.3-4) 
The form factor (k1) represents the reduction in the axial compression section capacity 
due to local buckling, and is defined in Clause 6.2.2 (SAA, 1990) as follows: 
k = Ae 
J A 
g 
(2.3-5) 
The effective area (Ae) is the summation of the effective areas of the individual 
elements, whose effective widths are defined in Clause 6.2.4 (SAA, 1990) as follows: 
b, t~ )~b (2.3-6) 
The element yield slenderness limits (Aey), provided in Table 6.2.4 (SAA, 1990), were 
established from lower bound fits to the experimental local buckling resistances of 
plate elements in uniform compression. 
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The nominal member capacity (Nc) of a concentrically loaded compression member is 
defined in Clause 6.3.3 (SAA, 1990) as follows: 
(2.3-7) 
where: 
;: - (A/90 y + 1 +7] . ') ( ) (a)'='-
2
(Aj
9
oy , (b)"" An +aaab; (c) 1J =0.00326 A-13.5 ~0 (2.3-8) 
A (L.i n;-~( fy J 2100(An -13.5) 
(a) n= 7fk1 250 ;(b)aa=A~-15.3An+2050 (2.3-9) 
Equation 2.3-7 is based on experimental testing of a range of compact and non-
compact sections and is appropriate for either major (i.e., strong) or minor (i.e., weak) 
axis column buckling. The equations can be used for a wide variety of common 
section types (hot-rolled !-sections, welded !-sections, cold-formed rectangular hollow 
sections, etc.) by selection of the appropriate member section constant (ab), as shown 
in Tables 2.3-1 and 2.3-2. The effects of local buckling are accounted for in the 
AS41 00 compression member capacity equations by the use of k1 in Ns, Art. and ab. 
Table 2.3-1 AS4100 member section constants (ab) for k1= 1 
at, Section description 
-1 -Hot-formed RHS and CHS 
-Cold-formed (stress relieved) RHS and CHS 
-0.5 -Cold-formed (non-stress relieved) RHS and CHS 
0 -Hot-rolled UB and UC sections (flange thickness up to 40 mm) 
- Welded H and I sections fabricated from flame-cut plates 
- Welded box sections 
0.5 - Tees flame-cut from universal sections, and angles 
- Hot rolled channels 
-Welded Hand I sections fabricated from rolled plates (flange thickness up to 40 mm) 
- Other sections not listed in this table 
1 - Hot-rolled UB and UC sections (flange thickness over 40 mm) 
-Welded Hand I sections fabricated from rolled plates (flange thickness over 40 mm) 
Table 2.3-2 AS4100 member section constants ( ab) for k1 < 1 
at, Section description 
-0.5 -Hot-formed RHS and CHS 
-Cold-formed (stress relieved) RHS and CHS 
-Cold-formed (non-stress relieved) RHS and CHS 
0 -Hot-rolled UB and UC sections (flange thickness up to 40 mm) 
- Welded box sections 
0.5 -Welded Hand I sections (flange thickness up to 40 mm) 
1 - Other sections not listed in this table 
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Design for combined bending and axial compression: 
The nominal section capacity of members subject to combined bending and 
compression is defined in Clauses 8.3.2 and 8.3.3 (SAA, 1990). The section capacity 
equation for non-compact (i.e., k1 < 1 and/or Ze < S) doubly symmetric !-sections and 
rectangular hollow sections subject to major axis bending is provided below: 
[ N * I [ 82- A j~ M, =Ms 1--- 1+0.18 w ~Ms <f>Ns 82-A-wy (2.3-10) 
A simplified linear interaction equation is conservatively specified for minor axis 
bending of non-compact sections. 
The nominal in-plane member capacity of members with non-compact cross-section 
(i.e., k1 < 1, Ze < S) subject to combined bending and axial compression is defined in 
Clause 8.4.2.2 (SAA, 1990), as follows: 
(2.3-11) 
The nominal member axial compression capacity (Nc) is calculated using an effective 
length factor (ke) taken as one for both sway and non-sway members, unless a lower 
value is calculated for non-sway members. 
Summary: 
The AS41 00 design procedure for members subject to combined bending and axial 
compression can be summarised as follows: 
1. Calculate the section moment capacity (Ms) using Equation 2.3-1. 
2. Calculate the section axial compression capacity (Ns) using Equation 2.3-4. 
3. Calculate the member axial compression capacity (Nc) using Equation 2.3-7. 
Check N* < <f>Nc. 
4. Calculate the section moment capacity, reduced due to axial compression (Mr) 
using Equation 2.3-10. Check M* < <f>Mr. 
5. Calculate the in-plane member moment capacity (Mi) using Equation 2.3-11. 
Note that this requires re-calculation of Nc using ke = 1.0. Check M* <</>Mi. 
The capacity reduction factor ( </J) is taken as 0.9 for both bending and compression. 
2.3.2 AISC LRFD 
Design for bending: 
The nominal flexural strength of members with full lateral restraint is defined in 
Appendix F1 (AISC, 1995) as follows: 
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(2.3-12) 
A > A, : M n = ZFcr ~ M p 
The plastic moment (Mp), limiting buckling moment (Mr), critical stress (Fer) and 
slenderness parameters (A, A.p, Ar) are defined in Table A-F1.1 (AISC, 1995) for both 
the web and flange local buckling limit states. Sections with slender webs are also 
subject to the requirements of Appendix G (AISC, 1995). 
Design for axial compression: 
The design strength of compression members cPn) is defined in Chapter E2 (AISC, 
1995) as follows: 
(2.3-13) 
The nominal critical stress (Fer) for sections subject to local buckling is defined in 
Appendix B as follows: 
,-;:; - (. QA.~ \_ for AcVQ ~ 1.5: Fer - Q\0.658 p y 
F =[0.877] cr (j y 
A2 
c 
(2.3-14) 
where: 
(2.3-15) 
The form factor (Q) represents the reduction in effective area due to local buckling, 
and is defined in Appendix B3 (AISC, 1995). Note that Q is the AISC LRFD 
equivalent to the AS4100 form factor k1, and the ratio Fe/Fy corresponds to the 
AS41 00 member slenderness reduction factor ae. 
Design for combined bending and axial compression: 
The nominal design strength of symmetric members subject to combined bending and 
axial compression is defined is Appendix H2 (AISC, 1995) as follows: 
for~~0.2: ~+~~~1 
</> cpn </> cpn 9 </>bM n 
(2.3-16) 
for~<0.2: ~+~~1 
1>cPn 2</>cPn </>bM n 
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Equation 2.3-16 can be used to define the section capacity by taking Le = 0, or the 
member capacity by taking Le = keL. 
Summary: 
The AISC LRFD design procedure for members subject to combined bending and 
axial compression can be summarised as follows: 
1. Calculate the flexural strength (Mn) using Equation 2.3-12. 
2. Calculate the axial compression strength (P n) using Equation 2.3-13. 
3. Check the strength for combined bending and axial compression using Equation 
2.3-16. 
Note that the capacity reduction factors l/Jc = 0.85, and l/Jb = 0.9 are required for 
compression and flexure, respectively. 
2.3.3 Comparison of the AS4100 and AISC LRFD design 
specifications 
Although the corresponding equations are arranged differently, the AS4100 and AISC 
LRFD specifications are fundamentally similar. The most significant differences are 
summarised below: 
1. The AS4100 specification employs a more conservative linear interaction 
equation to define the in-plane capacity for members subject to local buckling, 
while the AISC LRFD specification uses the same bi-linear interaction for both 
the member and section capacities. 
2. The AS4100 specification permits the use of an effective length factor equal to 
unity (i.e., ke = 1) for the in-plane capacity check, while the AISC LRFD 
specification requires accurate determination of the effective length factor by 
structural analysis. This results in a significant difference for slender sway 
frames. 
3. The AS4100 specification assumes the effects of local buckling to be independent 
of the applied load. However, the AISC LRFD specification includes provisions 
for calculating the effective width of uniformly compressed webs as a function of 
the computed elastic compressive stress. Slenderness limits for webs subject to 
combined bending and axial compression are also provided in Table B5.1 (AISC, 
1995). 
4. The AS41 00 specification provides multiple column curves, allowing for the 
different residual stress and imperfections in various section types (e.g., hot-
rolled, cold-formed, and heavily welded). The AISC LRFD specification uses a 
single column curve, assumed to be suitable for all section types. 
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Chapter 3. Large Scale Frame Testing 
S implified concentrated plasticity methods of analysis are usually calibrated and verified using distributed plasticity analytical benchmark models. However, large scale frame testing is still required to verify the analytical benchmark 
solutions and generate confidence that the theoretical models are indeed 
representative of the behaviour of real structures. A number of large scale frame tests 
have been conducted during the past ten years (Toma and Chen, 1992; Shanmugam et 
al., 1995), the majority of which have comprised only members of compact cross-
section not subject to local buckling effects. 
The behaviour of individual members involving non-compact sections has been the 
subject of comprehensive research and investigation during the past 30 years. 
However, the use of individual member test results is not particularly appropriate for 
the verification of a frame analysis model as individual members fail with little or no 
inelastic redistribution. Furthermore, the majority of the individual member tests 
reported in the literature involve non-sway (braced), pinned columns with zero or 
constant bending moment. Such members do not necessarily represent the common 
sway frame member subject to axial compression and a non-uniform bending moment 
distribution. 
A large scale test program was therefore undertaken with the aim of testing frames for 
verification of the distributed plasticity analytical model described in Chapter 4. This 
chapter contains a description of the test specimens, setup and instrumentation, 
procedure, and results. A comparison of the experimental and analytical results is 
presented in Chapter 4. 
3.1 Test specimens 
A series of four tests was conducted. Each of the four frames could be classified as a 
two dimensional, single bay, single storey, large scale sway frame with full lateral 
restraint and rigid joints. The reasons why this type of frame was used are discussed 
below. 
1. Two dimensional. Many common steel frame structural systems can be idealised 
for the purposes of analysis and design as simplified two-dimensional 
assemblages. Ultimately three dimensional advanced analysis of frames 
comprising non-compact sections is a desirable objective. However, it is practical 
and appropriate to first develop and verify a model using two dimensional frames 
before attempting to include the additional complexity involved in three 
dimensional analysis. The four test frames described in this chapter were 
therefore all two dimensional, although it is anticipated that future research will 
involve large scale testing of three dimensional steel frame systems comprising 
non-compact sections (Heldt, 1997). 
2. Single bay and single storey. Due to size restrictions and resource limitations 
only single bay, single storey frames could be tested without resorting to the use 
of small scale test models. However, as frames of this type are commonly used 
for commercial and industrial structures, it was considered an appropriate and 
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practical choice. Previous experimental studies involving frames compnsmg 
compact sections (Toma and Chen, 1992; Shanmugam et al., 1995) have found 
that analytical models verified by comparison with single bay, single storey test 
results are generally also accurate for more complex multi-bay, multi-storey 
systems. This can be explained by the fact that the same principles of structural 
behaviour apply to both small and large frame systems, although due to greater 
redundancy in large systems there is more scope for inelastic redistribution to 
occur. 
3. Large scale. The dimensions of each test frame were four meters between column 
centre lines and three metres from the base of the columns to the top of the beam. 
The column member slenderness (Lcfr) ranged from 18 to 70, representative of a 
range of typical structures. 
4. Sway. Sway frames are also commonly referred to in the literature as unbraced 
frames, where the term 'unbraced' indicates an absence of bracing in the plane of 
the frame. The stability of sway frames is influenced by both the P-L1. and P-8 
effects (although the P-L1. effect is generally much more significant), while only 
the P-8 effect influences the stability of non-sway (i.e., braced) frames. Due to 
resource limitations it was not possible to test a representative series of frames 
including both sway and non-sway frames. Sway frames were tested in 
preference to non-sway frames for two reasons. Firstly, sway frames are more 
common than non-sway frames in single bay, single storey commercial and 
industrial steel frame structures. Secondly, the stability of sway frames is more 
complex and sensitive than non-sway frames as it involves both P-L1. and P-8 
effects. It can therefore be reasonably assumed that an analytical model verified 
by comparison with sway test frames would also be appropriate for the analysis of 
non-sway frames. 
5. Fully laterally restrained. A significant proportion of steel frames constructed in 
Australia are in fact not fully laterally restrained, therefore the effects of lateral 
buckling and the interaction of local and lateral buckling need to be eventually 
considered (Alsaket, 1998). However, before the effects of lateral buckling can be 
included in the advanced analysis of frames comprising non-compact sections, it 
is necessary to develop a model that accounts for the effects of local buckling. 
The objective of the tests and analyses was therefore to investigate the effects of 
local buckling of non-compact sections on the in-plane stability and strength of 
two dimensional frames. In order to achieve this objective it was necessary to 
isolate the effects of local buckling by precluding lateral buckling, that is, by 
providing full lateral restraint. 
6. Rigid. Structural connections can be classified as either rigid with infinite 
moment capacity, pinned with zero moment capacity, or semi-rigid with a finite 
moment capacity and a stiffness that can be expressed as a function of the 
rotation. A number of researchers (Liew et al., 1993b) have developed techniques 
for accounting for semi-rigid connections in the advanced analysis of frames 
comprising members of compact cross-section, and there is no reason why these 
techniques should not be applicable to non-compact sections also. There was 
therefore little advantage to be gained by considering semi-rigid connections in 
this investigation. It was preferable to focus on the effects of local buckling by 
only considering the most simple fixed and pinned connection types. As previous 
experimental studies (Galatanu, 1997) had demonstrated the difficulty in 
achieving a pinned connection in the laboratory, rigid connections were 
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considered to be the most appropriate for the four test frames. The column base 
plate connections were made as rigid as possible by using 25 mm base plates 
continuously fillet welded to the columns. Each base plate was tack welded and 
bolted to the top flange of the floor girder using eight M24 structural grade bolts 
for each connection. The beam-column joint connections were fully welded and 
stiffened to prevent panel zone effects from influencing the behaviour of the 
frames. 
The section specimens used for the four test frames were selected in accordance with 
the following criteria: 
1. To represent a range of section types. The extent of susceptibility of sections 
commonly used in Australia to local buckling is summarised in Table 3.1-1. The 
form factor (k1) is defined in AS41 00 clause 6.2.2 as the ratio of the effective area 
to the gross area. It represents the effect of local buckling on the section capacity 
for the case of pure axial compression (no bending moment). Similarly, the ratio 
ZefS represents the effect of local buckling on the section capacity for the case of 
pure bending (no axial force). 
Table 3.1-1 Extent of susceptibility to local buckling in common Australian sections 
Section type Grade % of sections Minimumkf % of sections Minimum 
withk1 < 1 withZ/S < 1 Z/S 
UB 300 64.3 0.888 17.9 0.983 
UB 350 67.9 0.857 25.0 0.976 
ue 300 0.00 1.00 26.7 0.956 
ue 350 0.00 1.00 46.7 0.935 
WB 300 100 0.701 8.70 0.996 
WB 400 100 0.670 65.2 0.954 
we 300 0.00 1.00 33.3 0.912 
we 400 11.1 0.964 38.9 0.851 
RHS 350 29.5 0.776 2.27 0.946 
RHS 450 46.7 0.721 6.67 0.941 
SHS 350 3.57 0.853 17.9 0.805 
SHS 450 16.7 0.721 38.9 0.715 
The sections most commonly used in Australia are: 
• Hot-rolled !-sections. These sections are classified as either universal columns 
(UC) or universal beams (UB). Universal columns are wide flange sections 
suitable for members with high axial force, while universal beams are deeper 
with narrower flanges and suitable for members with high major axis bending 
moment. Both section types are available in grade 300 or grade 350 steel. As 
shown in Table 3.1-1, a significant proportion of universal beam sections have 
kf < 1 and/or ZefS < 1, and are therefore subject to local buckling. Local 
buckling is less significant in the universal column sections, although some do 
have Z/S < 1. 
• Welded !-sections. These sections are classified as either welded columns 
(WC) or welded beams (WB). Both section types are available in grade 300 or 
grade 400 steel. As in the case of the hot-rolled sections, a significant 
proportion of the welded beam sections are influenced by local buckling, while 
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most of the welded column sections are compact (see Table 3.1-1). Welded!-
sections can also be custom designed and fabricated from steel plates. 
• Cold-formed tubes. These sections are classified as rectangular hollow 
sections (RHS), square hollow sections (SHS), or circular hollow sections 
(CHS). Rectangular and square sections are available in grade 350 steel, and a 
smaller range of sections is available in grade 450 steel. Circular sections are 
available in grade 250 and grade 350 steel. A significant proportion of the 
rectangular and square hollow sections is non-compact as shown in Table 3.1-
1, but the circular sections are mostly compact. 
• Other hot-rolled sections. A range of other hot-rolled sections is available, 
including parallel flange channels, taper flange channels, equal angles, unequal 
angles, and taper flange beams. The majority of these sections are available in 
grade 250 or 350 steel. With the exception of a relatively small number of 
angle sections, these sections are compact and therefore will not be considered 
in this investigation. 
• Other cold-formed sections. The most common other cold-formed sections are 
the C and Z sections. These sections are often manufactured using high grade 
thin-walled steel and therefore a large proportion is non-compact. However, 
these sections are also susceptible to other more complex behaviour such as 
distortional buckling and therefore will not be considered in this investigation. 
Furthermore, the most common application of these sections is for secondary 
members (purlins and girts) which are generally not included in the analysis of 
steel frame structures. 
Each section type exhibits different structural characteristics due to the different 
manufacturing processes that result in different geometric imperfections, residual 
stresses, and material properties. It was therefore considered desirable to include 
a range of the most common sections in the test program. The most commonly 
used of the sections significantly influenced by local buckling are the universal 
beam sections, welded beam sections, and rectangular hollow sections. It was 
therefore decided that at least one frame would be tested for each of these three 
section types. 
2. To represent a range of different section slenderness parameters (k1, ZefS), column 
member slendernesses (Lclr) and vertical to horizontal load ratios (Pill). The 
local buckling behaviour of non-compact sections can be classified as either 
elastic or inelastic. Sections that exhibit elastic local buckling prior to yielding of 
the section are classified as slender by AS4100 for the members subject to pure 
bending (no axial compression). Sections that exhibit inelastic local buckling 
after yielding of the section has commenced are classified as non-compact. The 
method used to calculate the effective section modulus depends on this 
classification, indicating that the structural behaviour of slender members is 
different from that of members subject to inelastic local buckling. The test 
specimens were therefore selected to represent both the slender and non-compact 
categories, ensuring that the accuracy of the analytical model could be verified for 
both elastic and inelastic local buckling. Similarly, the interaction between local 
buckling and frame stability will vary, depending on the slenderness of the 
column members (Lclr) and the ratio of vertical to horizontal load (Pill). A range 
of LJr and P/H ratios were therefore used for the four test frames. 
3. To exhibit behaviour influenced by the effects of local buckling under combined 
axial compression and bending (i.e., k1 < 1 and ZefS < 1). Appropriate test 
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specimens were selected by considering these two effective section ratios, both of 
which should be significantly less than one to ensure that the test frames would 
exhibit behaviour significantly influenced by the effects of local buckling. Finite 
element analysis of each test frame using elastic buckling and non-linear analyses 
was also used to ensure that local buckling would occur. 
4. To fail by in-plane instability caused by a reduced stiffness due to significant 
yielding and spread of plasticity effects. The yielding should be due to the 
combined effects of axial compression, bending, local buckling, and residual 
stress. Failure by pure elastic instability (no yielding) or by formation of plastic 
mechanism with insignificant second-order effects would not be suitable to verify 
an analytical model required to handle the more complex case of combined 
yielding and second-order instability. Designing the frame so that the in-plane 
moment capacity reduced for axial force effects (Mi) was significantly less than 
the section capacity (Mr) and out-of-plane member capacity (M0 ) ensured this 
failure mode. In addition, the maximum stresses (corresponding to the design 
capacity) obtained from the elastic analysis used to design the frame were required 
to be significantly greater than the material yield stress. This requirement ensured 
that significant yielding and spread of plasticity did occur prior to failure. Shear 
and bearing failures were also avoided by ensuring that the relevant AS4100 
specifications were satisfied. 
5. To have a failure load within the limits of the external support frame and 
maximum deflections less than the available stroke of the hydraulic jacks. The 
failure load of each test frame was estimated from the design to AS4100 based on 
a second-order elastic analysis. The design involved the use of nominal material 
properties, no capacity reduction factors, and an allowance of 25 percent over 
strength due to yield stresses greater than the nominal values and conservatism in 
the design calculations. This failure load was also checked by a preliminary non-
linear finite element analysis with nominal material properties, imperfections, and 
residual stresses. The limit of the external support frame was determined by 
designing it to AS4100, and checked by proof testing (using test frame 1). 
The four test specimens are described below. In each case, the same section was used 
for both the columns and the beam. 
Test frame 1: Compact !-sections (250 UB 37.3), k1 = 1, ZexiSx = 1, grade 300 steel 
(nominal yield stress = 320 MPa), bending about major axis, with full lateral restraint, 
P/H = 4. It was decided that the first test frame should be used to proof test the 
external test frame and to test drive the experimental apparatus and procedures. It 
was therefore not necessary for this frame to exhibit local buckling. The 250 UB 37.3 
section was selected, as its estimated failure load was of a suitable magnitude to proof 
test the external support frame. 
Test frame 2: Non-compact !-sections (310 UB 32.0), k1= 0.915, ZexfSx = 0.983, grade 
300 steel (nominal yield stress = 320 MPa), bending about major axis, with full lateral 
restraint, P!H = 4. This section was selected as it is one of the standard hot-rolled!-
sections most effected by local buckling and its estimated failure load was less than 
the capacity of the external support frame. 
Test frame 3: Slender rectangular hollow section (200x100x4 RHS), k1= 0.801, Ze/Sy 
= 0.693, grade 350 steel, bending about minor axis, with full lateral restraint, PIH = 8. 
The 200x100x4 RHS section satisfies the selection criteria described previously by 
representing a different section type (RHS), section slenderness (smaller Jv, ZefS, 
slender), column slenderness (larger Lcfr), and P/H ratio compared to test frame 2. 
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Minor axis bending was considered appropriate to prevent out-of-plane column 
buckling and to decrease the section slenderness (Ze/Sy < ZexfSx). Of all the RHS 
sections with suitable failure loads, the 200X100x4 RHS was selected because it is the 
RHS most significantly influenced by local buckling. 
Test frame 4: Slender welded !-section (not a standard section), k1 = 0.848, ZexfSx = 
0.918, bending about major axis, with full lateral restraint, P/H = 6. In order to satisfy 
the first selection criteria described above, the fourth test frame was required to be 
fabricated using welded !-sections. None of the standard welded !-sections was small 
enough to have a failure load less than the capacity of the external support frame 
therefore it was necessary to custom design and fabricate a section suitable for testing. 
It was also decided to design the section with a slender web (d11tw = 122) in order to 
represent a different section classification to test frames 2 and 3 which were non-
compact and slender (flanges only), respectively. The minimum plate thickness that 
could be used was 3.0 mm. Various combinations of section depth, flange 
dimensions, and yield stress were considered, and the section that best satisfied the 
selection criteria was determined. The dimensions, material properties, and section 
properties of the sections used in test frames 1, 2, 3, and 4 are provided in Tables 3.1-
2 and 3.1-3. 
Table 3.1-2 Section dimensions and properties of members used in the test frames 
Test Section d bf tf tw TJ Ag I s 
frame (mrn) (mrn) (mrn) (mrn) (mrn) (mrnz) (106mrn4) (103mrn3) 
1 250UB 37 256 146 10.9 6.4 8.9 4750 55.7 486 
2 310UB 32 298 149 8.0 5.5 13.0 4080 63.2 475 
3 200x100x4 100 200 4.0 4.0 6.0 2280 4.07 ~l.U II RHS 
4 welded 366 200 8.0 3.0 - 4250 113 v 
I-section 
Table 3.1-3 Effective section properties and capacities of members used in the test 
frames 
Test Section oy Compact- z. Z.,IS kf N, M, 
frame (MPa) ness (103mrn3) (kN) (kNm) 
1 250 UB 37 320 c 486 1.00 1.00 1520 155.5 
2 310 UB 32 320 N 467 0.983 0.915 1195 149.4 
3 200x100x4 350 s 63.1 0.693 0.801 639.2 22.09 
RHS 
4 welded 250 s 610 0.918 0.848 901 152.5 
I-section 
3.2 Test setup and instrumentation 
The test frames were tested in a 1500 kN test rig designed and fabricated in the 
structural engineering laboratory of the Queensland University of Technology. The 
general arrangement of the test setup is illustrated in Figures 3.2-1 and 3.2-2. 
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Figure 3.2-1 Schematic diagram of test arrangement 
Figure 3.2-2 Internal test frame 
The horizontal and vertical loads applied to the internal test frame were resisted by an 
external support frame, shown in Figures 3.2-3 and 3.2-4. 
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Figure 3.2-3 External support frame 
Figure 3.2-4 General arrangement showing external support frame 
The external frame consists of: 
• Two pairs of vertical columns. These columns resist the applied vertical jack 
loads by axial tension. Each column was attached to the floor using a pre-
tensioned holding down bolt. The horizontal loads are resisted by minor axis 
bending and shear. 
• Two horizontal cross beams between each pair of columns. The columns were 
aligned so that the applied horizontal load would cause minor axis bending. This 
enabled the cross beams to be easily connected (welded/bolted) to the inside 
flanges of the columns. The uppermost cross beams on each side support the 
main box girder, and transfers the vertical jack loads from the main box girder to 
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the columns by major axis bending and shear. The lower cross beam on the left 
side allowed the horizontal reaction to be transferred to the columns, while the 
lower cross beam on the right side resisted the horizontal jack load. These 
members transferred the horizontal loads to the columns by minor axis bending 
and shear. The lower cross beams supporting the transverse loads were stiffened 
using longitudinal plate stiffeners to which the loads were applied. Each of the 
upper cross beams was stiffened with three transverse web stiffeners to prevent 
shear buckling of the web. 
• One main box girder (fabricated from two !-section beam members and additional 
plates to increase the top and bottom flange thickness). This girder transfers the 
vertical jack loads into the columns by major axis bending and shear. The girder 
was also designed to resist local web crushing and/or buckling due to the 
concentrated jack loads. 
• One floor girder. This girder rested on roller bearings and a high strength steel 
plate, placed on the laboratory floor directly beneath the main box girder. The 
internal test frames were welded/bolted to the floor girder. The floor girder 
transferred the compressive forces developed in the columns of the internal test 
frame (due to the vertical jack loads) to the floor by bearing action. The girder 
was designed to resist local web crushing and buckling. Stiffeners were required 
directly under each column. The floor girder was also required to have a major 
axis bending stiffness significantly greater than that of the internal test frame 
columns to ensure that negligible rotation occurred at the base of each column. 
The floor girder also transferred the horizontal jack force to the column internal 
test frame by axial compression. 
• Six diagonal bracing members. These square hollow section members supported 
the columns and resisted the horizontal loads transferred to these columns from 
the internal test frame through the lower cross beam on the left hand side. 
Without these members, the columns had insufficient minor axis bending capacity 
to resist the applied loads. 
As shown in Figure 3.2-1, the test frames were subject to equal vertical loads (P) 
applied to the columns, and a horizontal load applied to the floor girder adjacent to the 
base of the right hand column. The horizontal load was applied at the base level 
because it was easier to fix the position of the vertical jacks rather than require them 
to move laterally with the frame as it deformed._ The test frame was therefore fixed to 
the floor girder which was free to move laterally in-plane on greased roller bearings. 
A high strength steel plate was placed between the roller bearings and the concrete 
floor to reduce the coefficient of friction and to prevent local crushing of the floor due 
to stress concentrations under the bearings. The sway in the test frames was induced 
by displacing the column bases horizontally while the beam and vertical jacks 
remained stationary due to a horizontal restraint at the top of the left hand column. 
This configuration is statically equivalent to applying the horizontal load at the top of 
the left hand column and restraining translation at the base of each column. 
A rectangular hollow section (RHS) strut, load cell and set of roller bearings at the top 
of the left hand column (see Figures 3.2-1 and 3.2-5) provided the test frame 
horizontal restraint and measured the horizontal reaction (H). This use of roller 
bearings prevented relative in-plane lateral displacement between the internal test 
frame and the external support frame, but allowed relative vertical deflection of the 
internal test frame. The load cell measured the effective horizontal load resisted by 
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the internal test frame, equal to the applied horizontal jack load minus the friction. 
Friction was primarily due to resistance occurring in roller bearings located beneath 
the floor girder. 
Roller bearings, aligned perpendicular to the longitudinal axis of main girder, were 
placed between the vertical jacks and the main girder of the test rig (see Figure 3.2-1). 
The purpose of these bearings was to prevent any horizontal force being transferred 
by friction through the vertical jacks if a small relative horizontal displacement 
occurred between the beam of the internal test frame and the main girder of the 
external test frame. Two 25 mm thick steel plates were used to transfer the vertical 
jack forces into the column flanges, preventing local crushing of the column webs. 
Figure 3.2-5 RHS strut, load cell, and vertical jack 
No practical system could be devised to restrain out-of-plane displacement of the 
columns without inducing undesirable in-plane restraints. Out-of-plane lateral 
restraints were therefore only applied to the beam in three locations (see Figures 3.2-1 
and 3.2-6) using bracing devices attached to the main girder of the external frame. 
The lateral restraint was provided by bearing action between the bracing devices and 
roller bearings, which were welded to the top flanges of the test frame beam adjacent 
to the bracing devices. The use of roller bearings enabled the test frame to deform in-
plane with minimal frictional restraint. This arrangement prevented the critical out-
of-plane frame buckling mode involving out-of-plane translation of both columns and 
the beam. However, out-of-plane column buckling modes not requiring out-of-plane 
displacement of the beam could not be prevented. The frames were therefore 
carefully designed to ensure that these modes would not be critical. The floor girder 
was also laterally restrained in two locations using bracing devices fastened to the 
floor (see Figures 3.2-1 and 3.2-7) to ensure that the test frame remained plumb 
throughout the testing. 
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Figure 3.2-6 Lateral bracing of beam 
Figure 3.2-7 Floor girder and lateral bracing 
The vertical loads were applied by two 150 tonne displacement controlled hydraulic 
jacks, and the horizontal load by one 50 tonne displacement controlled hydraulic jack 
(see Figures 3.2-5 and 3.2-8). The vertical jacks were connected in parallel so they 
could be loaded simultaneously with a single pump and generate equal loads. The 
jack loads were measured using calibrated pressure transducers, and the horizontal 
reaction provided by the RHS strut was measured using a 50 tonne load cell. The 
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loads were continuously monitored and recorded at regular intervals using a computer 
data acquisition system. The ratio of the load in each vertical jack (P) to the 
horizontal reaction (H) was kept as constant as possible during the test (for easier 
comparison with analysis). In practice, this was difficult to achieve as the horizontal 
and vertical jacks were pumped manually using two separate hydraulic pumps. 
Figure 3.2-8 Horizontal jack and column base connection, showing strain gauges and 
displacement transducers 
Electrical resistance strain gauges with five mm gauge lengths were used to measure 
strains at various locations in the beam and columns (see Figures 3.2-8 and 3.2-9). 
The most highly stressed region at the base of the right hand column was monitored 
with particular interest in order to obtain the maximum strains. Displacement 
transducers were used to measure the vertical and out-of-plane horizontal deflections 
at the base and top of the right hand column. The horizontal in-plane deflection at the 
top of the right hand column was due only to initial slack, compression of the beam, 
compression of the RHS strut and deflection of the external support frame, and was 
consequently very small. The relative in-plane horizontal (sway) deflection of the 
frame was calculated by subtracting the in-plane horizontal deflection at the top of the 
right hand column from the in-plane horizontal deflection at the base of the right hand 
column. This relative deflection and the horizontal reaction (H) were used to plot an 
in-plane horizontal load-deflection curve, suitable for comparison with the 
corresponding analytical results. Similarly, the vertical deflection at the base of the 
right hand column was due only to initial slack and transverse compression of the 
floor girder and was also very small. The relative vertical deflection (axial 
shortening) of the column was calculated by subtracting the vertical deflection at the 
base of the right hand column from the vertical deflection at the top of the right hand 
column. This relative deflection and the vertical jack load (P) were used to plot a 
vertical load-deflection curve, suitable for comparison with the corresponding 
analytical results. Displacement transducers were also used to measure in-plane 
horizontal displacements of the left hand column, the vertical deflection at the beam's 
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midspan and out-of-plane movements (overall and local due to local buckling). The 
output from the strain gauges and displacement transducers were fed directly into the 
computer system, allowing the response of the frame to be closely monitored during 
testing. 
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Figure 3.2-9 Location of strain gauges 
3.3 Test procedure 
The following procedure was used to obtain accurate and reliable results for each test 
frame: 
1. The test frame was fabricated in the workshop and moved into position in the test 
rig. The base plates were then fastened to the top flange of the floor girder. 
2. The strain gauges were mounted in the required positions, and connected to 
carefully secured leads. The resistance of each gauge was checked using a 
multimeter. 
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3. The jacks and pressure transducers were calibrated. 
4. The jacks were mounted in position and connected to pumps and pressure 
transducers. The jacks were aligned in order to prevent eccentricity. The vertical 
jacks were connected in parallel to ensure that equal vertical loads were applied to 
each column. 
5. The load cell and roller bearings were secured in position between the RHS strut 
and the beam-column connection. 
6. The displacement transducers were placed in position. The elevated transducers 
were fixed to independent scaffolding rather than the test rig, which would be 
subject to deformation during the load application. 
7. The pressure transducers, displacement transducers, and strain gauges were 
connected to the computer system. Each channel was individually checked to 
ensure correct operation. 
8. The out-of-plumbness imperfections of the columns (in-plane and out-of-plane) 
were measured using plumb lines (see Table 3.3-1). The small out-of-straightness 
imperfections were not considered significant for unbraced frames. The local 
plate imperfections could not be accurately measured, therefore nominal 
imperfections based on fabrication tolerances were assumed. 
Table 3.3-1 Measured out-of-plumbness geometric imperfections 
Out-of-plumbness geometric imperfections (mm) 
Test frame In-plane, left Out-of-plane, left In-plane, right Out-of-plane, right 
hand column hand column hand column hand column 
1 5.5 -8.0 1.0 -10 
2 4.0 -10 -5.0 -11 
3 14 16 -13 9.0 
5.0 0.0 2.0 7.0 
Note that a positive in-plane imperfection indicates that the top of the column is 
offset in the positive X direction with respect to the base. A positive out-of-plane 
imperfection indicates that the top of the column is offset in the positive Z 
direction with respect to the base. The directions of the X and Z axes are shown in 
Figures 3.2-1 and 3.2-9. 
9. A trial load of 10 percent of the expected ultimate capacity was applied and 
released in order to remove slack in the system and to ensure functionality. 
lO.The frame was loaded to failure. The computer recorded strains and deflections 
for each load increment. 
1l.Post-failure deflections were increased in order to observe permanent plastic 
deformations. 
12.Material stress-strain characteristics and mean web and flange thicknesses were 
obtained from testing and measurement of section specimens remaining after 
fabrication of the test frame. The tensile tests were conducted in accordance with 
the Australian Standard AS1391 (1991), using a universal testing machine as 
shown in Figure 3.3-1. 
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Figure 3.3-1 Tensile test apparatus 
3.4 Test results and discussion 
The objective of test frame 1 was to proof test the external support frame and to check 
for problems with the test procedure. As this frame comprised members with 
compact cross-sections the actual results obtained from this test are not of particular 
interest or relevance and will not be presented or discussed in this thesis. A very et al. 
(1997) presents results and discussion of test frame 1. This section will present and 
discuss the results of test frames 2, 3 and 4 and the tensile test results. 
3.4.1 Test frame 2 (non-compact universal beam) 
The vertical and horizontal loads were applied simultaneously in a ratio of 
approximately 4:1. That is, the load in each vertical jack was approximately four 
times greater than the horizontal reaction measured by the load cell. The variation of 
the actual ratio of vertical to horizontal load is illustrated in Figure 3 .4-1. 
As shown in Figure 3.4-2, the loads were initially applied in nine increments of 
approximately 40 kN per vertical jack and a 10 kN horizontal reaction. This was 
followed by eighteen smaller load increments of approximately 10 kN per vertical 
jack and a 2.5 kN horizontal reaction. Smaller load increments were used to 
accurately trace the non-linear response of the frame after the onset of yielding. 
Due to equipment malfunction during the lOth increment, it was necessary to unload 
and reload the frame. The maximum measured strain prior to the unloading was 1849 
microstrain compression in the outside flange near the base of the right hand column. 
This strain represents a stress increment due to the applied load equal to 370 MPa, 
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only slightly more than the flange yield stress of 360 MPa obtained from the tensile 
test (see Figure 3.4-10). This indicates that negligible yielding (and spread of 
plasticity) occurred prior to the unloading. The unloading/reloading was therefore 
considered to have had no influence on the ultimate capacity of the frame. 
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Figure 3.4-1 Vertical to horizontal load ratio vs. load increment for test frame 2 
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Figure 3.4-2 Load application sequence for test frame 2 
At a load of 568 kN per vertical jack and a horizontal reaction of 135 kN the frame 
began to unload indicating that the maximum capacity of the frame had been 
achieved. The frame failed by in-plane instability due to a reduced stiffness caused 
by yielding and spread of plasticity caused by the applied axial compression force and 
bending moment, residual stresses, and local buckling. Plastic deformations and 
inelastic local buckling were observed at the base of the columns and adjacent to the 
beam-column connection as shown in Figure 3.4-3. The maximum measured strain 
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occurred in the outside flange near the base of the right hand column, and was far in 
excess of the 1800 microstrain yield strain determined from the tensile test of the 
flange steel (see Table 3.4-3). This indicates that significant yielding occurred prior 
to failure. 
Figure 3.4-3 Local buckling at the base of the right hand column for test frame 2 
Vertical displacements: The vertical response (represented by the displacements 
shown in Figure 3.4-4) is as expected for the first 11 load increments. The larger 
displacement during the first increment is due to initial slack primarily caused by 
initial out-of-straightness of the floor girder. During steps 2 to 11, the additional base 
displacement due to elastic compression of the stiffened floor girder web is negligible. 
The relative deflection has a linear slope as the column exhibits elastic response to the 
axial compression, until step 9 when the increment size is reduced and yielding 
commences. The increase in vertical displacement at the base that occurs after 
increment 11 may be due to local yielding of the floor girder beneath the column base 
or bending of the floor girder due to movement of the roller bearings. This 
occurrence should not effect the relative vertical deflection as both base and top 
deflections are equally effected. The reduction in vertical stiffness indicated by the 
increased rate of deflection after load increment 18 is due to spread of plasticity and 
local buckling. The vertical deflection at the top of the column also includes a 
component due to rotation of the joint. The displacement transducer measuring this 
deflection was located on the bearing plate next to the jack, approximately 75 mm 
from the outside face of the column. Rotation of the joint will therefore cause an 
increase in the measured vertical displacement. This factor must be taken into 
account when comparing the experimental and analytical results. It is also possible 
that some slippage of the displacement transducer occurred due to the joint rotation. 
The magnitude of the vertical displacements was so small, that even very small 
undesirable movements of the transducers could have caused significant errors. 
The relationship between the applied vertical jack load and the relative vertical 
displacement of the right hand column is shown in Figure 3.4-5. This load-deflection 
curve can be used to verify the axial stiffness and capacity of an analytical model, 
although the measured stiffness may be inaccurate near the ultimate load due to 
slippage of the top vertical displacement transducer. 
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Figure 3.4-4 Measured vertical displacements for test frame 2 
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Figure 3.4-5 Vertical load-deflection curve for test frame 2 
In-plane horizontal displacements: The relative in-plane horizontal deflection 
(Figure 3.4-6) has a linear slope as the column exhibits elastic response to the 
horizontal load, until after step 9 when the increment size is reduced and yielding 
commences. The discontinuity in the slopes of the measured deflections during the 
lOth increment is due to the unloading of the frame due to equipment malfunction. 
This did not significantly effect the horizontal load-deflection curve (Figure 3.4-7) or 
the ultimate loads. 
The relationship between the horizontal reaction force and the measured relative in-
plane horizontal displacement of the right hand column for test frame 2 is shown in 
Figure 3.4-7. This load-deflection curve can be used to verify the in-plane flexural 
stiffness and capacity of an analytical model. 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 48 
80 
70 
e 
.s 60 
.... 
c 
Cll 
E 
Cll 50 0 
Ill 
ii 
.. 
'6 
s 
40 
c 
0 
N 30 -~ 
.c 
Cll 
c 
20 Ill 
ii 
.5 
10 
0 
0 5 10 15 
increment no. 
20 25 
-+-top of right hand column 
...... base of right hand column 
._.._relative, right hand column 
30 
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Figure 3.4-7 Sway load-deflection curve for test frame 2 
Out-of-plane displacements: The relationship between the applied vertical jack load 
and the out-of-plane horizontal displacement of the web of the right hand column is 
shown in Figure 3.4-8. The displacement transducer was located 200 rnrn above the 
base of the right hand column, and was initially located in the centre of the web. This 
position was chosen because it corresponded to the position of maximum local 
buckling displacement predicted by the preliminary finite element analysis. The 
displacement transducer was fixed to the laboratory floor, causing its horizontal 
position relative to the column to change as the frame deformed in-plane. This 
explains why the deflections decreased in the final three load increments as the 
transducer moved horizontally (relative to the column) away from the position of 
maximum local buckling deflection. Furthermore, because only one out-of-plane 
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transducer was used, the relative deflection could not be obtained. The out-of-plane 
deflections measured may therefore contain a component due to overall out-of-plane 
frame deflection in addition to the desired local web out-of-plane deflection. This 
explains the high initial displacements during the first two load increments, and the 
sudden increase during increment 10. This load-deflection curve should not be used 
to verify analytical local buckling displacements, but it does clearly demonstrate the 
local buckling behaviour of the test frame. The effects of local buckling commence at 
a vertical load of approximately 400 kN. 
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Figure 3.4-8 Vertical jack load vs. out -of-plane local deflection of the web near the 
base of the right hand column for test frame 2 
Strains: The measured strains are shown in Figure 3.4-9. The maximum strains 
occurred at the flange tips near the base of the columns. 
5000 
0 
·5000 
c 
"i! 
iii 
-10000 2 
u 
·e 
·15000 
-20000 
-25000 
5 
increment no. 
Figure 3.4-9 Measured strains from test frame 2 
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The locations of the strain gauges are summarised in Table 3.4-1. The locations of 
cross-sections A toG and positions 1 to 12 are shown in Figure 3.2-9. 
Table 3.4-1 Location of strain gauges for test frame 2 
Gauge 1 2 5 6 8 9 20 21 22 23 24 25 26 
Section A A B B c c G G G F G G G 
Position 11 7 11 7 2 11 10 11 12 11 9 7 5 
Gauge 27 28 29 40 41 42 43 44 45 46 46 48 49 1 
~n F G G G F G G G E E E ~lli on 7 3 2 1 2 4 6 8 11 7 2 
Stress-strain curves: The stress-strain curves obtained from the tensile testing of 310 
UB32.0 flange and web samples are shown in Figures 3.4-10 and 3.4-11. Two web 
and two flange specimens were tested. The shape of the stress-strain curves is typical 
for mild steel - an initial elastic region followed by a yield plateau and significant 
strain hardening. The steel is ductile, experiencing strains of more than 200000 
microstrain before unloading occurs. Approximate multi-linear curves based on the 
average of the two specimens were developed for use in the finite element analysis 
model (see Chapter 4). The approximate curves are illustrated in Figures 3.4-10 and 
3.4-11, and the coordinates of each point are provided in Table 3.4-2. An elastic 
modulus (E) of 200000 MPa was assumed. The actual thicknesses of the web and 
flange steel were measured from the tensile test samples using a micrometer and used 
to calculate the stress. The average of the measured thickness was used in the finite 
element analysis model. The web steel had higher yield and ultimate stresses than the 
flange steel due to the greater degree of work hardening in the thinner plates. The 
actual yield stresses are significantly higher than the nominal values (see Table 3.4-3). 
Table 3.4-2 Approximate multi-linear stress-strain curves for 310 UB 32.0 steel 
Flange 
Web 
Stress (MPa) 0 
Strain 0.00 
Stress (MPa) 0 
Strain 0.00 
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Figure 3.4-10 Stress-strain curve for 310 UB 32.0 flange steel 
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Figure 3.4-11 Stress-strain curve for 310 UB 32.0 web steel 
Table 3.4-3 Summary of 310 UB 32.0 flange and web steel properties 
Nominal properties Measured properties 
Thickness Oj O"u Average thickness Oj O"u 
(mm) (MPa) (MPa) (mm) (MPa) (MPa) 
Flange 8.00 320 440 7.94 360 512 
Web 5.50 320 440 5.55 395 525 
3.4.2 Test frame 3 (slender rectangular hollow section) 
The vertical and horizontal loads were applied simultaneously in a ratio of 
approximately 8:1. That is, the load in each vertical jack was approximately eight 
times greater than the horizontal reaction measured by the load cell. The variation of 
the actual ratio of vertical to horizontal load is illustrated in Figure 3.4-12. 
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Figure 3.4-12 Vertical to horizontal load ratio vs.load increment for test frame 3 
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As shown in Figure 3.4-13, the loads were applied in fourteen increments of 
approximately 10 k:N per vertical jack and a 1.25 k:N horizontal reaction. This was 
followed by two smaller load increments, as the response of the frame became highly 
non-linear prior to failure. Figure 3.4-13 also illustrates the difference between the 
applied horizontal jack force and the measured horizontal reaction (load cell), 
representing the friction in the roller bearings. The friction increases as the vertical 
jack force increases as expected, but is somewhat non-linear, possibly due to changes 
in the alignment of the base roller bearings. 
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Figure 3.4-13 Load application sequence for test frame 3 
At a load of 149 k:N per vertical jack and a horizontal reaction of 18.6 k:N the frame 
began to unload indicating that the maximum capacity of the frame had been 
achieved. The frame failed by in-plane instability due to a reduced stiffness caused 
by yielding and spread of plasticity caused by the applied axial compression force and 
bending moment, residual stresses, and local buckling. Extensive plastic local 
buckling deformations were observed at the base of the columns and adjacent to the 
beam-column connection. The maximum measured strain was 12501 microstrain 
compression in the outside flange near the base of the right hand column. This strain 
is far in excess of the yield strain of 1850 microstrain determined from the tensile test 
of the flange steel (see Table 3.4-6), indicating that significant yielding occurred prior 
to failure. Note that the term "flange" refers to the longer sides of the 200x100x4 
RHS, which are perpendicular to the plane of loading and in-plane deflection. 
Vertical displacements: The vertical response of test frame 3 (represented by the 
displacements shown in Figure 3.4-14) appears to be reasonable. The larger 
displacements at both the top and the base of the right hand column during the first 
increment (due to initial slack) and the 11th increment (possibly due to sliding of the 
external support frame) do not effect the relative displacement, which follows a fairly 
smooth curve. Unlike test frame 2, the axial response of the column is non-linear 
almost from the commencement of loading. This is due to the bowing effect (vertical 
displacements caused by large bending displacements because the columns are more 
slender than for test frame 2). The axial stiffness of the column reduces at a greater 
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rate as the vertical load increases due to increased yielding and local buckling. As 
with test frame 2, it is possible that some slippage of the displacement transducer 
occurred due to the joint rotation. The magnitude of the vertical displacements was so 
small that even very small undesirable movements of the transducers could have 
caused significant errors. 
The relationship between the applied vertical jack load and the relative vertical 
displacement of the right hand column is shown in Figure 3.4-15. This load-
deflection curve can be used to verify the axial stiffness and capacity of an analytical 
model, although the measured stiffness may be inaccurate near the ultimate load due 
to slippage of the top vertical displacement transducer. 
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Figure 3.4-14 Measured vertical displacements for test frame 3 
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Figure 3.4-15 Vertical load-deflection curve for test frame 3 
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In-plane horizontal displacements: The in-plane horizontal response of test frame 3 
(Figure 3 .4-16) is characterised by significantly larger deflections at the base of the 
right hand column than test frame 2. This is due to the greater column slenderness. 
The in-plane horizontal deflection at the top of the right hand column is relatively 
small due to the smaller magnitude of the horizontal reaction and the fact that the 
external support frame is much stiffer than the internal test frame. The relative in-
plane horizontal deflection is therefore only slightly less than the absolute in-plane 
horizontal deflection measured at the top of the right hand column. 
The relationship between the horizontal reaction force and the relative in-plane 
horizontal displacement of the right hand column in test frame 3 is shown in Figure 
3.4-17. This load-deflection curve can be used to verify the in-plane flexural stiffness 
and capacity of an analytical model. The curve is non-linear due to in-plane 
instability (second-order effects), material yielding, and local buckling. 
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Figure 3.4-16 Measured in-plane horizontal displacements for test frame 3 
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Figure 3.4-17 Sway load-deflection curve for test frame 3 
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Out-of-plane displacements: Local buckling out-of-plane displacements were not 
measured for test frame 3 because no web local buckling was expected and flange 
local displacements were difficult to measure. 
Strains: The measured strains are shown in Figure 3.4-18. The maximum strains 
occurred in the outside flange at the base of the right hand column. The locations of 
the strain gauges are summarised in Table 3.4-4. The locations of cross-sections A to 
G and positions 1 to 12 are shown in Figure 3.2-9. 
Table 3.4-4 Location of strain gauges for test frame 3 
~1 2 5 6 7 20 21 22 23 25 26 27 
Section A A B c c G G G G E E D 
Position 1 3 1 1 4 1 4 3 2 1 4 1 
2000 
0 
2 18 
-+-strain gauge 1 
-2000 -Ill-strain gauge 2 
-i>- strain gauge 5 
-4000 -+-strain gauge 6 
c:: 
-Ill- strain gauge 7 
·e 
'lii 
-6000 -strain gauge 20 e 
u -+-strain gauge 21 
·e 
-8000 
_..strain gauge 22 
-Ill- strain gauge 23 
-H- strain gauge 25 
-10000 
wJ<•• strain gauge 26 
_._strain gauge 27 
-12000 
-14000 
increment no. 
Figure 3.4-18 Measured strains from test frame 3 
Stress-strain curves: The stress-strain curves obtained from tensile testing of the 
200x100x4 RHS flange and web samples are shown in Figures 3.4-19 and 3.4-20. 
Unlike the hot-rolled !-section steel, strain hardening commences immediately 
following the initial yield, with no plateau. Approximate multi-linear curves based on 
the average of the two specimens were developed for use in the finite element analysis 
model (see Chapter 4). The approximate curves are illustrated in Figures 3.4-19 and 
3.4-20, and the coordinates of each point are provided in Table 3.4-5. A summary of 
the nominal and measured values of yield stress, ultimate stress, and thickness is 
provided in Table 3.4-6. 
Table 3.4-5 Approximate multi-linear stress-strain curves for 200x100x4 RHS steel 
Flange Stress (MPa) 0 .)/U 10 437 458 465 468 468 
Strain 0.00 0.00185 0.015 0.03 0.06 0.10 0.15 0.20 
Web Stress (MPa) 0 405 450 470 480 480 - -
Strain 0.00 0.002025 0.02 0.035 0.065 0.15 - -
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Figure 3.4-19 Stress-strain curve for 200x100x4 RHS flange steel 
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Figure 3.4-20 Stress-strain curve for 200x100x4 RHS web steel 
Table 3.4-6 Summary of 200x100x4 RHS flange and web steel properties 
Nominal properties Measured properties 
Thickness O'y O'u Average thickness O'y O'u 
(mm) (MPa) (MPa) (mm) (MPa) (MPa) 
Flange 4.00 350 430 3.89 370 468 
Web 4.00 350 430 3.87 405 480 
3.4.3 Test frame 4 (slender welded !-section) 
The vertical and horizontal loads were applied simultaneously in a ratio of 
approximately 6:1. That is, the load in each vertical jack was approximately six times 
greater than the horizontal reaction measured by the load cell. The variation of the 
actual ratio of vertical to horizontal load is illustrated in Figure 3.4-21. 
As shown in Figure 3.4-22, the loads were applied in eight increments of 
approximately 60 kN per vertical jack and 10 kN horizontal reaction, followed by 
three increments of 30 kN per vertical jack and 5 kN horizontal reaction. The load 
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sequence culminated with three smaller load increments as the response of the frame 
became highly non-linear prior to failure. Figure 3.4-22 also illustrates the difference 
between the applied horizontal jack force and the measured horizontal reaction (load 
cell), representing the friction in the roller bearings. The friction increases as the 
vertical jack force increases as expected, but is somewhat non-linear, possibly due to 
changes in the alignment of the base roller bearings. The measured friction for test 
frame 4 was significantly greater than test frame 3 due to the higher vertical forces. 
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Figure 3.4-21 Vertical to horizontal load ratio vs. load increment for test frame 4 
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Figure 3.4-22 Load application sequence for test frame 4 
At a load of 615 kN per vertical jack and a horizontal reaction of 110 kN the frame 
began to unload indicating that the maximum capacity of the frame had been 
achieved. The frame failed by in-plane instability due to a reduced stiffness caused 
by yielding and spread of plasticity caused by the applied axial compression force and 
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bending moment, residual stresses, and local buckling. Plastic local buckling 
deformations were observed at the base of the columns and adjacent to the beam-
column connection. Although the plastic deformations were most obvious in the 
flanges, web local buckling actually occurred prior to flange local buckling. This was 
observed by holding a straight edge parallel to the web and flanges at various stages 
during the load application. The maximum measured strain was 3604 microstrain 
compression in the outside flange near the base of the right hand column, significantly 
greater than the yield strain of 1515 microstrain determined from the tensile test of the 
flange steel (see Table 3.4-8). The maximum measured strain is less than that of 
previous tests because there were no strain gauges located at the flange tips where the 
maximum strains occurred. 
Vertical displacements: The vertical response of test frame 4 (represented by the 
displacements shown in Figure 3.4-23) appears to be accurate. The changes in the 
slope of the relative vertical displacement vs. load increment curve after increments 8 
and 11 are due to the reduction in increment size. As for test frame 3, the axial 
response of the column is non-linear almost from the commencement of loading. This 
is not due to the bowing effect, because the flexural displacements are small. Rather, 
it is probably due to high residual stresses caused by welding during fabrication. 
These residual stresses can cause early yielding, resulting in a reduction in the axial 
stiffness. The axial stiffness of the column reduces at a greater rate as the vertical 
load increases due to increased yielding and local buckling. As with the previous test 
frames, it is possible that some slippage of the displacement transducer occurred due 
to the joint rotation. The magnitude of the vertical displacements was so small that 
even very small undesirable movements of the transducers could have caused 
significant errors. 
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Figure 3.4-23 Measured vertical displacements for test frame 4 
The relationship between the applied vertical jack load and the relative vertical 
displacement of the right hand column for test frame 4 is shown in Figure 3.4-24. 
This load-deflection curve can be used to verify the axial stiffness and capacity of an 
analytical model, although the measured stiffness may be inaccurate near the ultimate 
load due to slippage of the top vertical displacement transducer. 
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Figure 3.4-24 Vertical load-deflection curve for test frame 4 
In-plane horizontal displacements: The relative in-plane horizontal deflection of test 
frame 4 (Figure 3.4-25) exhibits a non-linear response to the horizontal load as early 
as the fourth load increment. This is probably due to high welding residual stresses, 
but may also be due to inaccuracies in the measured displacement transducer 
readings. Unfortunately, the displacement transducer used to measure the horizontal 
displacement at the top of the right hand column had insufficient available travel to 
continue measurements after the fourth increment. The subsequent horizontal 
displacements at the top of the right hand column were estimated by assuming a linear 
variation with the horizontal reaction. This should be reasonably accurate, but may 
result in a slight underestimation of the stiffness for relative displacements greater 
than five mm. 
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Figure 3.4-25 Measured horizontal displacements for test frame 4 
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The relationship between the horizontal reaction force and the measured relative in-
plane horizontal displacement of the right hand column for test frame 4 is shown in 
Figure 3.4-26. This load-deflection curve can be used to verify the in-plane flexural 
stiffness and capacity of an analytical model. 
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Figure 3.4-26 Sway load-deflection curve for test frame 4 
Out-of-plane displacements: The relationship between the applied vertical jack load 
and the absolute out-of-plane horizontal displacement of the web of the right hand 
column for test frame 4 is shown in Figure 3.4-27. 
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Figure 3.4-27 Vertical jack load vs. out-of-plane local deflection of the web near the 
base of the right hand column for test frame 4 
The displacement transducer was located 400 mm above the base of the right hand 
column, and was initially located in the centre of the web. This position was chosen 
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because it corresponded to the position of maximum local buckling displacement 
predicted by the preliminary finite element analysis. The displacement transducer 
was fixed to the laboratory floor and therefore its horizontal position relative to the 
column changed by approximately 40 mm as the frame deformed in-plane. This load-
deflection curve should not be used to verify analytical local buckling displacements, 
but it does clearly demonstrate the local buckling behaviour of the test frame. The 
effects of local buckling commence at a vertical load of approximately 60 kN. The 
point of local buckling is less clearly defined than in test frame 2, possibly due to 
greater initial local imperfections and residual stresses in the welded !-section 
compared to the hot-rolled !-section. 
Stress-strain curves: The stress-strain curves obtained from tensile testing of the 
welded I -section flange and web samples are shown in Figures 3.4-28 and 3.4-29. 
Approximate multi-linear curves based on the average of the two specimens were 
developed for use in the finite element analysis model (see Chapter 4). The 
approximate curves are illustrated in Figures 3.4-28 and 3.4-29, and the coordinates of 
each point are provided in Table 3.4-7. A summary of the nominal and measured 
values of yield stress, ultimate stress and thickness is provided in Table 3.4-8. 
Table 3.4-7 Approximate multi -linear stress-strain curves for welded I -section steel 
Flange Stress (MPa) 0 303 303 341 390 420 433 
Strain 0 0.001515 0.015 0.03 0.06 0.1 0.15 
Web Stress (MPa) 0 310 310 355 400 427 442 
Strain 0 0.00155 0.02 0.035 0.065 0.1 0.15 
Table 3.4-8 Summary of welded !-section flange and web steel properties 
Nominal properties 
Thickness O'y O'u 
(mm) (MPa) (MPa) 
Flange 8.00 250 410 
Web 3.00 250 410 
450 
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100 
50 
0.05 0.1 0.15 
Measured properties 
Average thickness 
0.2 
strain 
(mm) 
7.98 
3.04 
0.25 0.3 
O'y 
(MPa) 
303 
310 
-nange 1 measured 
-nange 2 measured 
-e-nange approximate 
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O'u 
(MPa) 
435 
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Figure 3.4-28 Stress-strain curve for welded !-section flange steel 
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Figure 3.4-29 Stress-strain curve for welded !-section web steel 
3.5 Summary 
An external support frame suitable for testing two dimensional single bay, single 
storey, large scale sway frames was designed, erected and proof tested using a test 
frame comprising members of compact cross-section. 
Three frames with full lateral restraint and rigid joints, comprising members of non-
compact cross-section subject to the effects of local buckling were loaded to failure. 
The three frames were representative of a range of common section types (hot-rolled 
!-sections, rectangular hollow sections and welded !-sections), member and section 
slendemesses, and vertical to horizontal load ratios. The incremental loads and forces 
were recorded and used to produce vertical and in-plane horizontal load-deflection 
curves for each of the frames (Figures 3.4-5, 3.4-7, 3.4-15, 3.4-17, 3.4-24, and 3.4-
26). These curves and in particular the ultimate load capacities (summarised in Table 
3.5-1) can be used to verify the accuracy of analytical models for the advanced 
analysis of two dimensional steel frames comprising members of non-compact cross-
section. 
Table 3.5-1 Ultimate vertical and horizontal loads 
Test Maximum vertical load per jack Maximum effective horizontal load 
frame (kN) (kN) 
2 568 135 
3 149 18.6 
4 615 110 
The member out-of-plumbness imperfections were measured for each frame (see 
Table 3.3-1) and should be explicitly included in the analytical model. The material 
stress-strain characteristics were also measured for each of the sections used. 
Approximate multi-linear stress-strain curves based on the measured data are 
provided (Tables 3.4-2, 3.4-5, and 3.4-7) and should also be included in the analytical 
model as significant differences were observed between the measured and nominal 
properties. Residual stresses were not measured as typical residual stress distributions 
for the sections that were used have already been established and documented by 
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other researchers (ECCS, 1984; Key and Hancock, 1985). Local imperfections could 
not be accurately measured. It is therefore recommended that local imperfection 
magnitudes based on fabrication tolerances and local imperfection distributions based 
on critical local buckling modes should be used for analytical models requiring 
explicit modelling of local buckling deformations. 
The experimental study described in this chapter was not intended to provide a 
comprehensive series of benchmark results, as this would have been prohibitively 
costly and time consuming. The results obtained from the three test frames were 
intended to be used as indicative comparisons to justify the validity of the distributed 
plasticity finite element model presented in Chapter 4. The test frame results are not 
particularly suitable for the direct verification of simplified concentrated plasticity 
models due to the complex material properties (strain hardening and different 
web/flange yield stresses), and the limited number of frames tested. 
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Chapter 4. Distributed Plasticity Finite 
Element Analysis 
D istributed plasticity methods of analysis are particularly suitable for the analysis of benchmark calibration frames which can be used to verify the accuracy of simplified concentrated plasticity methods of analysis. Although 
various distributed plasticity analytical benchmarks have been provided for steel 
frames comprising compact sections (Kanchanalai, 1977; Vogel, 1985) no data is 
available for steel frames comprising non-compact sections. An important objective 
of the research project was therefore to produce a comprehensive series of analytical 
benchmarks for steel frames comprising non-compact sections. 
The fibre element distributed plasticity formulation (refer to Section 2.1.1) is not 
appropriate for explicit modelling of local buckling effects. In order to explicitly 
model local buckling deformations, the three dimensional geometry of each member 
must be modelled using two dimensional shell elements. A number of different 
commercial finite element analysis programs include the capability to perform 
second-order inelastic analysis of shell element structures. The use of such a program 
eliminates the time consuming software development phase, thus increasing the 
efficiency of the research project. For this project two finite element analysis (FEA) 
codes were considered: MSC/Nastran version 68.2 and HKS/Abaqus Standard version 
4.6. Abaqus was found to be the most appropriate due to the ease with which residual 
stresses could be accounted for. All analyses were performed on a Silicon Graphics 
Power Challenge supercomputer with eight RlOOOO processors. 
The shell finite element distributed plasticity model is described in Section 4.1. The 
model was verified by comparison with the experimental results presented in Chapter 
3 and a variety of analytical benchmarks. These comparisons are presented and 
discussed in Section 4.2. The model was used to develop an extensive series of 
benchmark frames comprising members of non-compact cross-section. The results 
obtained from the benchmark analyses also serve as a parametric investigation, 
considering a range of frame configurations, section slendemesses, column 
slendemesses, beam to column stiffness ratios, and vertical to horizontal load ratios. 
These benchmarks are presented and discussed in Section 4.3. 
4.1 Model description 
Three applications of the shell finite element distributed plasticity model will be 
described in this section: 
1. The Vogel frame models, used for comparison with Vogel's analytical benchmark 
solutions for frames comprising compact sections (1985). These models were 
developed with the objective of matching the original benchmark models' 
geometry, loads, constraints, material properties, residual stresses and initial 
imperfections as closely as possible. 
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2. The test frame models, used for comparison with the experimental test frame 
results provided in Chapter 3 including non-compact sections. These models were 
developed with the objective of matching the actual test frames' physical 
geometry, loads, constraints, material properties, residual stresses and initial 
imperfections as closely as possible. 
3. The non-compact analytical benchmark frame models, used to generate load-
deflection curves suitable for verification of simplified analytical models. 
4.1.1 Elements 
Shell elements were required in order to provide sufficient degrees of freedom to 
explicitly model local buckling deformations and spread of plasticity effects. A 
variety of different shell elements is available in Abaqus. The S4R5 element was 
selected for analyses of the Vogel frame models, test frame models, and analytical 
benchmark models. This element is a thin, shear flexible, isoparametric quadrilateral 
shell with four nodes and five degrees of freedom per node, utilizing reduced 
integration and bi-linear interpolation schemes. Some factors involved in the 
selection of this element are discussed below: 
• Thin shells are needed in cases where transverse shear flexibility is negligible and 
the Kirchhoff constraint must be satisfied accurately (i.e., the shell normal remains 
orthogonal to the shell reference surface). For homogeneous shells this occurs 
when the thickness is less than about 1115 of a characteristic length on the surface 
of the shell, such as the distance between supports or the wave length of a 
significant eigenmode. However, the thickness may be larger than 1115 of the 
element length. Abaqus supports two types of thin shell elements: those that solve 
thin shell theory (the Kirchhoff constraint is satisfied analytically) and those that 
converge to thin shell theory as the thickness decreases (the Kirchhoff constraint 
is satisfied numerically). The S4R5 element imposes the Kirchhoff constraint 
numerically. This element is not appropriate for applications in which transverse 
shear deformation is important. 
• Element type S4R5 provides for arbitrarily large rotations but only small strains. 
The change in thickness with deformation is ignored in these elements. 
• Two types of three dimensional shell elements are provided: ones that use five 
degrees of freedom (three displacement components and two in-surface rotation 
components) where possible, and ones that use six degrees of freedom (three 
displacement components and three rotation components) at all nodes. The 
elements that use five degrees of freedom such as the S4R5 can be more 
economical. However, they are available only as "thin" shells, and cannot be used 
for finite-strain applications (although they accurately model large rotations with 
small strains). 
• Many Abaqus shell element types use reduced (lower-order) integration to form 
the element stiffness matrix. Reduced integration usually provides more accurate 
results (provided the elements are not distorted or loaded in in-plane bending) and 
significantly reduces running time, especially in three dimensions. 
In order to verify the applicability of the S4R5 element, the S4 shell element was used 
for a few selected analyses and the results obtained using the two elements were 
compared. Element type S4 is a fully integrated, general purpose (allows for 
transverse shear), finite membrane strain shell element. The element's membrane 
response is treated with an assumed strain formulation that gives accurate solutions to 
P. A very: Advanced analysis of steel frame structures comprising non-compact sections • 66 
in-plane bending problems, is not sensitive to element distortion, and avoids parasitic 
locking. The element has four integration locations per element compared with one 
integration location for the S4R5. The S4 element will be more accurate than the 
S4R5 element in some situations, but is significantly more computationally expensive. 
It was therefore used to verify the accuracy of the more efficient S4R5 element for the 
second-order inelastic analysis of steel frame structures comprising members of non-
compact cross-section. 
The difference between the ultimate load results obtained using the S4R5 and the S4 
element types was found to be negligible (less than two percent). However, the 
processor time, disk usage and memory required for the S4 element were an order of 
magnitude greater than for the S4R5. These preliminary analyses indicated that the 
S4R5 was the most appropriate element to use. The comparisons demonstrate that the 
errors associated with the S4R5's small strain and negligible transverse shear effect 
assumptions and the use of reduced integration are insignificant for the type of frames 
considered in this investigation. 
The R3D4 rigid surface element was used to create pinned member end restraints. 
This element is a rigid quadrilateral with four nodes and three translational degrees of 
freedom per node. As the element has no rotational degrees of freedom, 
perpendicular shell elements attached by common nodes to a rigid surface comprising 
R3D4 elements are free to rotate about the attached edge. Local buckling rotations 
are therefore unconstrained. 
4.1.2 Discretization of the finite element mesh 
Preliminary analyses of frames comprising compact sections indicated that a mesh of 
eight elements per web or flange was more than adequate to represent the residual 
stress distribution and the spread of plasticity. It was also necessary for the finite 
element mesh used in the test frame models and the non-compact analytical 
benchmark models to be fine enough to accurately model the local buckling 
deformations and associated plasticity. In order to do this, preliminary analyses 
indicated that a minimum of eight elements per local buckling half wavelength were 
sufficient. For an !-section or rectangular hollow section, this suggests that a 
minimum of eight elements through the depth of the web and eight elements across 
the width of the flange is appropriate. An aspect ratio close to unity was required in 
the areas of the frame subject to local buckling as the half wavelength parallel to the 
longitudinal axis of the member is of similar magnitude to the web and flange widths. 
To maintain an optimal aspect ratio close to unity, it was necessary to have more than 
eight elements across the width of the web for some !-sections, as the depth of the 
web was greater than the flange width. Similarly, for rectangular hollow sections 
subject to minor axis bending it was necessary to have more than eight elements 
across the width of the flanges, as the width of the flange was greater than the web 
width. The geometry and finite element mesh for a typical frame model is shown in 
Figure 4.1-1. 
To model the distribution of bending residual stress in cold-formed rectangular 
hollow sections and the spread of plasticity through the thickness of the shell 
elements, nine integration points through the thickness of the element were used. For 
hot-rolled and welded !-sections containing only membrane residual stresses (i.e., 
constant through the thickness), the recommended default of five integration points 
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though the thickness of the element was considered to be sufficient. Simpson's rule 
was used as the default numerical integration scheme. 
Figure 4.1-1 Geometry and finite element mesh of a typical test frame model 
The accuracy of the model and appropriateness of the finite element mesh density and 
number of integration points was justified by the results of the verification analyses 
presented in Section 4.2. 
4.1.3 Material model and properties 
The Abaqus classical metal plasticity model was used for all analyses. This model 
implements: 
• The von Mises yield surface to define isotropic yielding. 
• Associated plastic flow theory. That is, as the material yields the inelastic 
deformation rate is in the direction of the normal to the yield surface (the plastic 
deformation is volume invariant). This assumption is generally acceptable for 
most calculations with metals. 
• Either perfect plasticity or isotropic hardening behaviour. Perfect plasticity 
assumes no strain hardening (i.e., the yield stress does not change with increasing 
plastic strain). Isotropic hardening allows strain hardening, with the yield surface 
changing size uniformly in all directions such that the yield stress increases in all 
stress directions as plastic straining occurs. The yield stress at a given state is 
simply interpolated from a tabular function of plastic strain, and it remains 
constant for plastic strains exceeding the last tabulated value. 
Steel exhibits ductile behaviour (large inelastic strains), yielding at stress levels that 
are orders of magnitude less than the elastic modulus of the material. This implies 
that the relevant stress and strain measures are "true" stress (Cauchy stress) and 
logarithmic strain. Material data for all of these models should therefore be given in 
these measures. Plastic strain values, not total strain values, are used in defining the 
hardening behaviour. Furthermore, the first data pair must correspond with the onset 
of plasticity (the plastic strain value must be zero in the first pair). Equation 4.1-1 can 
be used to convert nominal stress-strain data (for an isotropic material) from a 
uniaxial tensile test to true stress ( CTtrue) and logarithmic plastic strain ( t:p(ZnJ). 
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(J' true = (J' nom (1 + e nom) 
-1 (1 + ) (]'true e p(ln) - n enom ---E 
(4.1-1) 
Multi-linear stress-strain curves were used for the test frame and Vogel frame models, 
while elastic perfectly plastic bi-linear stress-strain curves were used for the non-
compact analytical benchmark models. For comparison with experimental results, the 
measured stress-strain characteristics were idealised as multi-linear curves for use in 
the test frame models (refer to Tables 3.4-2, 3.4-5, and 3.4-7). The Vogel frame 
models included the same stress-strain curves that were used in the original analyses 
(see Figure 4.2-1). For the analytical benchmark models, a simplified bi-linear stress-
strain curve with no strain hardening was used. The elastic modulus and Poisson's 
ratio were taken as 200000 MPa and 0.3, respectively. For the analysis of the non-
compact benchmark frames, the nominal yield stress was used. For sections with 
different nominal yield stresses for the web and the flange, the minimum of the two 
values was used for the whole section. This simplification was implemented for the 
distributed plasticity analytical benchmark frames in order to assist verification of 
simplified methods of analysis which do not permit different material properties to be 
used for the web and flanges of a section. 
4.1.4 Loads and boundary conditions 
Loads were represented as concentrated nodal forces. Distributed loads were lumped 
at adjacent nodes. Zero eccentricity was assumed for all forces. 
For the test frame model, the vertical concentrated nodal forces representing the 
vertical jacks were applied concentrically at the top of each column. A horizontal 
concentrated nodal force representing the horizontal jack (minus the friction) was 
applied concentrically to the outside flange at the base of the right hand column. The 
floor girder was not explicitly modelled. Instead, a tie multiple point constraint 
equation was used to produce the same effect while reducing the size of the model. 
This equation was designed to constrain the in-plane horizontal translational degrees 
of freedom of all the nodes located at the base of the columns to be equal to the in-
plane translational degree of freedom of the node located at the centre of the outside 
flange at the base of the right hand column. The stiffening arrangement of the joints 
was explicitly modelled using shell elements (see Figure 4.1-1). The bearing plates 
used in the experiment to spread the jack loads and reaction force were also included 
in the model, either by including additional shell elements for column top plates or by 
increasing the thickness of existing elements for side flange doubler plates. The base 
plate connection was not explicitly modelled. Instead, single point constraints were 
applied to all the nodes located at the base of the columns to provide ideal fixed base 
connections. These single point constraints eliminated the out-of-plane horizontal, in-
plane vertical and rotational degrees of freedom. The horizontal reaction was 
modelled using a single point constraint, eliminating the in-plane horizontal degree of 
freedom of the node located at the centre of the outside flange of the left hand column 
at an elevation corresponding to the centreline of the beam. The out-of-plane 
constraints were modelled using single point constraints, eliminating the out-of-plane 
horizontal degrees of freedom of the nodes located on the outside edges of the beam 
top flange in positions corresponding to the location of the test frame out-of-plane 
constraint devices. 
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For the non-compact analytical benchmark models and the Vogel frame models, the 
vertical and horizontal loads were applied to the nodes located at the intersection of 
the beam and column centrelines, and distributed using a rigid multiple point 
constraint equation (see Figure 4.1-2). This equation was designed to constrain the 
rotational and translational degrees of freedom of all the nodes located within a beam-
column joint to be equal to the corresponding rotational and translational degrees of 
freedom of the node at the intersection of the beam and column centrelines (i.e., at the 
centre of the joint). This rigid multiple point constraint also served to provide a rigid 
connection and to spread the loads. It was therefore not necessary to explicitly model 
any stiffeners or load bearing plates. As the horizontal load was applied at the right 
hand beam-column joint, the column base fixed connections were modelled using 
single point constraints eliminating all the degrees of freedom of the nodes located at 
the base of the columns. For models involving !-sections, out-of-plane constraints 
were modelled using single point constraints to eliminate the out-of-plane horizontal 
degrees of freedom of all the nodes located at the intersection of the flanges and web. 
For models involving rectangular hollow sections, out-of-plane constraints were 
modelled using single point constraints to eliminate the out-of-plane degrees of 
freedom of all the nodes located on the flange centrelines. These arrangements 
prevented global out-of-plane member or frame buckling but did not restrict out-of-
plane displacements due to local buckling. 
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Figure 4.1-2 Beam-column joint showing multiple point constraint and applied loads 
4.1.5 Initial geometric imperfections 
For the Vogel frame models, imperfections were explicitly modelled by defining the 
geometry to match the original benchmark models. Out-of-plumbness imperfections 
were the only imperfection type required for these models. The magnitude of the 
imperfections in the Vogel frames was based on the ECCS recommendations (refer to 
Section 2.1.3). 
For the test frame models and non-compact analytical benchmark models, it was 
necessary to include local imperfections. If the web and flanges of the members were 
perfectly planar, no local buckling would occur during the non-linear analysis. Local 
imperfections were applied by modifying the nodal coordinates using a field created 
by scaling the appropriate buckling eigenvectors obtained from an elastic bifurcation 
buckling analysis of the model. Local imperfections were introduced in all of the 
possible locations where local buckling may occur, not just in the location of the 
critical mode. Compression members with lower vertical to horizontal load ratios 
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(P/H) therefore required local imperfections at each end where the maximum 
compressive stresses occurred due to combined bending and axial compression. 
Compression members with higher PIH ratios required local imperfections distributed 
along the full length of the member. The magnitudes of the local flange and web 
imperfections in the non-compact analytical benchmark models were taken as the 
assumed fabrication tolerances. The following local imperfection magnitudes were 
therefore conservatively assumed for all section types: 
• Out-of-flatness of web: d1!150. 
• Out-of-flatness of flange: bj150 but not more than 3.0 mm. 
The most appropriate local imperfection magnitudes for the test frame models could 
have been obtained by accurately measuring the test specimens. However, the 
distribution of local initial deformations can be very complex in real members and the 
magnitudes are so small that accurate measurement requires very precise and 
expensive equipment. It was therefore decided that the same procedure used to 
determine the magnitude and distribution of local imperfections in the non-compact 
analytical benchmark models would also be appropriate for the test frame models. 
Out-of-plumbness imperfections, but not out-of-straightness imperfections were 
included in unbraced (sway) frames as the P-11 effects are dominant in this case. Out-
of-straightness imperfections, but not out-of-plumbness imperfections were included 
in braced (non-sway) frames, as only P-8 effects are significant for this type of frame. 
No member out-of-plane imperfections were included as all frames were assumed to 
be fully braced to prevent out-of-plane buckling. For the non-compact analytical 
benchmark models, the magnitudes of the imperfections were taken as the erection 
and fabrication tolerances for compression members specified in Section 14.4 and 
15.3.3 of the Australian Standard for the Design of Steel Structures (SAA, 1990): 
• Out-of-straightness: L/1000 but not less than 3.0 mm. 
• Out-of-plumbness: h/500 but not more than 25 mm for h < 60 metres. 
The nominal local and member imperfections are illustrated in Figure 4.1-3. 
For the test frame models, the measured out-of-plumbness imperfection magnitudes 
were used (see Table 3.3-1), and assumed to have a linear distribution. As all of the 
test frames were unbraced, no out-of-straightness imperfections were required. 
The following is a summary of the procedure used to prepare a non-linear analysis 
model including initial local and member imperfections, using MSC/Patran: 
1. Define geometric surfaces for each web and flange, including out-of-plumbness 
imperfections in compression members of unbraced frames. 
2. Mesh surfaces. 
3. Create field using parabolic equation to define the out-of-straightness 
imperfections of compression members, then modify nodes by field offset if frame 
is braced. 
4. Define loads, constraints, elastic material properties, element properties, and 
bifurcation buckling analysis parameters. 
5. Run bifurcation buckling analysis using Abaqus. It was generally necessary to 
request output for the first 25 buckling modes in order to obtain the eigenvectors 
corresponding to the critical mode in each possible location where local buckling 
may occur prior to failure of the frame. 
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6. Import buckling analysis results into the Patran database. Examine each local 
buckling eigenvector, and apply engineering judgement to decide which modes 
should be used to generate the initial imperfections. 
7. Using the advanced results processing filter option, determine the maximum 
normalised buckling displacement in the web and flanges for each of the selected 
modes. 
8. Calculate the scale factors by which these maximum displacements should be 
multiplied to give the required web and flange imperfection magnitudes. 
9. Using the advanced results processing vector plot option, generate spatial FEM 
continuous vector fields for each of the selected modes. 
10. Using the "nodes modify by field" form located in the utilities FEM menu, offset 
the nodes of each web and flange group using the FEM vector fields (step 9) and 
scale factors (step 8). 
11. Define the non-linear material properties and non-linear static analysis parameters. 
12. Include residual stresses (refer to Section 4.1.6). 
13. Run the non-linear analysis using Abaqus. 
member imperfections: 
h 
sway member 
out-of-plumbness 
L 
4.1.6 Residual stresses 
eo= UlOOO 
non-sway member 
out -of-straightness 
Figure 4.1-3 Imperfections 
local imperfections: 
I~ ~I 
The assumed residual stress distributions for hot-rolled !-sections, welded !-sections, 
and rectangular hollow sections are shown in Figures 4.1-4, 4.1-5 and 4.1-6, 
respectively. The only significant residual stress in hot-rolled and welded sections is 
the membrane component (constant through the thickness) in the longitudinal 
direction. The longitudinal membrane residual stress distributions for both types of!-
sections (Figures 4.1-4 and 4.1-5) were recommended by the ECCS Technical 
Committee 8 (1984) and have been adopted by numerous other researchers. 
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Figure 4.1-4 Assumed longitudinal membrane residual stress distribution for hot-
rolled !-sections (ECCS, 1984) 
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flange: 
a1 = 0.075 b1 
a2 = 0.125 b1 
web: 
a1 = 0.075 d1 
a2 = 0.125 d1 
Figure 4.1-5 Assumed longitudinal membrane residual stress distribution for welded 
!-sections (ECCS, 1984) 
The residual stress distributions for cold-formed rectangular hollow sections are 
significantly more complex. Key and Hancock (1985) measured longitudinal 
membrane, longitudinal bending, longitudinal layering, transverse bending, and 
transverse layering residual stress components and proposed an analytical residual 
stress model. A comparison of subsequent analyses by Key and Hancock (1985), 
including this model with experimental stub column test results indicated that the 
most significant components are the longitudinal bending and membrane residual 
stresses. The other components were therefore ignored for this study. Key and 
Hancock's model was further simplified by conservatively ignoring the higher yield 
stress and reduced residual stresses in the vicinity of the section corners. The 
simplified model is illustrated in Figure 4.1-6. It should also be noted that Key and 
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Hancock's model was based on measurements taken on a 152x4.9 square hollow 
section with a nominal yield stress of 250 MPa. 
membrane residual stress: 
outside: O"nn = 30 MPa 
inside: O"nn = 30 MPa 
variations of residual 
stresses along the 
edges 
bending residual stress: 
outside: O"rb = +200 MPa ' 
variations of residual 
stresses through the 
thickness 
inside: O",b = -200 MPa 
Figure 4.1-6 Assumed longitudinal membrane and bending residual stress 
distributions for rectangular hollow sections (based on Key and Hancock, 1985) 
The residual stresses were modelled using the Abaqus *INITIAL CONDITIONS 
option, with TYPE= STRESS, USER. The user defined initial stresses were created 
using the SIGINI Fortran user subroutine. Subroutines defining the residual stress 
distributions of a hot-rolled !-section, a welded !-section, and a rectangular hollow 
section are shown in Appendix D. These subroutines define the local components of 
the initial stress as a function of the global coordinates. The bending residual stress in 
rectangular hollow sections was also a function of the integration point number 
through the thickness. It was necessary to ensure that the local coordinate system for 
each element set (right hand column flanges, beam web, etc.) was correctly 
established. This was achieved by defining a local coordinate system for each 
element set in Patran, with the local Y axis parallel to the longitudinal axis of the 
member, the local X axis perpendicular to the local Y axis in the plane of the elements 
comprising the element set and the local Z axis perpendicular to the plane, forming a 
right hand system with the local X and Y axes. To ensure that the bending residual 
stresses (for rectangular hollow sections only) were correctly defined with tension on 
the outside faces, the local Z axes and the element normals were defined to point 
outwards for each face. As the global coordinates were used to define the local stress 
components, it was necessary to allow for member imperfections in the calculations. 
The cross-section membrane residual stress distributions are self equilibrating (i.e., 
the sum of the stress resultants is zero), and therefore produce no net force or moment 
either on the section as a whole or locally through the plate thickness. Consequently, 
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the out-of-balance load vector corresponding to the initial stress conditions specified 
for hot-rolled !-sections and welded !-sections (comprising only membrane residual 
stresses) is small. The deformations necessary to bring the model into equilibrium are 
therefore negligible, and the distribution of stress after the initial step closely matched 
the required distribution. The initial stresses of !-section models were applied in a 
*STATIC step with no loading and the standard model boundary conditions to allow 
equilibration of the initial stress field before starting the response history. The 
contours of residual stress after equilibration in a typical !-section model are shown in 
Figure 4.1-7. 
Figure 4.1-7 Contours of residual stress in a typical !-section model 
Unlike the membrane residual stress, the bending component of residual stress in 
rectangular hollow sections is not self equilibrating. It results in a net moment 
through the plate thickness in the longitudinal direction that is not in equilibrium at 
the end of each member. Consequently, the out-of-balance load vector corresponding 
to the initial stress conditions specified for rectangular hollow sections can be 
significantly large. The deformations necessary to bring the model into equilibrium 
magnified the initial imperfections and caused a redistribution of the initial stress so 
that after the equilibrating step neither the initial imperfections nor the initial stresses 
were representative of the initial conditions specified. This problem was overcome by 
application of forces and moments to balance the out-of-balance load vector generated 
by the initial stresses. These forces were determined by conducting a preliminary 
analysis with all degrees of freedom constrained and no applied loads. The reactions 
obtained due to the initial stresses balanced the out-of-balance forces that would have 
occurred if no constraints were applied. These reactions were converted to applied 
force and moment fields in Patran, and included in the non-linear analysis 
equilibration and applied load steps. 
The following is a summary of the procedure used to prepare a non-linear analysis 
model including bending residual stresses, using Patran: 
1. Create model including imperfections as described in Section 4.1.5 steps 1 to 11. 
2. Define a residual stress load case containing no applied loads and all degrees of 
freedom constrained. 
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3. Define non-linear static analysis step with one increment, the residual stress load 
case, and reaction force output requested. 
4. Generate the Abaqus input file. 
5. Include *INITIAL CONDITIONS definition and Fortran code defining the 
residual stresses into the Abaqus input file before the *STEP definition. 
6. Run the Abaqus analysis. 
7. Import the analysis results into the Patran database. 
8. Using the advanced results processing vector plot option, generate spatial FEM 
continuous vector fields for the reaction forces and moments. Check stress 
contours to ensure that the residual stress has been correctly defined. 
9. Define an applied load set using the reaction force and moment vector fields. 
10. Define two non-linear static analysis steps. The first step, for residual stress 
equilibration, requires only one increment for the residual stress equilibration load 
case. The second step is for the applied loads. The non-linear solution parameters 
are described in Section 4.1. 7. 
11. Run the non-linear analysis using Abaqus. 
4.1.7 Analysis 
Three methods of analysis were used: linear static, elastic buckling, and non-linear 
static. Linear static and elastic buckling analyses were used first to check the model 
and gain an understanding of the expected failure modes and ultimate loads. Elastic 
buckling analyses were also used to obtain the eigenvectors for the local 
imperfections. Non-linear static analysis, including both material and geometric non-
linearity, was used to obtain the ultimate load capacity. 
The following parameters were appropriate for most of the non-linear frame analyses: 
• maximum number of load increments = 100, 
• initial increment size= 0.05, 
• maximum increment size= 0.05, 
• minimum increment size= 0.000001, 
• automatic increment reduction enabled, and 
• large displacements enabled. 
The applied loads were approximately 1.5 times the design capacity, ensuring that the 
applied loads would exceed the ultimate capacity and provide a consistent and 
reasonable initial load increment size. The Newton-Raphson solution technique and 
default convergence tolerances were used for all non-linear analyses. Failure 
occurred when equilibrium could not be achieved without reducing the increment size 
to less than the minimum specified size. 
4.2 Verification 
Bridge et al. (1991) has suggested that test problems for benchmarking and 
verification should be graded in complexity, so that the initial analyses exhibit the 
simplest structural behaviour and later analyses incorporate more complex 
phenomena. In accordance with this strategy, it is reasonable to commence the 
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verification of the distributed plasticity shell finite element model with simple frames 
comprising only compact sections and then consider a larger multi-storey frame 
before increasing the complexity by considering frames subject to the effects of local 
buckling. In this way, the source of any inconsistencies that may occur during the 
verification process can be isolated and the accuracy of the model can be better 
understood. 
The accuracy of the distributed plasticity model was established by conducting two 
series of comparisons. The first series, presented in Section 4.2.1, involved the use of 
analytical benchmark frame analysis results published by Vogel (1985), using only 
compact sections. The second series of comparisons, presented in Section 4.2.2, 
involved verification of the distributed plasticity model by comparison with the 
results obtained from the three large scale experimental tests of frames comprising 
members of non-compact cross-section described in Chapter 3. 
4.2.1 Vogel frames comprising compact sections 
Before using the model to analyse frames comprising members of non-compact cross-
section, it was necessary to establish its validity for compact sections. This was 
achieved using a number of published benchmark solutions. This verification will 
establish the validity of the residual stress model, spread of plasticity, and finite 
element mesh. The calibration frames presented in this section were developed by 
Vogel (1985) using a second-order inelastic analysis based on fibre element plastic 
zone theory. Three frames were analysed: 
1. The Vogel portal frame- a single bay, single storey, fixed base frame. 
2. The Vogel gable frame- a single bay, single storey, pinned base frame. 
3. The Vogel six storey frame- a two bay, six storey, fixed base frame. 
Each of the three frames comprised only compact European sections (major axis 
bending) and rigid joints, and could be classified as unbraced (sway frames) with full 
lateral restraint. A tri-linear stress-strain relationship (see Figure 4.2-1) with a yield 
stress of 235 MPa was adopted by Vogel (1985). Strain hardening commenced at 10 
times the yield strain (By) and the strain hardening stiffness was taken to be two 
percent of the elastic stiffness (E). The ECCS residual stress pattern for hot-rolled !-
sections (Figure 4.1-4) was used. The section properties of the sections used in the 
three Vogel frames are shown in Table 4.2-1. 
stress 
CYY = 235 MPa 
E = 205000 MPa 
strain 
Figure 4.2-1 Stress-strain relationship used for Vogel's calibration frames 
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Table 4.2-1 Section dimensions and properties of members used in Vogel's 
calibration frames 
Section d bt lw tf A I s 
(mm) (mm) (mm) (mm) (mm2) (106 mm4) (103 mm3) 
HEA340 330 300 9.5 16.5 13300 276.9 1850 
HEB160 160 160 8.0 13.0 5430 24.92 354 
~B200 200 200 9.0 15.0 7810 56.96 643 
HEB220 220 220 9.5 16.0 9100 80.91 827 
HEB240 240 240 10.0 17.0 10600 112.6 1053 
HEB260 260 260 10.0 17.5 11800 149.2 1283 
HEB300 300 300 11.0 19.0 14900 251.7 1869 
IPE240 240 120 6.2 9.8 3910 38.92 367 
IPE300 300 150 7.1 10.7 5380 83.56 628 
IPE330 330 160 7.5 11.5 6260 117.7 804 
IPE360 360 170 8.0 12.7 7270 162.7 1019 
IPE400 400 180 8.6 13.5 8450 231.3 1307 
This section contains a description of each frame, the results of the non-linear static 
analyses using the Abaqus model described in Section 4.1, and a comparison of these 
results with the benchmark results provided by Vogel. 
Vogel portal frame. 
The Vogel portal frame is one of the simplest, most commonly used analytical 
benchmarks, and therefore is a logical choice for the initial verification analysis. This 
frame may be regarded as a typical single bay, single storey portal frame with 
intermediate slenderness. This frame will therefore test the ability of the distributed 
plasticity shell finite element model to accurately analyse typical rectangular single 
storey frames in which each member is a compact !-section bent about its major axis 
with proportional loading. The configuration of the frame is shown in Figure 4.2-2, 
illustrating the dimensions, sections, out-of-plumbness imperfection magnitudes, 
loads, and constraints. The dimensions reference member centrelines. The portal 
frame is subjected to vertical and horizontal loads at the top of the frame, applied 
proportionally. The loads shown in Figure 4.2-2 are for a load factor equal to one, 
and do not necessarily represent the ultimate loads. The geometry and finite element 
mesh of the distributed plasticity model are illustrated in Figure 4.2-3. 
Analysis of the Vogel portal frame using the Abaqus non-linear solution sequence 
provided incremental deflections, stresses and strains at load factor increments not 
greater than 0.05 up to and including an ultimate load factor of 1.01. Post-processing 
of these results using Patran revealed that the frame model failed in an in-plane 
instability mode preceded by significant yielding, effectively forming a plastic hinge 
at the base of each column. 
The results of the present analysis and those of previous researchers (Vogel, 1985; 
Ziemian, 1993) for the collapse load factor (Au) are summarised in Table 4.2-2. The 
inelastic limit point of the distributed plasticity shell finite element model differs by 
less than one percent from the values obtained by the previous researchers' fibre 
element plastic zone models. 
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Figure 4.2-2 Configuration of Vogel's portal frame 
Figure 4.2-3 Geometry and finite element mesh of the Vogel portal frame model 
Table 4.2-2 Summary of available results for the Vogel portal frame 
Reference Element type A, 
Vogel (1985) Fibre element 1.02 
Ziemian (1993) Fibre element 1.00 
Present Abaqus shell element 1.01 
The sway load-deflection curve obtained from the present analysis is compared to the 
curves provided by Vogel and Ziemian in Figure 4.2-4. The sway deflection was 
taken as the in-plane horizontal translation of the node located at the intersection of 
the centrelines of the beam and the right hand column. 
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Figure 4.2-4 Comparison of sway load-deflection curves for Vogel's portal frame 
The three curves are in almost perfect agreement throughout, demonstrating that the 
accuracy of the distributed plasticity shell finite element model is equivalent to that of 
the fibre element plastic zone models favoured by other researchers for frames of this 
type. 
Vogel gable frame. 
The Vogel gable frame adds to the previous analysis by including a sloped gable roof, 
distributed member loads applied to the beams, and pinned base connections. It also 
exhibits much higher strains well into the strain hardening range prior to failure, due 
to the formation of plastic hinges in the roof beams. The configuration of the frame is 
shown in Figure 4.2-5, illustrating the dimensions, sections, out-of-plumbness 
imperfection magnitudes, loads, and constraints. The distributed loads were lumped 
and applied as concentrated loads to the nodes lying on the intersection of the beam 
web and top flanges, at intervals of approximately 42 mm. The loads were applied 
proportionally and conservatively (i.e., not dependant on the deformation). The loads 
shown in Figure 4.2-5 are for a load factor equal to one, and do not necessarily 
represent the ultimate loads. The geometry and finite element mesh of the distributed 
plasticity model are illustrated in Figure 4.2-6. 
Analysis of the Vogel gable frame using the Abaqus non-linear solution sequence 
provided incremental deflections, stresses and strains at load factor increments not 
greater than 0.05 up to and including an ultimate load factor of 1.04. Post-processing 
of these results using Patran revealed that the frame model failed in an in-plane 
instability mode preceded by significant yielding, effectively forming plastic hinges 
near the right hand knee joint and to the left of the ridge. 
The results of the present analysis and those of previous researchers (Vogel, 1985; 
Ziemian, 1993) for the collapse load factor (Au) are summarised in Table 4.2-3. The 
inelastic limit point of the distributed plasticity shell finite element model differs by 
less than three percent from the values obtained by the previous researchers' fibre 
element plastic zone models. 
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Figure 4.2-5 Configuration of Vogel's gable frame 
Figure 4.2-6 Geometry and finite element mesh of the Vogel gable frame model 
Table 4.2-3 Summary of available results for the Vogel gable frame 
Reference Element type A, 
Vogel (1985) Fibre element 1.07 
Ziemian (1993) Fibre element 1.07 
Present Abaqus shell element 1.04 
The sway and vertical load-deflection curves obtained from the present analysis are 
compared with the curves provided by Vogel and Ziemian in Figures 4.2-7 and 4.2-8. 
The sway deflection was taken as the in-plane horizontal translation of the node 
located at the intersection of the centrelines of the beam and the right hand column 
(i.e., the right hand hip/knee), while the vertical deflection represents the vertical 
component of the translation at the node located at the intersection of the centrelines 
of the two beam members (i.e., at the centre of the gable ridge). 
The load-deflection curves obtained from the present analysis shows good agreement 
with the other curves throughout the loading range, although the difference is slightly 
greater than for the portal frame. The small differences between the ultimate load 
factors (less than three percent) and sway load-deflection curves can be attributed to 
the different methods used to model the distributed load and different mesh densities. 
For example, Ziemian (1993) used a coarser distribution with lumped concentrated 
loads applied at 500 mm intervals, and a significantly coarser mesh density with the 
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length of each element parallel to the longitudinal axis of the beam members equal to 
250 mm. The present model used an element length of approximately 42 mm in the 
beam members, and the distributed load was applied as lumped nodal loads at 42 mm 
intervals (i.e., the width of one element). 
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Figure 4.2-7 Comparison of sway load-deflection curves for Vogel's gable frame 
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Figure 4.2-8 Comparison of vertical load-deflection curves for Vogel's gable frame 
Vogel six storey frame. 
The Vogel six storey frame is one of three frames selected by the European 
Convention for Constructional Steelwork (ECCS) for the calibration of second-order 
inelastic analysis programs. This frame is a typical multi-storey frame of intermediate 
slenderness. This frame will therefore test the ability of the distributed plasticity shell 
finite element model to accurately analyse typical rectangular multi-storey frames in 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 82 
which each member is a compact !-section bent about its major axis with proportional 
loading. The configuration of the frame is shown in Figure 4.2-9, illustrating the 
dimensions, sections, out-of-plumbness imperfection magnitudes, loads, and 
constraints. The beams are subjected to distributed member forces that are applied in 
the same manner as for the gable frame. The loads shown in Figure 4.2-9 are for a 
load factor equal to one, and do not necessarily represent the ultimate loads. The 
geometry and finite element mesh of the distributed plasticity model are illustrated in 
Figure 4.2-10. 
Analysis of the Vogel six storey frame using the Abaqus non-linear solution sequence 
provided incremental deflections, stresses and strains at load factor increments not 
greater than 0.1 up to and including an ultimate load factor of 1.23. Post-processing 
of these results using Patran revealed that the frame model failed in an in-plane 
instability mode preceded by significant yielding in many of the beam members 
(particularly the upper level storeys) and at the bases of the interior column and the 
right hand exterior column. 
I~ 2@ 4.0m ~I 
Figure 4.2-9 Configuration of Vogel's six storey frame 
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Figure 4.2-10 Geometry and finite element mesh of the Vogel six storey frame model 
The results of the present analysis and those of previous researchers (Vogel, 1985; 
Ziemian, 1993; Clarke et al., 1993) for the collapse load factor (A,.) are summarised in 
Table 4.2-4. The inelastic limit point of the distributed plasticity shell finite element 
model differs by approximately five percent from the values obtained using the fibre 
element plastic zone models developed by Ziemian and Clarke et al. The ultimate 
load factor predicted by Vogel's original analysis is significantly less than the 
predictions of subsequent researchers and is therefore unanimously considered to be 
less accurate. 
Table 4.2-4 Summary of available results for the Vogel six storey frame 
Reference Element type A... 
Vogel (1985) Fibre element 1.11 
Ziemian (1993) Fibre element 1.18 
Clarke et al. (1993) Fibre element 1.17 
Present Abaqns shell element 1.23 
The sway load-deflection curve obtained from the present analysis is compared with 
the curves provided by Vogel and Ziemian in Figure 4.2-11. The sway deflections 
were taken as the in-plane horizontal translations of the node located at the 
intersection of the centrelines of the beam and the right hand column at the top floor 
(i.e., at a height of 22.5 metres above the column base level). 
The differences between the ultimate load factors and sway load-deflection curves can 
again be partially attributed to the different methods used to model the distributed 
load and different mesh densities. For example, Ziemian used a coarser distribution 
with lumped concentrated loads applied at 1500 mm intervals, and a coarser mesh 
density with the length of each element parallel to the longitudinal axis of the beam 
members equal to 150 mm. The present model used an element length ranging from 
40 to 60 mm in the beam members, and the distributed load was applied as lumped 
nodal loads at 40 to 60 mm intervals (i.e., the width of one element). The differences 
between the shell finite element and fibre element plastic zone results may also be 
influenced by the different element formulations, material models and yield criteria, 
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resulting in variations in the degree of strain hardening occurring in the models. The 
reduced clear beam span between inside column faces rather than the column 
centrelines (6 to 8 percent) also contributed to the differences between the behaviour 
of the shell finite element model and the fibre element models. 
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Figure 4.2-11 Comparison of sway load-deflection curves for Vogel's six storey 
frame 
Summary 
Using Vogel's three calibrating frames as a standard for comparison, this study 
indicates that the distributed plasticity shell finite element model is accurate and 
reliable for second-order inelastic analysis of typical single storey and multi-storey 
steel frame structures comprising compact hot-rolled !-sections with full lateral 
restraint. The most significant difference between the ultimate load factors obtained 
using the shell finite element model and the corresponding load factors predicted by 
Ziemian's fibre element plastic zone analysis was 4.2 percent for the six storey frame. 
It is likely that the shell finite element model is actually more accurate due to the finer 
mesh discretization and more accurate representation of the member distributed loads. 
According to Ziemian (1993), the discretization used in his analysis of the six storey 
frame "may have been too coarse to model accurately the distribution of yielding." 
Apart from the six storey frame, all other differences in the calculated ultimate loads, 
deflection behaviour, and maximum strains were minor. The significance of these 
findings is that the results obtained from fibre element plastic zone programs, which 
have been developed over many years can be duplicated in a very short period of time 
using general purpose shell elements with commercial finite element analysis codes 
such as Abaqus. The advantage of the shell finite element model is that, unlike the 
fibre element plastic zone models, it can be used to explicitly model local buckling 
deformations in frame members and therefore may be suitable (subject to further 
verification) for the second-order inelastic analysis of steel frames comprising non-
compact sections. 
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4.2.2 Test frames comprising non-compact sections 
Before using the model to develop benchmark solutions for frames compnsmg 
members of non-compact cross-section, it was necessary to establish its validity for 
frames of this type. This was done using the results obtained from the three test frame 
experiments described in Chapter 3. This verification will establish the validity of the 
shell element model for explicit modelling of local buckling deformations and the 
associated yielding. The accuracy of the residual stress models, local imperfection 
magnitudes, and the finite element mesh density will also be established. Three 
frames were analysed: 
1. Test frame 2- non-compact hot-rolled !-sections subject to major axis bending. 
2. Test frame 3 - slender cold-formed rectangular hollow sections subject to minor 
axis bending. 
3. Test frame 4- slender welded !-sections subject to major axis bending. 
Each of the three single bay, single storey frames comprised fixed base connections 
and rigid joints, and could be classified as sway frames with full lateral restraint. The 
section properties of the sections used in the three frames are shown in Tables 3.1-2 
and 3.1-3. The configuration of the three test frames is shown in Figure 4.2-12. 
h 
I~ s 
Figure 4.2-12 Configuration of test frame models 
This section contains a description of each frame, the results of the non-linear static 
analyses using the Abaqus model described in Section 4.1, and a comparison of these 
results with the experimental results provided in Chapter 3. 
Test frame 2 
The 310 UB 32.0 hot-rolled !-sections used for test frame 2 (major axis bending) were 
non-compact with kt = 0.915 and ZefS = 0.983. This frame will therefore test the 
ability of the distributed plasticity shell finite element model to accurately analyse 
typical rectangular single bay, single storey frames in which each member is a non-
compact !-section bent about its major axis with proportional loading. The geometry 
and element mesh of the distributed plasticity model are illustrated in Figure 4.2-13. 
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Figure 4.2-13 Geometry and finite element mesh of the test frame 2 model 
The analytical model of test frame 2 included: 
• Measured centreline dimensions (s = 4000 mm, h = 2850 mm). 
• The approximate experimental vertical to horizontal load ratio (P/H = 4). 
• Measured in-plane out-of-plumbness imperfections shown in Table 3.3-1 (lf/1 = 
11750, lf/2 = -1/600). 
• Multi-linear stress-strain curves for the flanges and web based on measured data 
given in Table 3.4-2 (E = 200000 MPa, ayf= 360 MPa, ayw = 395 MPa, auf= 512 
MPa, auw = 525 MPa). 
• Mean flange and web plate thicknesses based on measured data (tf= 7.94 mm, tw = 
5.55 mm). 
• Nominal longitudinal membrane residual stresses as shown in Figure 4.1-4 ( aif = 
108 MPa, anv = 118.5 MPa). 
• Nominal local imperfections (see Figure 4.1-3) based on the critical local buckling 
modes at the top and base of each column (if= 0.99 mm, iw = 1.93 mm). 
• Self weight of frame members (gravity load) and vertical jacks (0.5 kN each). 
• Explicit modelling of stiffened joints and load bearing plates. 
Analysis of the test frame 2 model using the Abaqus non-linear solution sequence 
provided incremental deflections, stresses and strains for 21 load increments of L1P = 
25 kN and &I= 6.25 kN up to a total applied load of P = 525 kN, H = 131.25 kN. At 
this point, the increment size was automatically reduced to cope with the increasingly 
significant non-linear response of the structure. A further 16 increments were 
completed before convergence could not be achieved without reducing the increment 
size to less than the specified minimum (approximately L1P = 10 N, &I= 2.5 N). 
This indicated that the ultimate load of the test frame 2 model had been reached at an 
applied load level of P = 536 kN, H = 134 kN. Post-processing of these results using 
Patran revealed that the test frame 2 model failed in an in-plane instability mode 
preceded by significant yielding and local buckling near the base of both columns. 
The deflections and von Mises stress distribution corresponding to the ultimate loads 
are illustrated in Figure 4.2-14. The deformations of the analytical model closely 
match the observed experimental deformations (see Figure 3.4-3). 
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Figure 4.2-14 Deformations and von Mises stress distribution at the ultimate capacity 
of the test frame 2 distributed plasticity model 
The occurrence of local buckling is also illustrated by the local out-of-plane load-
deflection curves for the web and the outside flange near the base of the right hand 
column (Figure 4.2-15). The web local buckling deflections were taken as the out-of-
plane horizontal deflection of the node located closest to the peak of the first local 
buckling half wavelength in the web. The flange local buckling deflections were 
obtained from the nodes located closest to the peak of the first local buckling half 
wavelength in the centre and at a comer of outside flange of the right hand column. 
The horizontal in-plane deflection of the comer node (no local buckling deflection) 
was subtracted from the horizontal in-plane deflection of the centre node (maximum 
local buckling deflection) to obtain the local buckling component of the horizontal in-
plane deflection. 
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Figure 4.2-15 Graph of vertical load vs. local buckling displacement of web and 
outside flange near the base of the right hand column for test frame 2 analysis 
The initial local deflections in the web were greater than in the flanges due to the 
larger initial local imperfection in the web. The final local buckling deformation was 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 88 
greater in the flange than the web because both edges of the web were constrained by 
the flanges while one edge of each flange outstand was unconstrained. The fact that 
no obvious local buckling point and post buckling response (as might be expected) 
can be seen in Figure 4.2-15 can be attributed to two factors. Firstly, the large 
residual stresses and initial local imperfections amplify the pre-buckling 
displacements and result in a smoother load-deflection response. Secondly, the local 
buckling of this section occurred in the inelastic range after yielding had occurred and 
therefore there was little opportunity for post-local buckling prior to the failure of the 
frame. 
The ultimate loads obtained from non-linear analysis of the test frame 2 model were P 
= 536 kN, H = 134 kN. The maximum measured loads supported by the experimental 
test frame were P = 568 kN, H = 135 kN. This represents a difference of 5.6 percent 
between the analytical ultimate vertical load and experimental maximum vertical 
load, and a difference of less than one percent between the analytical ultimate 
horizontal load and experimental maximum horizontal load. The ultimate strength of 
test frame 2 was also calculated using AS4100 (SAA, 1990). The design capacity, 
calculated using a capacity reduction factor ( ljJ = 0.9) and the nominal yield stress (cry 
= 320 MPa) is P = 376 kN, H = 93.9 kN. The predicted capacity using no capacity 
reduction (l/J = 1) and the average (area based) measured yield stress (cry= 375 MPa) 
is P = 485 kN, H = 121 kN. The AS4100 predicted ultimate loads are approximately 
10 percent less than the analytical capacity for test frame 2, while the design loads are 
30 percent conservative. 
The horizontal and vertical load-deflection curves obtained from the analysis of test 
frame 2 are compared with the experimental curves in Figures 4.2-16 and 4.2-17. The 
analytical sway deflection was taken as the in-plane translation of the nodes at the 
base of the right hand column. The analytical vertical deflection was taken as the 
vertical translation of the node located at the top of the right hand column in the 
position most closely corresponding to the location of the displacement transducer on 
the experimental test frame. 
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Figure 4.2-16 Comparison of experimental and analytical sway load-deflection 
curves for test frame 2 
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Figure 4.2-17 Comparison of experimental and analytical vertical load-deflection 
curves for test frame 2 
The analytical curves match the experimental results fairly well considering the 
possible sources of experimental error (displacement transducer error, jack calibration 
error), experimental variables (non-constant PIH ratio, variations in the material 
properties, eccentric loading, residual stresses and local imperfections), and analytical 
approximations (idealised section, nominal residual stress and local imperfection 
distributions). 
Test frame 3 
The 200x100x4 cold-formed rectangular hollow sections (minor axis bending) used 
for test frame 3 were slender with k1 = 0.801 and ZefS = 0.693, and comprised slender 
flanges and compact webs. The effects of local buckling were therefore more 
significant for this frame than for test frame 2. The column members were also 
significantly more slender than those of test frame 2. This frame will therefore test 
whether the ability of the distributed plasticity shell finite element model to accurately 
analyse rectangular single bay, single storey frames comprising non-compact !-
sections established by the test frame 2 verification analysis can be extended to 
include frames with greater member and section slenderness and frames comprising 
cold-formed rectangular hollow sections. The geometry and finite element mesh of 
the distributed plasticity model are illustrated in Figure 4.2-18. 
The analytical model of test frame 3 included: 
• Measured centreline dimensions (s = 4000 mm, h = 2950 mm). 
• The approximate experimental vertical to horizontal load ratio (PIH = 8). 
• Measured in-plane out-of-plumbness imperfections shown in Table 3.3-1 (lf/1 = 
1/214, lf/2 = -1/231). 
• Multi-linear stress-strain curves for the flanges and webs based on measured data 
given in Table 3.4-5 (E = 200000 MPa, O'yf = 370 MPa, O'yw = 405 MPa, O'uf = 468 
MPa, O'uw = 480 MPa). 
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• Mean flange and web plate thicknesses based on measured data (t1= 3.89 mm, tw = 
3.87 mm). 
• Nominal longitudinal membrane residual stresses as shown in Figure 4.1-6 (arm = 
30 MPa, arb= 200 MPa). 
• Nominal local imperfections based on the critical local buckling modes at the top 
and base of each column (i1= 1.31 mm, iw = 0.64 mm). 
• Self weight of frame members (gravity load) and vertical jacks (0.5 kN each). 
• Explicit modelling of stiffened joints and load bearing plates. 
Figure 4.2-18 Geometry and finite element mesh of the test frame 3 model 
Analysis of the test frame 3 model using the Abaqus non-linear solution sequence 
provided incremental deflections, stresses and strains for 7 load increments of f1P = 
29 kN and Ml = 2.5 kN up to a total applied load of P = 140 kN, H = 17.5 kN. At 
this point, the increment size was automatically reduced to cope with the increasingly 
significant non-linear response of the structure. A further 11 increments were 
completed before convergence could not be achieved without reducing the increment 
size to less than the specified minimum (approximately f1P = 4 N, Ml = 0.5 N). This 
indicated that the ultimate load of the test frame 3 model had been reached at an 
applied load level of P = 149 kN, H = 18.6 kN. Post-processing of these results 
revealed that the test frame 3 model failed in an in-plane instability mode preceded by 
significant yielding and local buckling near the base of both columns. Some local 
yielding and buckling deformations also occurred at the top of each column. The 
occurrence of local buckling is illustrated by the local out-of-plane load-deflection 
curve for the outside flange near the base of the right hand column (Figure 4.2-19). 
The ultimate loads obtained from non-linear analysis of the test frame 3 model were P 
= 149 kN, H = 18.6 kN. The maximum measured loads supported by the 
experimental test frame were P = 149 kN, H = 18.6 kN. This comparison 
demonstrates the accuracy of the analytical model and justifies the assumptions made 
regarding residual stresses and local imperfections. The ultimate strength of test 
frame 3 was also calculated using AS4100 (SAA, 1990). The design capacity, 
calculated using a capacity reduction factor ( cp = 0.9) and the nominal yield stress ( ay 
= 350 MPa) is P = 119 kN, H = 14.9 kN. The predicted capacity using no capacity 
reduction (cp = 1) and the average (area based) measured yield stress (ay = 382 MPa) 
is P = 141 kN, H = 17.6 kN. The AS4100 predicted ultimate loads again 
approximately 5 percent less than the analytical capacity for test frame 3, while the 
design loads are 20 percent conservative. 
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Figure 4.2-19 Graph of vertical load vs. local buckling displacement of outside flange 
near the base of the right hand column for test frame 3 analysis 
The horizontal and vertical load-deflection curves obtained from the analysis of test 
frame 3 are compared with the experimental curves in Figures 4.2-20 and 4.2-21. The 
analytical sway deflection was taken as the in-plane translation of the nodes at the 
base of the right hand column. The analytical vertical deflection was taken as the 
vertical translation of the node located at the top of the right hand column in the 
position most closely corresponding to the location of the displacement transducer on 
the experimental test frame. The analytical curves match the experimental results 
fairly well, indicating that the analytical model accurately represents the stiffness of 
the test frame. 
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Figure 4.2-20 Comparison of experimental and analytical sway load-deflection 
curves for test frame 3 
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Figure 4.2-21 Comparison of experimental and analytical vertical load-deflection 
curves for test frame 3 
Testframe4 
The welded !-sections used for test frame 4 (major axis bending) were slender with k1 
= 0.848 and ZeiS = 0.918. The effects of local buckling were therefore more 
significant for this frame than for test frame 2 but not as significant as for test frame 3. 
Unlike the rectangular hollow sections used for test frame 2, which comprised slender 
flanges and compact webs, the welded !-sections used for test frame 4 each comprised 
a slender web and non-compact flanges. The member slenderness (Lclr) of the 
columns was also less than for test frames 2 and 3. This frame will therefore test 
whether the abilities of the distributed plasticity shell finite element model established 
by the test frame 2 and test frame 3 verification analyses can be extended to include 
frames with sections comprising slender webs, frames with lesser member slenderness 
and frames comprising welded !-sections. The geometry and finite element mesh of 
the distributed plasticity model are illustrated in Figure 4.2-22. 
Figure 4.2-22 Geometry and finite element mesh of the test frame 4 model 
The analytical model of test frame 4 included: 
• Measured centreline dimensions (s = 4000 mm, h = 2817 mm). 
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• The approximate experimental vertical to horizontal load ratio (Pili= 6). 
• Measured in-plane out-of-plumbness imperfections shown in Table 3.3-1 (lfl) = 
1/600, lf/2 = 1/1500). 
• Multi-linear stress-strain curves for the flanges and web based on measured data 
given in Table 3.4-7 (E = 200000 MPa, O'yf = 303 MPa, O'yw = 310 MPa, O'uf = 435 
MPa, O'uw = 442 MPa). 
• Mean flange and web plate thicknesses based on measured data (lj= 7.98 mm, tw = 
3.04mm). 
• Nominal longitudinal membrane residual stresses as shown in Figure 4.1-5 (O'if = 
303,-75.8 MPa, O'rw = 310, -77.5 MPa). 
• Nominal local imperfections (see Figure 4.1-3) based on the critical local buckling 
modes at the top and base of each column (i1 = 1.33 mm, iw = 2.33 mm). 
• Self weight of frame members (gravity load) and vertical jacks (0.5 kN each). 
• Explicit modelling of stiffened joints and load bearing plates. 
Analysis of the test frame 4 model using the Abaqus non-linear solution sequence 
provided incremental deflections, stresses and strains for 50 load increments of not 
more than .t1P = 22.5 kN and &I= 3.75 kN up to a maximum applied load of P = 633 
kN, H = 105 kN. At several stages during the analysis, the increment size was 
automatically reduced to cope with the significant non-linear response of the 
structure. Post-processing of the analytical results using Patran revealed that the test 
frame 4 model failed in an in-plane instability mode preceded by significant yielding 
near the base of both columns and local buckling along the length of both columns. 
The occurrence of local buckling is illustrated by the local out-of-plane load-
deflection curves for the web and the outside flange near the base of the right hand 
column (Figure 4.2-23). These deflections were obtained from the nodes located 
closest to the peaks of the first local buckle in the web and outside flange. 
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Figure 4.2-23 Graph of vertical load vs. local buckling displacement of web and 
flange near the base of the right hand column for test frame 4 
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The ultimate loads obtained from non-linear analysis of the test frame 4 model were P 
= 633 kN, H = 105 kN. The maximum measured loads supported by the experimental 
test frame were P = 615 kN, H = 110 kN. This represents a difference of 2.9 percent 
between the analytical ultimate vertical load and experimental maximum vertical 
load, and a difference of 4.5 percent between the analytical ultimate horizontal load 
and experimental maximum horizontal load. These differences can be in part 
attributed to the variation in the vertical to horizontal load ratio that occurred in the 
experiment. The ultimate strength of test frame 4 was also calculated using the 
Australian Standard for the Design of Steel Structures, AS4100 (SAA, 1990). The 
design capacity, calculated using a capacity reduction factor ( ¢ = 0.9) and the nominal 
yield stress (ay = 250 MPa) is P = 420 kN, H = 70.0 kN. The predicted capacity using 
no capacity reduction(¢= 1) and the average (area based) measured yield stress (ay = 
305 MPa) is P = 564 kN, H = 94.0 kN. The AS4100 predicted ultimate loads are 
again approximately 10 percent less than the analytical capacity for test frame 4, 
while the design loads are 34 percent conservative. 
The horizontal and vertical load-deflection curves obtained from the analysis of test 
frame 4 are compared with the experimental curves in Figures 4.2-24 and 4.2-25. The 
analytical sway deflection was taken as the in-plane translation of the nodes at the 
base of the right hand column. The analytical vertical deflection was taken as the 
vertical translation of the node located at the top of the right hand column in the 
position most closely corresponding to the location of the displacement transducer on 
the experimental test frame. 
The analytical curves match the experimental results moderately well, although the 
vertical deflections measured during the experiment are noticeably greater than the 
corresponding analytical deflections for vertical loads greater than 400 kN. However, 
because the magnitudes of the vertical deflections were so small (5.0 mm maximum), 
the measurements would have been fairly sensitive to experimental error. The 
maximum difference between the predicted and measured vertical deflections is 1.2 
mm. 
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Figure 4.2-24 Comparison of experimental and analytical sway load-deflection 
curves for test frame 4 
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Figure 4.2-25 Comparison of experimental and analytical vertical load-deflection 
curves for test frame 4 
Summary 
Using the three test frames described in Chapter 3 as a standard for comparison, this 
study indicates that the distributed plasticity shell finite element model is accurate and 
reliable for second-order inelastic analysis of typical single storey frame structures 
comprising non-compact hot-rolled !-sections, rectangular hollow sections and 
welded !-sections with full lateral restraint. The most significant difference between 
the ultimate loads obtained using the shell finite element model and the corresponding 
ultimate loads measured during the experiments was six percent for the vertical load 
capacity of test frame 2. The analysis was never more than three percent 
unconservative. For each of the three test frames the AS4100 predicted capacity 
(using¢= 1 and the area based average measured yield stress) was approximately 5 to 
10 percent less than the analytical capacity, while the AS4100 design capacities 
(using¢= 0.9 and the nominal yield stress) ranged from 20 to 34 percent less than the 
corresponding analytical capacities. All analytical, experimental and design 
capacities are summarised in Table 4.2-5. 
Table 4.2-5 Summary and comparison of experimental, analytical, and design 
capacities 
test frame 2 test frame 3 test frame 4 
p H p H p H 
(1) experiment 568 135 149 18.6 615 110 
(2) analysis 536 134 149 18.6 633 105 
(3) AS4100 design 376 93.9 119 14.9 420 70 
( 4) AS41 00 prediction 485 121 141 17.6 564 94 mean 
(1) I (2) 1.060 1.007 0.989 1.007 0.971 1.048 1.014 
(3) I (2) 0.701 0.701 0.799 0.799 0.664 0.664 0.721 
(4) I (2) 0.905 0.905 0.946 0.946 0.891 0.891 0.914 
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Considering the results of both the Vogel frame study and the test frame study, it is 
reasonable to extrapolate the accuracy of the shell finite element model to also 
encompass gable and multi-storey frames comprising members of non-compact cross-
section. It is not practical to verify this experimentally. 
The verification analyses described in this section demonstrate that the shell finite 
element model accurately represents distributed plasticity resulting from the 
combined effects of applied forces (axial compression force and bending moment), 
residual stresses and local buckling. The axial stiffness and in-plane flexural stiffness 
are both accurately predicted, and the ultimate capacity for in-plane instability can be 
determined for frames comprising either compact or non-compact sections. 
The verification analyses justify: 
• The assumed residual stress distributions and the procedure used to include 
residual stresses in the analytical model. 
• The imperfection magnitudes and distribution, and the procedures used to include 
geometric imperfections in the analytical model. 
• The shell element type, mesh density and material model used. 
• The Abaqus analysis formulation and the non-linear analysis parameters used. 
• The techniques used for modelling concentrated and distributed loads, fixed and 
pinned base supports, other boundary conditions, and rigid joints. 
The verification studies have demonstrated that the shell finite element model is 
appropriate for the analysis of two dimensional steel frames with: 
• Compact or non-compact sections. 
• Sections comprising either compact, non-compact or slender webs and compact, 
non-compact or slender flanges (i.e., a range of section slendemesses). 
• Hot-rolled !-sections, cold-formed rectangular hollow sections, or welded !-
sections. 
• A range of column slendemesses. 
• Portal or gable configurations. 
• Single or multi-storey, and single or multi-bay. 
• Fixed or pinned base connections. 
• Distributed or concentrated loads. 
• Strain hardening or elastic perfectly plastic material response. 
• Rigid joints. 
• Full lateral restraint. 
• Proportionalloading. 
4.3 Analytical benchmarks and parametric studies 
The results of the comparisons described in Section 4.2 indicate that the distributed 
plasticity shell finite element analytical model accurately captures the effects of local 
buckling acting in conjunction with material yielding and geometric non-linear 
behaviour. The analytical benchmark model described in Section 4.1 was therefore 
used to develop a comprehensive range of analytical benchmarks comprising non-
compact sections, suitable for the verification of simplified methods of analysis. 
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All analytical benchmark models included: 
• Nominal and uniform section dimensions. 
• Idealised fixed or pinned column base supports and fully rigid beam-column 
connections. 
• Identical bi-linear stress-strain curves for both the web and flanges of a section 
with no strain hardening. 
• Nominal global and local imperfections based on construction and fabrication 
tolerances. 
• Nominal residual stress distributions. 
• Concentrated loads applied at the intersection of the beam and column centrelines, 
as for beam element models. 
The following benchmark frames were selected to represent a variety of typical frame 
configuration and parameters: 
1. Modified Vogel frames: three frames based on original Vogel frame geometry, 
with non-compact sections. The effects of strain hardening and non-proportional 
loading were investigated. 
2. Benchmark series 1 frames: 18 single bay, single storey, fixed base sway frames 
comprising non-compact !-sections with major axis bending. Each frame was 
analysed with three load cases. 
3. Benchmark series 2 frames: four single bay, single storey, pinned base sway 
frames comprising non-compact !-sections with major axis bending. Each frame 
was analysed with three load cases. 
4. Benchmark series 3 frames: four single bay, single storey, leaned column sway 
frames comprising non-compact !-sections with major axis bending. Each frame 
was analysed with nine load cases. 
5. Benchmark series 4 frames: four single bay, single storey, pinned base non-sway 
frames comprising non-compact !-sections with major axis bending. Each frame 
was analysed with three load cases. 
6. Benchmark series 5 frames: two single bay, single storey, pinned base sway 
frames comprising non-compact !-sections with minor axis bending. Each frame 
was analysed with three load cases. 
A total of 129 benchmark analyses were conducted. A description of each frame is 
provided in this section. The results are summarised and discussed. 
4.3.1 Modified Vogel frames 
Three non-compact benchmark frames were developed by modifying the original 
Vogel frames described in Section 4.2.1. The thickness of each section web/flange 
was reduced by 30 percent, the yield stress was increased from 235 to 350 MPa, and 
local imperfections were included to ensure that local buckling would occur prior to 
failure. The residual stress magnitudes were calculated using the increased yield 
stress and the distribution shown in Figure 4.1-4. All other aspects of the Vogel 
frames were unchanged, including the elastic material properties (E = 205000 MPa, v 
= 0.3), geometry, major axis bending, out-of-plumbness imperfections, and applied 
loads (see Figures 4.2-2, 4.2-5 and 4.2-9). The dimensions and properties of the 
reduced sections are provided in Tables 4.3-1 and 4.3-2. 
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Note that the section properties provided in Tables 4.3-1 and 4.3-2 are based on the 
idealised section used in the shell finite element model. This section has no fillet 
radius and a small overlap at the intersection of web and flange elements. The depth 
of the web between flange element centrelines (d1 + t1) was used to calculate the web 
slenderness. 
Table 4.3-1 Idealised section dimensions and properties of members used in the 
modified Vogel frames 
Section d bt tw tf A I s 
(rnm) (rnm) (rnm) (mm) (rnm2) (106 mm4) (103 rnm4 
HEA340m 325 300 6.65 11.55 9015 187.4 1250 
HEB160m 156 160 5.60 9.10 3735 17.23 244.3 
HEB200m 196 200 6.30 10.50 5366 39.30 442.4 
HEB220m 215 220 6.65 11.20 6285 56.03 571.8 
HEB240m 235 240 7.00 11.90 7273 77.55 723.9 
HEB260m 255 260 7.00 12.25 8068 102.1 875.3 
HEB300m 294 300 7.70 13.30 10144 171.9 1273 
IPE240m 237 120 4.34 6.86 2645 26.23 247.0 
IPE300m 297 150 4.97 7.49 3685 57.05 429.0 
IPE330m 327 160 5.25 8.05 4248 79.48 543.4 
IPE360m 356 170 5.60 8.89 4967 110.7 693.7 
IPE400m 396 180 6.02 9.45 5729 156.0 882.3 
Table 4.3-2 Effective idealised section properties and capacities of members used in 
the modified Vogel frames 
Section oy Compact- Ze Z/S kt N, M, 
(MPa) ness (103 mm3) (kN) (kNm) 
HEA340m 350 N 1167 0.934 0.955 3014 408.3 
HEB160m 350 N 240.8 0.986 1.000 1307 84.28 
HEB200m 350 N 431.4 0.975 1.000 1877 151.0 
HEB220m 350 N 555.3 0.971 1.000 2199 194.3 
HEB240m 350 N 700.4 0.968 1.000 2545 245.2 
HEB260m 350 N 841.2 0.961 1.000 2823 294.4 
HEB300m 350 N 1213 0.953 1.000 3550 424.6 
IPE240m 350 N 243.4 0.986 0.893 827.0 85.20 
m 350 N 413.4 0.964 0.865 1115 144.7 
IPE330m 350 N 524.2 0.965 0.853 1268 183.5 
IPE360m 350 N 673.8 0.971 0.849 1475 235.8 
IPE400m 350 N 856.8 0.971 0.834 1673 299.9 
The modified Vogel frames were used to investigate the effects of strain hardening 
and non-proportional loading. Three analytical cases were therefore conducted for 
each frame: 
1. Proportional loading, no strain hardening. 
2. Proportional loading with strain hardening (see Figure 4.3-1). 
3. Non-proportional loading, no strain hardening. 
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For case 3, the loads were applied in two steps. The vertical load was applied first, 
followed by the horizontal load, which was increased until failure occurred. The 
magnitude of the applied vertical load was taken as the ultimate vertical load capacity 
obtained from the case 1 analysis with proportional loading. Non-proportional 
loading more accurately represents the actual load sequence typically imposed on 
steel frame structures. For example, a building will first be subjected to vertical dead 
and live loads before the ultimate lateral wind or earthquake load is imposed. 
The results of these analyses can be used as benchmark solutions for typical 
rectangular single storey and multi-storey frames in which each member is a non-
compact !-section bent about its major axis with proportional loading. 
stress 
cry= 350 MPa 
no strain hardening 
E = 205000 MPa 
strain 
Figure 4.3-1 Stress-strain relationship used for the modified Vogel frames 
The ultimate load factors obtained from the modified Vogel frame analyses are 
summarised in Table 4.3-3. 
Table 4.3-3 Modified Vogel frame analytical results 
Benchmark frame Ultimate load factor 
case 1 case 2 case 3 
(strain hardening) (non-proportionalloading) 
horizontal vertical 
modified Vogel portal frame 1.01 1.01 1.01 1.06 
modified Vogel gable frame 0.836 0.836 0.836 0.863 
modified Vogel six storey frame 1.139 1.179 1.139 1.276 
The results presented in Table 4.3-3 demonstrate that the effects of strain hardening 
are insignificant for the modified Vogel portal and gable frames. Strain hardening 
increases the capacity of the modified Vogel six storey frame by approximately 3.5 
percent due to the greater redundancy of the frame, which allows greater scope for 
inelastic redistribution compared to the portal and gable frames. These results 
indicate that the effects of strain hardening are not significant for frames comprising 
non-compact sections due to hinge softening caused by the progression of local 
buckling which limits the inelastic redistribution capacity. Strain hardening will 
therefore not be considered for the remaining benchmark frames. 
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The results presented in Table 4.3-3 also indicate that non-proportional loading is 
slightly more conservative than proportional loading. The horizontal load capacity of 
the modified Vogel portal, gable, and six storey frames increased by 5.0, 3.2, and 12 
percent, respectively when the vertical load was applied first. Proportional loading is 
preferable as it allows the design procedure to be simplified considerably. Non-
proportional loading will therefore not be considered for the remaining benchmark 
frames. However, it is possible that for some less typical frame configurations and 
load cases, it may be unconservative to use proportional loading. This subject 
requires further investigation. 
The load-deflection curves obtained from the modified Vogel frame case 1 analyses 
are presented in Figures 4.3-2 to 4.3-4. These curves are suitable for the calibration 
and verification of simplified methods of analysis for frames comprising non-compact 
sections. The case 2 results are also provided for the six storey frame (Figure 4.3-4), 
illustrating the effects of strain hardening. 
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Figure 4.3-2 Sway load-deflection curve for the modified Vogel portal frame 
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Figure 4.3-3 Sway load-deflection curve for the modified Vogel gable frame 
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Figure 4.3-4 Sway load-deflection curves for the modified Vogel six storey frame 
4.3.2 Series 1: Fixed base sway portal frames (major axis bending) 
The three modified Vogel frame benchmarks presented in Section 4.3.1 consider 
frames with typical section slenderness, member slenderness, applied loads, and beam 
to column stiffness ratios. A more comprehensive series of benchmark solutions is 
required to ensure that analytical solutions for less typical frames can also be verified. 
A series of 54 analyses of fixed base sway portal frames (similar to the modified 
Vogel portal frame) was therefore undertaken. Each frame comprised non-compact!-
sections subject to major axis bending and axial compression. The configuration of 
the benchmark series 1 frames is illustrated in Figure 4.3-5. 
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Figure 4.3-5 Configuration of the benchmark series 1 frames 
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The residual stress distribution shown in Figure 4.1-4 was used. Initial out -of-
plumbness imperfections and local web/flange out-of-flatness imperfections were 
included, with magnitudes as shown in Figure 4.1-3. Bi-linear stress-strain curves 
were used withE= 200000 MPa, v = 0.3, various yield stresses (see Table 4.3-5), and 
no strain hardening. 
The investigation embraced a range of parameters that could influence the behaviour 
of steel frame structures comprising members with non-compact cross-sections. 
These parameters included: 
• Section slenderness. The section slenderness was modified by changing the web 
and flange thickness, and the yield stress. Each benchmark frame was initially 
analysed using shell element assemblage idealisations of current Australian non-
compact hot-rolled !-sections (designated type "i"), and then reanalysed with a 
variety of different element thicknesses and yield stresses. This was more 
convenient than creating new models, and allowed investigation of sections with 
greater slenderness than those that are currently available. Two series of reduced 
sections were used, designated types "r1" and "r2". Sections of type "r1" had 
identical centreline dimensions to the corresponding type "i" sections, with the 
flange thickness reduced by one mm, the web thickness reduced by 0.5 mm and 
the yield stress increased by 50 MPa. Similarly, the flange thickness of sections 
of type "r2" was reduced by two mm, the web thickness was reduced by one mm, 
and the yield stress was increased by 100 MPa. Section dimensions and properties 
of the sections used in the parametric study are shown in Tables 4.3-4 and 4.3-5. 
The section slendernesses ranged from k1= 0.943 to 0.802, and ZefS = 1 to 0.887. 
• Column member slenderness. The column member slenderness was varied by 
changing the height of the columns (Lc = h). Three column heights were 
considered: 3.0 metres, 5.0 metres, and 7.0 metres. All columns were 310 UB 32 
base sections (type "i", "r1" or "r2"). The column slenderness ratios (L/r) for the 
three column heights were therefore 24.2 to 24.4, 40.3 to 40.7, and 56.4 to 56.9, 
covering the range of typical column slendernesses. Changing the column heights 
also effected the axial compression force to bending moment ratio at the base of 
the columns. 
• Ratio of vertical to horizontal load. Three P/H ratios were considered: 3, 15, and 
100. This significantly changed the axial compression force to bending moment 
ratio at the base of the columns and therefore allowed bending dominant, 
compression dominant, and combined bending and compression behaviour to be 
represented. 
• Ratio of column stiffness to beam stiffness. This was changed by varying the 
frame width to height ratio (slh) and using different beam sections. Two width to 
height ratios were used: 1.5 and 1.0. Two beam base sections were used: 250 UB 
25.7 and 360 UB 44.7. The 250 UB 25.7 section was used in conjunction with the 
width to height ratio of 1.5, while the 360 UB 44.7 section was used with the 
width to height ratio of 1.0. This resulted in two ratios of the column to beam 
stiffness for each section slenderness category: r= 2.29 to 2.31, and r= 0.54 to 
0.57. This range ensured that both stiff column I flexible beam and flexible 
column I stiff beam behavioural types were represented in the parametric study. 
The stiffness ratio y is defined in AS4100 clause 4.6.3.4. For the single bay, 
single storey rectangular sway frames considered in this section r can be 
expressed by Equation 4.3-1. 
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(4.3-1) 
Table 4.3-4 Section dimensions and properties of the idealised and reduced sections 
Section d ht tf tw Ag I s r 
(mm) (mm) (mm) (mm) (mm2) (106 mm4) (103 mm3) (mm) 
360 UBi44.7 352 149 9.7 6.9 5252 107.8 696.8 143.2 
310 UBi 32.0 298 149 8.0 5.5 3979 61.31 461.3 124.1 
250 UBi25.7 248 149 8.0 5.0 3584 40.10 358.1 105.8 
360 UBr1 44.7 351 149 8.7 6.4 4783 97.35 631.2 142.7 
310 UBrl 32.0 297 149 7.0 5.0 3536 54.03 407.6 123.6 
250 UBr1 25.7 247 149 7.0 4.5 3166 35.23 315.1 105.5 
360 UBr2 44.7 350 149 7.7 5.9 4314 86.94 565.5 142.0 
310 UBr2 32.0 296 149 6.0 4.5 3093 46.74 353.9 122.9 
250 UBr2 25.7 246 149 6.0 4.0 2748 30.36 272.2 10 
Table 4.3-5 Effective section properties of the idealised and reduced sections 
Section Oj Compact- z. Z.fSx kt N, M, 
(MPa) ness (103 mm3) (kN) (kNm) 
360 UBi44.7 320 c 696.8 1.000 0.911 1531 223.0 
310 UBi 32.0 320 N 450.4 0.976 0.902 1148 144.1 
250 UBi25.7 320 N 350.5 0.979 0.943 1081 112.2 
360 UBrl 44.7 370 N 615.7 0.975 0.859 1520 227.8 
310 UBrl 32.0 370 N 382.9 0.939 0.851 1114 141.7 
250 UBr1 25.7 370 N 298.3 0.947 0.895 1049 110.4 
360 UBr2 44.7 420 N 530.8 0.939 0.812 1471 222.9 
310 UBr2 32.0 420 s 314.0 0.887 0.802 1042 131.9 
250 UBr2 25.7 420 s 245.4 0.902 0.849 980.0 103.1 
To investigate these parameters, a large number of analyses were required. A 
significant proportion of the time required to obtain results for each benchmark frame 
was consumed in the pre-processing (i.e., the definition of the geometry, mesh, loads, 
and constraints). A computer program entitled BMC (BenchMark Create) was 
therefore written (using the C language) to directly create a Patran database journal 
file containing instructions for the pre-processor to automatically generate a 
benchmark frame model. The geometry, finite element mesh, loads, boundary 
conditions, global imperfections, material properties, and analysis input parameters 
could be then automatically created by rebuilding the journal file. Variables such as 
the section, span, column height and applied load details were specified in an 
information file, which was used as input by the BMC program. It was therefore 
possible to generate a large number of models with no user input other than the 
preliminary creation of the information files, each containing only four lines of data. 
A source listing of part of the BMC program is available in Appendix E. The 
program is divided into three sections: 
1. The first section reads the model details from the information file and calculates 
the geometrical coordinates for the specified frame and sections. 
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2. The second section uses results of calculations done in the previous section to 
write a journal file consisting of commands that can be executed by the pre-
processor Patran to create the model with details as specified in the information 
file. The module therefore consists of a large number of file print statements, with 
output directed to the journal file. This section was generated by manually 
creating a single frame model using Patran and then modifying the journal file, 
which contained a record of all the commands used to create the model. Each 
command was placed in a file print statement, and numbers replaced with 
variables where necessary. 
3. The third section generates a separate file containing the Fortran code required for 
the Abaqus initial stress subroutine. 
This process was used to create a large number of Abaqus input files, which were 
analysed using the bifurcation buckling solution sequence to obtain the elastic 
buckling loads and eigenvectors. The local imperfections were then incorporated into 
each model using the procedure described in Section 4.1.5, the residual stress code 
was included in the Abaqus input file, and the models were analysed using the non-
linear static solution sequence. 
The identification system used to describe the parametric variables for each 
benchmark analysis is illustrated in Figure 4.3-6 and Tables 4.3-6 to 4.3-10. For 
example, benchmark frame analysis bm1-2123 has the following parametric variables: 
fixed base sway frame, major axis bending, 310 UBr2 32.0 column section (k1 = 
0.802, ZefS = 0.887), 250 UBr2 25.7 beam section, column height (h) = 5.0 metres, 
beam span (s) = 7.5 metres, Lclr = 40.7, r= 2.31, PIH = 15. Benchmark frame bm1-
21X3 refers to frames bm1-2113, bm1-2123, and bm1-2133. 
Colunm slenderness Beam/column stiffness Load case 
(L,/r) id•nJifi£r ~ (1! ideT 7 UknJifin 
bmX-
/ 
Frame configuroiion 
(series) iden4/ier 
I 
Section slenderness 
(kfi Z/S) identifier 
Figure 4.3-6 Benchmark numbering system 
Table 4.3-6 Parametric variables defined by the frame configuration identifier 
Frame configuration Column base fixity Sway I non-sway Major I minor 
identifier Left column Right column axis bending 
1 fixed fixed sway major 
2 pinned pinned sway major 
3 pinned fixed sway major 
4 pinned pinned non-sway major 
5 pinned pinned sway mmor 
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Table 4.3-7 Parametric variables defined by the column slenderness identifier 
Column slenderness Column base section Colunm height Column member 
identifier (Lc =h) slenderness (LJr) 
1 310 UB 32.0 3.0metres 24.2-24.4 
2 310 UB 32.0 5.0metres 40.3-40.7 
3 310 UB 32.0 7.0metres 56.4-56.9 
Table 4.3-8 Parametric variables defined by the beam/column stiffness ratio identifier 
Beam I column stiffness Beam base section Frame aspect ratio Beam I column 
ratio identifier (slh) stiffness ratio (1? 
1 250 UB 25.7 1.5 2.29-2.31 
2 360 UB 44.7 1.0 0.54-0.57 
Table 4.3-9 Parametric variables defined by the load case identifier 
Load case identifier V erticall horizontal 
load ratio (Pill) 
1 100 
2 15 
3 3 
Table 4.3-10 Parametric variables defined by the section slenderness identifier 
Section slenderness Section type Column section slenderness 
identifier kr ZJS 
1 i 0.902 0.976 
2 r1 0.851 0.939 
3 r2 0.802 0.887 
The overall and local deformations of typical benchmark series 1 frame at the ultimate 
load are illustrated in Figure 4.3-7. 
"' 
Figure 4.3-7 Overall and local deformations of typical benchmark series 1 frame at 
the ultimate load (mm units) 
A summary of the ultimate vertical loads (P u) for benchmark series 1 is provided in 
Table 4.3-11. The ultimate horizontal loads can be obtained by dividing the ultimate 
vertical loads by the appropriate PIH ratios. The vertical and sway load-deflection 
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curves for each benchmark series 1 analysis are tabulated in Appendix A1. Note that 
all deflections were taken at the node located at the intersection of the beam and left 
hand column centrelines. These tabulated load-deflection results are suitable for the 
calibration and verification of simplified methods of analysis for frames comprising 
non-compact sections. 
Table 4.3-11 Summary of benchmark series 1 analytical results 
Benchmark Pu (kN) 
frame PIH=3 PIH= 15 PIH= 100 
bm1-11X1 383 828 1072 
bm1-12X1 432 877 1076 
bm1-21X1 241 617 980 
bm1-22X1 279 681 1018 
bm1-31X1 176 466 805 
bm1-32X1 202 536 901 
bm1-11X2 365 788 1013 
bm1-12X2 410 834 1019 
bm1-21X2 230 584 923 
bm1-22X2 266 646 962 
bm1-31X2 169 439 750 
bm1-32X2 193 508 848 
bm1-11X3 324 694 889 
bm1-12X3 367 735 894 
bm1-21X3 204 513 805 
bm1-22X3 236 568 839 
bm1-31X3 150 365 652 
bm1-32X3 172 447 737 
Selected load-deflection curves are presented in this section to illustrate the effect of 
changing each parameter (Figures 4.3-8 to 4.3-15). In these figures, the vertical and 
horizontal loads (P, H) are normalised with respect to the vertical and horizontal loads 
(P', H') that would generate a first-order elastic axial compression force and 
maximum bending moment of Py and Mp, respectively. 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 107 
Effect of section slenderness: 
0.08 
0.07 
-~ 0.06 e. 
""C 
as 
.2 0.05 
iii 
-
c 
0 
.!!:! 0.04 
... 
-+- bm1-1111: kf = 0.902, Ze/S = 0.976 
-tl-bm1-1112: kf = 0.851, Ze/S = 0.939 
0 
.c ...._bm1-1113: kf = 0.802, Ze/S = 0.887 
""C 
Cl) 0.03 
.!!l 
iii 
E 
... 0.02 0 
c 
0.01 
0---------.--------.--------.--------.-------~.-------~ 
0 2 3 4 5 6 
sway deflection (mm) 
Figure 4.3-8 Sway load-deflection curves showing the effect of section slenderness 
0.9 
0.8 
-
0.7 
c. 
~ 0.6 
""C 
as 
.2 
iii 0.5 
u -+-bm1-1111: kf = 0.902, Ze/S = 0.976 
:e 
Cl) -tl-bm1-1112: kf = 0.851, Ze/S = 0.939 
> 0.4 ...._bm1-1113: kf = 0.802 Ze/S = 0.887 
""C 
Cl) 
.!!l 
iii 0.3 E 
0 
c 0.2 
0.1 
0 
0 2 3 4 5 6 
vertical deflection (mm) 
Figure 4.3-9 Vertical load-deflection curves showing the effect of section slenderness 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 108 
Effect of column slenderness: 
0.14 
0.12 
...... 
:I: 
-e. 0.1 
"C 
Ill 
..2 
iii 0.08 
"E -+-bm1-1111: Lc/r=24.1 
0 
.!::! -t1-bm1-2111: Lc/r=40.1 
.... 
0 
.c 0.06 ...... bm1-3111: Lc/r = 56.2 
"C 
Gl 
.!!! 
iii 
E 0.04 
0 
c 
0.02 
0*-----.-----.------.-----,-----.-----.------.----. 
0 10 20 30 40 50 60 70 80 
sway deflection (mm) 
Figure 4.3-10 Sway load-deflection curves showing the effect of column slenderness 
...... 
il.. 
~ 
"C 
Ill 
..2 
iii 
u 
:e 
Gl 
> 
"C 
Gl 
.!!! 
iii 
E 
.... 
0 
c 
0.9 
0.8 
0.7 
0.6 
0.5 
-+-bm1-1111: Lc/r = 24.1 
-t1-bm1-2111: Lc/r = 40.1 
0.4 --bm1-3111: Lc/r = 56.2 
0.3 
0.2 
0.1 
vertical deflection (mm) 
Figure 4.3-11 Vertical load-deflection curves showing the effect of column 
slenderness 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 109 
Effect of PIH ratio: 
0.9 
0.8 
-:i:: 0.7 
-~ , 
0.6 ro 
.2 
iii 
c 0.5 
0 -+-bm1-1111: P/H = 100 
.~ 
0 0.4 ..c 
-ll-bm1-1121: P/H = 15 
_._bm1-1131: P/H=3 
, 
Cl) 
.!!! 0.3 iii 
E 
... 
0 
c 0.2 
0.1 
sway deflection (mm) 
Figure 4.3-12 Sway load-deflection curves showing the effect of PIH ratio 
0.9 
0.8 
-
0.7 
c.. 
~ 0.6 , 
ro 
.2 
iii 0.5 
u -+-bm1-1111: P/H = 100 
:e 
Cl) -ll-bm1-1121: P/H = 15 
> 0.4 _._bm1-1131: P/H =3 , 
Cl) 
.!!! 
iii 0.3 
E 
0 
c 0.2 
0.1 
vertical deflection (mm) 
Figure 4.3-13 Vertical load-deflection curves showing the effect of PIH ratio 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 110 
Effectofr. 
0.08 
0.07 
~ 
:i::: 0.06 
-e. 
"C 
ca 
.5! 0.05 
ii 
c 
0 0.04 
.!::! 
.... 
0 
..c: 
"C 0.03 Gl 
.!!! 
ii 
E 
0 0.02 
c 
0.01 
sway deflection (mm) 
Figure 4.3-14 Sway load-deflection curves showing the effect ofy 
0.9 
O.B 
~ 0.7 
ii 
~ 0.6 
"C 
ca 
.5! 
ii 0.5 CJ 
t: 
Gl 
> 
"C 
0.4 
Gl 
.!!! 
ii 0.3 E 
0 
c 0.2 
0.1 
vertical deflection (mm) 
Figure 4.3-15 Vertical load-deflection curves showing the effect of y 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 111 
Figures 4.3-8 and 4.3-9 illustrate the reduction in the axial compression and bending 
capacity and stiffness due to increasing section slenderness. Figures 4.3-10 and 4.3-
11 show the reduction in horizontal and vertical stiffness due to increasing column 
slenderness. Increasing the column slenderness does significantly change the shape of 
the horizontal load-deflection curve due to the higher second-order effects. The 
increase in the ultimate normalised horizontal load with increasing column 
slenderness is due to the change in the ratio of bending moment to axial compression 
force, and it is not primarily due to the change in column slenderness. 
Figures 4.3-12 and 4.3-13 demonstrate the obvious changes in the ultimate horizontal 
and vertical load capacities resulting from the change in P/H ratio. Figure 4.3-10 also 
indicates that the horizontal stiffness is effected by the P/H ratio. This is due to the 
decreasing effect of the initial out-of-plumbness imperfection on the horizontal 
stiffness as the horizontal load increases. Figures 4.3-14 and 4.3-15 indicate that the 
horizontal load-deflection response is more significantly effected by the change in 
stiffness ratio (1J than the vertical load-deflection response. Both the horizontal 
stiffness and the ultimate normalised horizontal load are significantly influenced by 
the stiffness ratio. 
4.3.3 Series 2: Pinned base sway portal frames (major axis bending) 
Benchmark series 2 comprised 12 analyses of single bay, single storey, pinned base 
sway frames with non-compact !-sections subject to major axis bending. The purpose 
of this benchmark series was to extend the scope of the available benchmarks to 
include pinned base frames. With the exception of the column base fixity and local 
imperfection distribution, the series 2 frames were identical to the corresponding 
series 1 frames. It was neither necessary nor practical to include the comprehensive 
parametric variation used for series 1 in series 2. Two values of Lclr, one y, three P/H 
ratios, and two section slendernesses were therefore considered. The configuration of 
the benchmark series 2 frames is illustrated in Figure 4.3-16. 
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Figure 4.3-16 Configuration of the benchmark series 2 frames 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 112 
A summary of the ultimate vertical loads (P u) for benchmark series 2 is provided in 
Table 4.3-12. The ultimate horizontal loads can be obtained by dividing the ultimate 
vertical loads by the appropriate P/H ratios. The vertical and sway load-deflection 
curves for each benchmark series 2 analysis are tabulated in Appendix A2. 
Table 4.3-12 Summary of benchmark series 2 analytical results 
Benchmark Pu (kN) 
frame PIH=3 PIH= 15 PIH= 100 
bm2-11X1 219 590 913 
bm2-11X3 210 494 746 
bm2-21X1 118 332 539 
bm2-21X3 107 274 429 
4.3.4 Series 3: Leaned column sway portal frames (major axis 
bending) 
Benchmark series 3 comprised 36 analyses of single bay, single storey, leaned column 
(i.e., one column base fixed and one pinned) sway frames with non-compact !-
sections subject to major axis bending with uniform and non-uniform column loading. 
The purpose of this benchmark series was to extend the scope of the available 
benchmarks to include leaned column frames, which have greater scope for inelastic 
redistribution and more complex behaviour than series 1 and 2 frames. Two values of 
Lclr, one y; three PIH ratios, three P1/P2 ratios, and two section slendemesses were 
therefore considered. The configuration of the benchmark series 3 frames is 
illustrated in Figure 4.3-17. 
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Figure 4.3-17 Configuration of the benchmark series 3 frames 
A summary of the ultimate vertical right hand column loads (Pu1) for benchmark 
series 3 is provided in Table 4.3-13. The ultimate vertical left hand column loads and 
horizontal loads can be obtained by dividing the ultimate vertical loads by the 
appropriate P1/P2 and PIH ratios. Note that the benchmark frame "a" suffix denotes 
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PJIP2 = 3 and the "b" suffix denotes P1/P2 = 0.333. Pmin is the minimum of P1 and P2. 
The vertical and sway load-deflection curves for each benchmark series 3 analysis are 
tabulated in Appendix A3. 
Table 4.3-13 Summary of benchmark series 3 analytical results 
Benchmark Pul (kN) 
frame Pm;,/H=3 PminfH= 15 PminfH = 100 
bm3-11X1 272 703 1027 
bm3-11X3 227 590 847 
bm3-21X1 162 455 839 
bm3-21X3 136 379 690 
bm3-11X1a 769 1034 1085 
bm3-11X3a 651 860 903 
bm3-21X1a 445 914 1068 
bm3-21X3a 372 758 892 
bm3-11X1b 182 319 358 
= bm3-11X3b 154 439 297 
bm3-21X1b 122 247 336 
bm3-21X3b 102 205 278 
4.3.5 Series 4: Pinned base non-sway portal frames (major axis 
bending) 
Benchmark series 4 comprised 12 analyses of single bay, single storey, pinned base 
non-sway (braced) frames with non-compact !-sections subject to major axis bending. 
The purpose of this benchmark series was to extend the scope of the available 
benchmarks to include non-sway frames with distributed beam loading. Two values 
of Lcfr, one y, three load cases, and two section slendemesses were considered. The 
configuration of the benchmark series 4 frames is illustrated in Figure 4.3-18. 
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Figure 4.3-18 Configuration the benchmark series 4 frames 
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A summary of the ultimate vertical column loads (Pu) and beam distributed loads (wu) 
for benchmark series 4 is provided in Table 4.3-14. The vertical and horizontal load-
deflection curves for each benchmark series 4 analysis are tabulated in Appendix A4. 
Table 4.3-14 Summary of benchmark series 4 analytical results 
Benchmark P=O P+w w=O 
frame Wu (kN/m) Wu (kN/m) Pu (kN) Pu (kN) 
bm4-11X1 100 31.7 815 1106 
bm4-11X3 87.9 26.7 685 929 
bm4-21X1 35.1 12.1 862 1082 
bm4-21X3 31.0 9.85 704 907 
4.3.6 Series 5: Pinned base sway portal frames (minor axis bending) 
Benchmark series 5 comprised 6 analyses of single bay, single storey, pinned base 
sway frames with non-compact !-sections subject to minor axis bending. The purpose 
of this benchmark series was to extend the scope of the available benchmarks to 
include frames with minor axis bending. One value of Lclr (Lc = 3.0 metres, LJr = 
39.0- 39.1), one frame aspect ratio (s/h = 1.5, r= 1.78- 2.03), three load cases (PIH = 
100, 15, and 3), and two section slendernesses ("i" and "r2" sections) were 
considered. The configuration of the benchmark series 5 frames was the same as 
series 2 (see Figure 4.3-16). The section properties of the column members are 
provided in Tables 4.3-15 and 4.3-16. The 310 UB 32.0 (major axis bending) was 
used as the beam base section (refer to Tables 4.3-4 and 4.3-5). 
Table 4.3-15 Section dimensions and properties (series 5) 
Section d ht It lw Ag I s r 
(mm) (mm) (mm) (mm) (mm2) (mm4) (mm3) (mm) 
310 UCi 96.8 308 305 15.4 9.9 12291 7.285E+07 7.235E+05 77.0 
310 UCr2 96.8 306 305 13.4 8.9 10778 6.338E+07 6.291E+05 76.7 
Table 4.3-16 Effective section properties and capacities (series 5) 
Section Oj Compact- Zey ZJS kt N, Ms 
(MPa) ness (mm3) (kN) (kNm) 
310 UCi 96.8 300 N 6.995E+05 0.967 1.000 3687.2 209.9 
310 UCr2 96.8 400 N 5.885E+05 0.935 0.993 4281.9 235.4 
A summary of the ultimate vertical loads (P u) for benchmark series 5 is provided in 
Table 4.3-17. The ultimate horizontal loads can be obtained by dividing the ultimate 
vertical loads by the appropriate P/H ratios. The vertical and sway load-deflection 
results for each benchmark series 5 analysis are tabulated in Appendix A5. 
Table 4.3-17 Summary of benchmark series 5 analytical results 
Benchmark Pu (kN) 
frame PIH=3 PIH= 15 PIH= 100 
bm5-11X1 263 854 1523 
bm5-11X3 248 794 1421 
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4.4 Summary 
A distributed plasticity model suitable for advanced analysis of steel frames 
comprising non-compact sections has been presented in this chapter. The analytical 
solutions of three test frames comprising members of non-compact cross-section have 
been verified by comparison with large scale experimental results. The model has 
also been validated by comparison with existing benchmark solutions for frames 
comprising members of compact cross-section. The model accurately predicts the 
ultimate load and traces the load-deflection characteristics of both the experimental 
and analytical benchmark frames. The model appears to be sufficiently accurate for 
the development of benchmark solutions for frames comprising members of non-
compact cross-section subject to local buckling effects. The analytical solutions of a 
comprehensive series of 129 benchmark frames comprising non-compact !-sections 
have been provided. These benchmark solutions will be used to assist in the 
development and validation of a simplified concentrated plasticity model which will 
account for the effects of local buckling and be suitable for practical design of steel 
frame structures comprising members of non-compact cross-section. 
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Chapter 5. Concentrated Plasticity 
Refined Plastic Hinge Analysis 
A distributed plasticity model suitable for advanced analysis of steel frame structures comprising non-compact sections was presented in Chapter 4. Although this model was shown to accurately predict the structural response, 
it is not practical for general design use due to the computational resources required. 
A primary research objective was therefore to develop a simpler method of analysis 
that adequately captures the non-linear behaviour of steel frame structures comprising 
non-compact sections. This simplified method of analysis must therefore be able to 
adequately represent the effects of local buckling in addition to the other significant 
factors such as material yielding, second-order instability, residual stresses, and 
geometric imperfections. 
All factors relevant to compact sections not subject to local buckling have been 
investigated by a number of other researchers who have developed concentrated 
plasticity advanced analysis formulations for steel frame structures comprising only 
compact sections. Five of the most significant such formulations are: the refined 
plastic hinge method (Liew, 1992), the notional load plastic hinge method (Liew et 
al., 1994), the hardening plastic hinge method (King and Chen, 1994), the quasi 
plastic hinge approach (Attalla et al., 1994), and the springs in series method (Yau 
and Chan, 1994). A summary and evaluation of each method is presented in Section 
2.1.2. 
Comparison of the various techniques lead to the conclusion that the refined plastic 
hinge method best lends itself to the modifications required to account for the effects 
of local buckling. These effects can be considered as three distinct phenomena: 
1. Reduction in the axial compression force and bending moment section capacities 
due to stresses caused by local buckling. 
2. Additional gradual reduction in cross-sectional stiffness due to local buckling 
deformations and associated yielding. 
3. Softening of plastic hinges due to the progression of local buckling. 
The formulation of a frame element force-displacement relationship suitable for the 
advanced analysis of steel frames comprising non-compact sections is presented in 
Section 5.1. The formulation is based on the refined plastic hinge method, with the 
reduction in section capacity, gradual stiffness reduction, and hinge softening caused 
by local buckling implicitly accounted for by the application of simple equations. The 
procedure used for the assembly and solution of the structure force-displacement 
relationship is described in Section 5.2. The sensitivity of the model's parameters is 
investigated in Section 5.3. The concentrated plasticity model was verified by 
comparison with the analytical benchmarks provided in Section 4.3. These 
comparisons are presented and discussed in Section 5.4. 
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5.1 Formulation of the frame element force-displacement 
relationship 
Structural analysis requires the determination of unknown forces and displacements. 
Using the equations of equilibrium and laws of compatibility, it is possible to develop 
a force-displacement relationship relating the forces to the displacements. The aim of 
this section is to demonstrate the derivation of the incremental force-displacement 
relationship (consisting of a set of linear equations) for a structural element suitable 
for advanced analysis of steel frames comprising members of non-compact cross-
section. Due to the nature of structural analysis, unknown forces correspond to 
known displacements and unknown displacements correspond to known forces. The 
number of unknowns contained in the force-displacement relationship will therefore 
be equal to the number of available equations, and a solution can be obtained. 
The force-displacement relationship for a structural element subject to static loading 
is always of the form: 
f = kd+f' (5.1-1) 
It is convenient to derive the force-displacement relationship of a beam-column 
element using a local co-rotational co-ordinate system (see Figure 5.1-1). The local x 
axis corresponds to the chord connecting end A to end B. The local y axis is 
perpendicular to the local x axis in the plane of bending. The local z axis is 
perpendicular to the plane of bending, forming a right hand co-ordinate system with 
the local x andy axes. 
Figure 5.1-1 Beam-column element, showing local degrees of freedom 
The vector d (Equation 5.1-1) contains the displacements corresponding to the 
independent degrees of freedom of the element. A typical beam-column element has 
three independent degrees of freedom in the local co-rotational co-ordinate system: 
rotation at end A (8A), rotation at end B (8B), and axial displacement (u). The local 
displacement vector (d1) is therefore given by: 
(5.1-2) 
The vector f (Equation 5.1-1) represents the element forces corresponding to the 
degrees of freedom of the element. The element force vector of a typical beam-
column element is comprised of the bending moment at end A (MA), the bending 
moment at end B (MB), and the axial force (P). The shear forces are not included as 
they can be calculated by moment equilibrium and therefore do not correspond to 
independent degrees of freedom in the local co-rotational coordinate system. 
The local element force vector (fJ) is therefore given by: 
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(5.1-3) 
The matrix k (Equation 5.1-1) is known as the stiffness matrix. The kd term in 
Equation 5.1-1 represents the forces induced by displacement corresponding to the 
element degrees of freedom. The element stiffness matrix will always be square. 
That is, the number of rows will be equal to the number of columns, which in turn 
will be equal to the number of element degrees of freedom. The stiffness matrix of a 
beam-column element in the local co-ordinate system (kJ) will be always of the form: 
k~J (5.1-4) 
The vector f' (Equation 5.1-1) represents the element forces not due to displacements 
corresponding to the element degrees of freedom. This vector may contain fixed-end 
forces (fr) required to balance distributed loads acting on the element and concentrated 
loads not acting at the element nodes, or pseudo-forces (fp) occurring as a result of 
plastic hinge formation. The formulation described in this section will consider only 
concentrated loads acting at element nodes. The vector of fixed-end forces is 
therefore eliminated from the element force-displacement relationship. 
The force-displacement relationship for a beam-column element with no plastic 
hinges expressed in terms of a local co-rotational co-ordinate system is therefore: 
(5.1-5) 
Korn and Galambos ( 1968) showed that the effects of curvature shortening are 
negligible in a second-order inelastic analysis. The flexural and axial force-
displacement relationships are therefore independent, hence the zero te1ms in the 
stiffness matrix. 
With appropriate stiffness coefficients, this relationship can be applied to calculate 
either incremental or total forces and displacements. For non-linear analysis, the 
stiffness matrix is a function of the total forces and/or displacements. The forces must 
therefore be applied incrementally, with the appropriate tangent stiffness matrix 
calculated for each increment. The objective of this section is to establish procedures 
suitable for the determination of the tangent stiffness matrix of a beam-column 
element to be used for the advanced analysis of laterally restrained two dimensional 
steel frame structures comprising non-compact sections with rigid member 
connections and fixed or pinned supports. For classification as advanced analysis, the 
tangent stiffness matrix must account for all factors that may significantly influence 
the behaviour of a structure, including: 
• second-order (instability) effects, 
• material properties (elastic stiffness, yield stress and post-yield behaviour), 
• residual stresses, 
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• geometric imperfections (member out-of-straightness, member out-of-plumbness, 
and local imperfections), and 
• local buckling. 
The effects of each of these factors on the tangent stiffness of a beam-column element 
are considered in Sections 5.1.1 to 5.1.4. The tangent stiffness formulation is based 
on the refined plastic hinge method (Liew, 1992) and includes modifications to 
account for the effects of local buckling. The use of the stability functions to account 
for second-order instability effects is described in Section 5.1.1. The techniques used 
to determine the section capacity and account for the gradual stiffness reduction due 
to spread of plasticity (including residual stresses, initial geometric imperfections, and 
local buckling) are presented in Sections 5.1.2 and 5.1.3, respectively. Section 5.1.4 
deals with the effects of hinge softening. 
5.1.1 Second-order effects 
Unlike first-order analysis, the formulation of second-order analysis (otherwise 
known as geometric non-linear analysis) is based on the deformed configuration of 
the structure, and incorporates both member chord rotation (P-.1) and member 
curvature (P-8) second-order effects (see Figure 5.1-2). The P-8 phenomena 
represents the effects of axial compression forces acting through displacements 
associated with member curvature, while the P-.1 effect represents the influence of the 
axial compression forces acting through the member displacements from their rotated 
chord. Accurate determination of second-order effects is an essential feature of any 
advanced analysis formulation attempting to predict instability failure. 
deformed position 
undeformed position 
............................. /rotated chord 
······························ 
Figure 5.1-2 Sway member illustrating displacements associated with chord-rotation 
(,1) and curvature ( 8) 
Chen and Lui (1987) demonstrate that by application of the slope-deflection equations 
that the second-order elastic incremental force-displacement relationship for an 
elastic beam-column element in the local co-rotational co-ordinate system with no 
plastic hinges could be expressed as: 
MA sl Sz 0 eA 
MB EI 0 eB (5.1-6) s2 sl 
L 
p 0 0 A/I u 
The exact expressions for the stability functions (sJ. s2) based on the closed form 
solution of the differential equations describing a beam-column element are given in 
Equation 5.1-7. 
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for P < 0 (compression member): 
kLsinkL-(kL) 2 coskL 
s1 = ; 
(kL) 2 - kLsin kL 
s2 = --------
2 2coskL-kLsinkL 2 2coskL-kLsinkL 
for P > 0 (tension member): 
(5.1-7) 
- kLsinh kL+ (kL) 2 coshkL 
s = . 
1 ' 
- (kL) 2 + kLsinh kL 
s2 =--~~~-----
2- 2 cosh kL + kL sinh kL 2- 2 cosh kL + kL sinh kL 
for P=O: 
s1 = 4.0; s2 = 2.0 
where: 
11 
EI 
(5.1-8) 
The refined plastic hinge method is implemented using the simplified expressions for 
the stability functions (s1, s2) first proposed by Lui and Chen (1986): 
where: 
2n 2 p 
s =4+--1 
15 
(0.01p + 0.543)p 2 (0.004p + 0.285)p 2 
~~~--~-+~-~--~~ 
4+p 8.183+p 
s = 2 - n
2 p + (0.01p+0.543)p 2 _ (0.004p+0.285)p 2 
2 
30 4+ p 8.183+ p 
P PL2 
p = Pe = n 2El 
(5.1-9) 
(5.1-10) 
Note that an axial tension force is taken as positive in Equation 5.1-10. Equation 5.1-
9 is accurate within the limits of p = ± 1. When the axial force is outside of these 
limits, Liew (1992) recommends that the exact stability function expressions should 
be used (Equation 5.1-7). The simplified expressions are used in preference to the 
exact equations for two reasons: 
• The simplified functions are continuous within the limits of kL = ± 2n, while three 
separate exact function pairs are required for axial compression, axial tension and 
zero axial force. 
• Numerical evaluation of the simplified expressions is less computationally 
intensive than the exact equations due to the elimination of the trigonometric 
functions. 
A comparison of the exact and simplified stability functions is illustrated in Figure 
5.1-3. This comparison verifies the accuracy of the simplified stability function 
expressions within the specified limits. 
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12 
--e- s2 (exact) 
--6- s2 (simplified) 
-4 --+- s1 (exact) 
-e-s1 (simplified) 
Figure 5.1-3 Stability functions 
The stability functions are used to model second-order instability effects in the refined 
plastic hinge method's incremental force-displacement relationship. As these 
functions are obtained from the second-order differential equation describing the 
behaviour of an elastic beam-column, they do not accurately represent the inelastic 
second-order effects. Inelastic second-order effects (including those associated with 
local buckling) are approximately accounted for in the refined plastic hinge method 
by the tangent modulus and flexural stiffness reduction factor, which are based on 
column member capacity curves and therefore include second-order effects. The 
tangent modulus and flexural stiffness reduction factor are described in Section 5.1.3. 
5.1.2 Section capacity 
Concentrated plasticity methods of analysis (such as the refined plastic hinge method) 
account for material yielding by the insertion of zero-length plastic hinges at the 
element ends. If the state of forces at any cross-section equals or exceeds its section 
capacity, a plastic hinge is formed and slope continuity at that location is destroyed. 
The force-displacement relationship of the element containing the plastic hinge must 
therefore be modified to reflect the change in element behaviour. The modified 
incremental force-displacement relationship of a beam-column element with a plastic 
hinge at end A can be expressed as: 
MA 0 0 0 8A 1 
MB EI 0 (s1- s; )/s1 0 8B + s2/ si MscA (5.1.11) 
L 
p 0 0 A/I u 0 
A similar relationship can be obtained for an element with a plastic hinge at end B: 
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MA (s1 - s; )/ S 1 0 0 eA s2/ si 
MB 
EI 0 0 0 eB + 1 MscB (5.1-12) 
L 
p 0 0 A/I u 0 
If plastic hinges form at both ends of the element, the modified incremental force-
displacement relationship can be expressed as: 
MA 0 0 0 (}A MscA 
MB 
EI 0 0 0 (}B MscB (5.1-13) + 
L 
p 0 0 A/I u 0 
Note that the rotation corresponding to the location of the plastic hinge has been 
effectively removed from the relationship, and replaced with the change in moment at 
the plastic hinge ( M sc ). This value is a function of the increment in axial force ( P ), 
and can be obtained from the equations defining the section capacity. The pseudo-
force terms (containing M seA and M scB) therefore allow inelastic force redistribution 
to be accurately represented without violation of the section capacity requirements. 
The original refined plastic hinge analysis (Liew, 1992) employs the AISC LRFD 
(1995) bi-linear interaction equations to define the cross-section plastic strength of 
members subjected to either major axis or minor axis bending. Note that the term 
plastic strength is used to refer to the maximum section capacity, ignoring the 
possible reduction in capacity due to local buckling. The following equations are a 
simplified form of Equation 2.3-16, with the effective length taken as zero for 
compression and bending: 
8 
Pps +-mps = 1 
9 
1 
-pps +mps =1 
2 
2 for pfm'?:.-
9 
2 for pjm<-
9 
(5.1-14) 
Equation 5.1-14 is reasonably accurate for compact !-sections subject to major axis 
bending, and is conservative for minor axis bending. However, it is not an 
appropriate definition of the section capacity for non-compact sections subject to local 
buckling effects. The stresses associated with the local buckling deformations that 
occur in non-compact sections reduce the capacity of the section to resist an applied 
axial compression force and bending moment. 
The effects of local buckling can be accounted for by using the section capacity 
equations and provisions for local buckling provided in either the AISC LRFD or the 
AS41 00 specifications. Both approaches will be considered and compared in this 
section. To avoid confusion, the AS4100 notation (SAA, 1990) will be used for both 
the AISC LRFD and AS41 00 equations. 
AS41 00 section capacity: 
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The AS4100 section capacity is presented in Section 2.3.1. The axial compression 
and bending moment section capacities (Ns, Ms) are determined using the effective 
area concept which was described and discussed in Section 2.2.2. The limiting 
slenderness ratios provided in AS4100 (Tables 5.2 and 6.2.4) were established from 
lower bound fits to the experimental local buckling resistances of plate elements in 
uniform compression. The effects of local buckling are accounted for by the use of 
the form factor (k1), normalised effective section modulus (Z/S), and web slenderness 
ratio (Aw). Equation 2.3-10 can be expressed in the same form as the AISC LRFD 
equations (5.1-14): 
(5.1-15) 
where: 
( 
82-A l C1 = 1 + 0.18 w ~ 1.18; 
82-A 
wy 
(5.1-16) 
The form factor (k1) represents the reduction in pure axial compression section 
capacity, and is defined in Clause 6.2 (SAA, 1990) as: 
k - Ae f-
Ag 
(5.1-17) 
The ratio of the effective section modulus to plastic section modulus (Z/S) represents 
the reduction in pure bending moment capacity, and can be obtained from Clause 5.2 
(SAA, 1990): 
As ~ Asp : Z e/ S = 1 
Asp< As~ Asy: ZjS = ZjS +(1-Z/S)[ Asy -As ~ 
Asy -Asp j 
J.,>J., z,(s~z(s(:~ J 
(5.1-18) 
Equation 5.1-15 is appropriate for either compact or non-compact sections subject to 
combined axial compression and major axis bending. It may conservatively be used 
for minor axis bending if c1 is taken as one, in which case Equation 5.1-15 reduces to 
a simple linear interaction equation. 
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AISC LRFD section capacity: 
The AISC LRFD section capacity is presented in Section 2.3.2. Equation 5.1-15 can 
also be used to define the AISC LRFD section capacity equations, with the parameters 
CJ. c2, c3, kt and Z/S derived from the provisions for local buckling provided in 
Chapter B5, Appendix B5, and Appendix F1 (AISC, 1995). 
0.5; 2 kf cJ =--- (5.1-19) 
9 Ze/S 
where: 
k = Q · Z jS = M jM f ' e n p (5.1-20) 
The AISC LRFD form factor (Q) and nominal flexural strength (Mn) are defined in 
Section 2.3.2. 
A comparison of the AISC LRFD and AS4100 section capacity equations for compact 
sections is provided in Figure 5.1-4. The influence of section slenderness on the 
AS4100 section capacity of non-compact sections is illustrated in Figure 5.1-5. 
p 
0 0.2 0.4 0.6 0.8 
m 
Figure 5.1-4 Comparison of the AISC LRFD and AS41 00 section capacity equations 
for compact sections 
Figure 5.1-5 illustrates the reduction in section capacity due to local buckling of non-
compact sections, as predicted by the AS4100 section capacity equations (5.1-15 and 
5.1-16). The AISC LRFD equations (5.1-15 and 5.1-19) also provide a similar 
section capacity reduction. Application of these equations ensures that the force state 
corresponding to plastic hinge formation in non-compact sections is accurately 
modelled in the refined plastic hinge analysis. 
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Figure 5.1-5 Comparison of AS4100 section capacity equations for compact and non-
compact sections with varying slenderness 
5.1.3 Gradual yielding and distributed plasticity 
Gradual yielding, distributed plasticity and the associated instability effects cannot be 
accurately represented by elastic-plastic hinge methods in which members are 
assumed to be fully elastic prior to the formation of the plastic hinges and 
subsequently remain fully elastic between hinge locations. Two functions are used in 
the refined plastic hinge formulation to account for gradual yielding, distributed 
plasticity and the associated instability effects: the tangent modulus (E1) and the 
flexural stiffness reduction factor ( l/J). These functions represent the distributed 
plasticity along the length of the member due to axial force effects and the distributed 
plasticity effects associated with flexure, respectively. In the original refined plastic 
hinge formulation, these functions accounted for residual stresses, initial geometric 
imperfections, and inelastic second-order effects. If appropriate new functions are 
selected the tangent modulus and stiffness reduction factor can also be used to 
implicitly account for the additional gradual yielding and spread of plasticity effects 
associated with local buckling in non-compact sections. 
Tangent modulus. 
The elastic modulus is replaced with a tangent modulus (E1) to represent the 
distributed plasticity along the length of the member due to axial force effects. The 
member inelastic stiffness, represented by the axial rigidity (ErA) and the bending 
rigidity (Erf), is assumed to be a function of the axial force only. The values ErA and 
E11 represent the properties of an effective core of the section. The tangent modulus 
can be evaluated from column member capacity curve specification equations and 
therefore implicitly includes the effects of residual stresses, initial geometric 
imperfections, and inelastic second-order effects. 
Figure 5.1-6 illustrates the procedure used to evaluate the tangent modulus using a 
member capacity column curve. This procedure relies on the assumption that the 
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tangent modulus of a compression member with a particular non-dimensional axial 
load (p) and slenderness (An) can be approximated by the tangent modulus of an 
"equivalent stiffness" compression member with a member capacity equal to the axial 
load (p). This assumption is only strictly valid for the limiting (and therefore most 
significant) case given by An = A.'n· The procedure used to evaluate the tangent 
modulus is described below: 
1. The "equivalent stiffness" capacity of a member with a particular slenderness (An) 
and applied non-dimensional axial force (p) is obtained by extrapolating line EB 
to the intersection with the column curve at C. 
2. The slenderness corresponding to point C (A..'n) and the non-dimensional Euler 
buckling load corresponding to this slenderness (p'e) are given by the axis 
intercepts D and F. 
3. The non-dimensional tangent modulus (e1 = EIE) is defined as the ratio p/p'e and 
is conveniently independent of the actual member slenderness (An). 
~Euler elastic buckling curve 
Compression member capacity curve 
E 
A D 
Figure 5.1-6 Tangent modulus calculation using column curve 
The original refined plastic hinge formulation (Liew, 1992) offered a choice of two 
tangent modulus functions derived from the AISC LRFD and CRC column curves for 
members with compact cross-sections (Equations 2.1-1 and 2.1-2). The tangent 
modulus is intended to implicitly account for the effects of initial geometric 
imperfections, gradual yielding associated with residual stresses, and the associated 
instability. The tangent modulus functions recommended by Liew (1992) are 
appropriate for compact hot-rolled !-sections but are not appropriate for non-compact 
sections subject to local buckling effects. The additional stresses associated with the 
local buckling deformations that occur in non-compact sections cause a reduction in 
stiffness which must be included in the tangent modulus function. 
The effects of local buckling on the tangent modulus can be accounted for by using 
the compression member capacity equations and provisions for local buckling 
provided in either the AISC LRFD or the AS4100 specifications. 
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The AS4100 (SAA, 1990) compression member capacity is defined in Section 2.3.1 
(Equation 2.3-7). This equation is based on experimental testing of a range of 
compact and non-compact sections and is appropriate for either major or minor axis 
column buckling. The equation can be used for a wide variety of common section 
types (hot-rolled !-sections, welded !-sections, rectangular hollow sections, etc.) by 
selection of the appropriate member section constant (ab), as shown in Tables 2.3-1 
and 2.3-2. The effects of local buckling are accounted for by the use of the form 
factor (k1) which is used to calculate the section capacity (N8 ), member slenderness 
ratio (An), and member section constant ( ab). 
The AISC LRFD compression member capacity for sections subject to local buckling 
is defined in Section 2.3.2 (Equation 2.3-14). A comparison of the CRC, AISC 
LRFD, and AS4100 compression member capacity curves for compact hot-rolled!-
sections (i.e., ab = 0) is provided in Figure 5.1-7. 
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Figure 5.1-7 Comparison of CRC, AISC LRFD, and AS4100 compression member 
capacity curves for compact hot-rolled !-sections 
Figure 5.1-7 indicates that the AS41 00 column member capacity equation is more 
conservative than the CRC and AISC LRFD equations for columns with intermediate 
and low slenderness. This can be attributed to the different methods used to derive 
the equations: the AS4100 equation was obtained by lower-bound curve fitting of 
experimental test results, while the AISC LRFD and CRC equations were derived 
from numerical and theoretical models. Furthermore, the CRC equation does not 
include the effects of initial geometric imperfections and therefore predicts higher 
capacities than the other equations. 
The effect of section type on the AS41 00 compression member capacity of compact 
sections is illustrated in Figure 5.1-8. This figure indicates that the effect of the 
different residual compressive stresses induced during manufacture or fabrication of 
various section types can be accounted for in the AS41 00 compression member 
capacity equation by the use of appropriate member section constants ( ab). Higher 
member capacities are predicted for sections with low residual compressive stresses 
such as stress-relieved compact rectangular hollow sections (ab = -1) than for sections 
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with high residual compressive stresses such as welded !-sections (ab = 0.5). The 
difference is particularly significant for columns with intermediate slenderness. The 
effects of local buckling are also partially accounted for by the use of a greater 
member section constant when k1 < 1 for certain section types. 
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Figure 5.1-8 Comparison of AS4100 compression member capacity curves for 
various types of compact sections 
The influence of section slenderness on the compression member capacity for 
compact and non -compact I -sections is illustrated in Figure 5.1-9. This figure 
illustrates the reduction in compression member capacity due to local buckling of 
non-compact sections, as predicted by the AS4100 equation for ab = 0. 
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Figure 5.1-9 Comparison of AS4100 compression member capacity curves for non-
compact sections with varying section slendernesses ( ab = 0) 
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Application of the AS41 00 compression member capacity equations ensures that the 
tangent modulus function can allow for the additional stiffness reduction caused by 
local buckling of non-compact sections in the refined plastic hinge analysis. The 
equations can be used for a variety of different section types including hot-rolled !-
sections, welded !-sections, and cold-formed rectangular hollow sections. 
AS4100 tangent modulus: 
As the AS4100 compression member capacity is presented as a complex set of 
equations (2.3-7 to 2.3-9), a simple equation (similar to the AISC LRFD and CRC 
equations) expressing the tangent modulus as a function of the non-dimensional axial 
force could not be derived. The tangent modulus based on the AS4100 column 
capacity equations was therefore calculated using the following procedure: 
1. For a given non-dimensional axial force (p), obtain the "equivalent stiffness" 
member slenderness reduction factor (ric) using Equation 5.1-21. 
a' =..!!_ 
c k 
f 
(5.1-21) 
2. Calculate the corresponding slenderness ratio (IL') using Equation 5.1-22, which 
was derived by combining Equations 2.3-7, 2.3-S(a), and 2.3-8(c), and then 
solving for /L. 
(5.1-22) 
3. Calculate the corresponding modified slenderness ratio (IL'n) using Equation 5.1-
23, which was obtained by combining Equations 5.1-22, 2.3-8(b), and 2.3-9(c), 
and then solving for .An. Note that the modified slenderness ratio (IL'n) is equal to 
the slenderness ratio (IL') for all hot-rolled !-sections and some welded sections (ab 
= 0). Equations 5.1-23 to 5.1-26 are therefore not required for these sections. 
where: 
27 
a0 = -28350ab - 2050/L'; a1 = 2050 + 2100ab + 15.3/L'; 
a 2 = -15.3 -It' 
(5.1-23) 
(5.1-24) 
(5.1-25) 
(5.1-26) 
4. Using Equation 5.1-27, calculate the non-dimensional Euler buckling load (p'e) 
corresponding to the modified slenderness ratio determined from the previous 
step. 
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(5.1-27) 
5. Determine the tangent modulus for the given non-dimensional axial force using 
Equation 5.1-28. 
e =_!!_ 
t I 
Pe 
(5.1-28) 
6. Check the limiting values of the tangent modulus using Equations 5.1-29 and 5.1-
30. 
e1 = 0 for a'c = 1, A-'< 13.5 (5.1-29) 
(5.1-30) 
AISC LRFD tangent modulus: 
Due to the relative simplicity of the AISC LRFD compression member capacity 
equation (2.3-14), a simple equation can be derived to express the tangent modulus as 
a function of the normalised axial force and the form factor. 
(5.1-31) 
These equations provide an alternative to the AS4100 tangent modulus for the refined 
plastic hinge analysis of steel frames comprising members with either compact or 
non-compact cross-sections. For sections which are compact for pure axial 
compression (i.e., k1 = 1), Equation 5.1-31 reduces to the equation used by Liew 
(1992) for the original refined plastic hinge analysis (Equation 2.1-1). 
A comparison of the reduced CRC, AISC LRFD, and AS4100 tangent modulus 
functions for compact !-sections is provided in Figure 5.1-10. This figure indicates 
that the tangent modulus predicted by the AS4100 equation is more conservative than 
the corresponding reduced CRC and AISC LRFD equations for higher axial forces (p 
> 0.2), but less conservative for lower axial forces (p < 0.2). This can be attributed to 
the different methods used to derive the compression member capacity equations 
discussed previously. 
The effect of section type on the AS41 00 tangent modulus function for compact 
sections is illustrated in Figure 5.1-11. This figure indicates that the effect of the 
different residual compressive stresses induced during manufacture or fabrication of 
various section types can be accounted for by the tangent modulus function based on 
the AS4100 compression member capacity equation. The stiffness reduction is more 
gradual for sections with low residual compressive stresses such as stress-relieved 
compact rectangular hollow sections ( ab = -1) and significant! y greater for sections 
with high residual compressive stresses such as welded !-sections with flange 
thickness over 40 mm ( ab = 1 ). The additional stiffness reduction due to local 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 131 
buckling can also be partially accounted for by the use of a greater member section 
constant when k1 < 1 for certain section types. 
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Figure 5.1-10 Comparison of CRC, AISC LRFD, and AS4100 tangent modulus 
functions for compact hot-rolled !-sections 
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Figure 5.1-11 Comparison of AS4100 tangent modulus functions for different section 
types 
The influence of section slenderness on the AS41 00 tangent modulus function for a 
hot-rolled !-section is illustrated in Figure 5.1-12. This figure indicates that the 
increased rate of stiffness reduction due to local buckling of non-compact sections is 
represented by the tangent modulus function based on the AS41 00 compression 
member capacity equation. The stiffness reduction due to local buckling becomes 
increasingly significant as the non-dimensional axial load increases. 
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Figure 5.1-12 Comparison of AS4100 tangent modulus functions for non-compact!-
sections with varying section slendemesses 
Flexural stiffness reduction factor. 
Distributed plasticity effects associated with flexure are represented by introducing a 
gradual degradation in stiffness as yielding progresses and the section capacity at one 
or both ends is approached. The member stiffness gradually degrades according to a 
prescribed function after the element end forces exceed a predefined initial yield 
function from the elastic stiffness to the stiffness associated with the formation of 
plastic hinges at one or both ends. 
To represent this gradual transition for the formation of a plastic hinge at each end of 
an initially elastic beam-column element, Liew (1992) described the refined plastic 
hinge element incremental force-displacement relationship during the transition using 
a stiffness reduction factor ( l/J): 
~+'- :: (H,)l l/J Al/JBS2 0 MA eA 
MB EJ l/JAss2 ~.[s, -:: (!-¢,)] 0 eB +flp (5.1-32) 
L 
p 0 0 A/I u 
where: 
f Ip = local element incremental pseudo-force vector, which accounts for the 
change in moment corresponding to a change in axial force at plastic hinge 
locations. 
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The stiffness reduction parameter ( ¢) is equal to unity when the element end 
(referenced by the subscript) is elastic, and zero when a plastic hinge has formed. The 
gradual stiffness reduction is only associated with the flexural stiffness, and does not 
influence the axial stiffness. It can be seen that: 
• When ¢A = ¢8 = 1, both ends are fully elastic. Equation 5.1-32 reduces to the 
incremental form of the second-order elastic force-displacement relationship 
(Equation 5.1-6). All pseudo-force vector components are zero. 
• When ¢A= 1 and 1 > ¢8 > 0, Equation 5.1-32 represents the state at which end A is 
elastic and end B is partially yielded. All pseudo-force vector components are 
zero. 
• When ¢8 = 1 and 1 >¢A> 0, Equation 5.1-32 represents the state at which end B is 
elastic and end A is partially yielded. All pseudo-force vector components are 
zero. 
• When 1 >¢A> 0 and 1 > ¢8 > 0, Equation 5.1-32 accounts for partial plastification 
at both ends of the element. All pseudo-force vector components are zero. 
• When ¢A = 0 and ¢8 > 0, Equation 5.1-32 accounts for the formation of a plastic 
hinge at end A, while end B is still elastic (¢8 = 1) or partially yielded (1 > ¢8 > 0). 
The pseudo-force vector (Liew, 1992) is given by: 
MscA 
(5.1-33) 
• When ¢8 = 0 and ¢A> 0, Equation 5.1-32 accounts for the formation of a plastic 
hinge at end B, while end A is still elastic (¢A= 1) or partially yielded (1 >¢A> 0). 
The pseudo-force vector is given by: 
¢As 2M scB 
MscB (5.1-34) 
0 
• When ¢A = ¢8 = 1, plastic hinges have formed at both ends of the element. The 
pseudo-force vector is given by: 
MscA 
flp = MscB (5.1-35) 
0 
Liew (1992) considered several alternative functions to calculate the stiffness 
reduction factor for the original refined plastic hinge formulation. The most 
appropriate function (Equation 2.1-4) was established by comparison with plastic 
zone analytical benchmarks provided by Kanchanalai (1977). The flexural stiffness 
reduction parameter ( ¢) was assumed to be a function of the combined axial force and 
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bending moment (represented by the force state parameter a), and decline according 
to a prescribed parabolic function following the initial yield. 
The flexural stiffness reduction function (Equation 2.1-4) used in the original refined 
plastic hinge model (Liew, 1992) was only intended for compact sections. It was 
necessary to modify this function to account for the effects of local buckling on the 
flexural stiffness reduction of non-compact sections. The following generalised 
function is therefore proposed: 
</J = 1 for a ~ aiy 
afa -a) 
A> = ~ sc for a >a >a. 
'I' { ) sc - ty 
aiy \asc -aiy 
(5.1-36) 
The symbol a represents a force-state parameter that measures the magnitude of the 
axial force and bending moment at the element end, normalised with respect to the 
plastic strength. Note that the initial yield surface is denoted by a= aiy, the section 
capacity by a = asc. and the plastic strength surface by a = 1. The section capacity 
and plastic strength are identical for compact sections (i.e., asc = 1). For non-compact 
sections, asc represents the reduction in section capacity due to local buckling. Note 
that Equation 5.1-36 reduces to the original form (Equation 2.1-4) when asc = 1 (i.e., 
for compact sections) and aiy = 0.5. 
The expressions for the force state parameter (a) based on the AS4100 and AISC 
LRFD section capacity equations are defined in Equations 5.1-37 and 5.1-38. 
where: 
1 
a= p+-m for pjm ~ c'3 
c'1 (5.1-37) 
a=c'2p+m forp/m<c'3 
AS4100: c'1 = 1.18; c'2 = 0; c'3 = 0.153 
9 AISCLRFD: c'1 =-; c' 2 = 0.5; 
8 
I 2 
c --3-
9 
(5.1-38) 
The force state parameter corresponding to the section capacity (denoted by asc) can 
also be calculated using the AS4100 or AISC LRFD section capacity equations: 
k1 c1 (c' 1 pjm+1) 
asc = for pjm ~ c'3 
c'l (cl pjm+kf s;zJ 
k1 c1 (c' 2 pjm+1) 
asc = for c'3 > pjm ~ c3 (5.1-39) 
C1 pjm+k1 S/Ze 
k 1 (c' 2 pjm+1) 
asc = for pjm < c3 
C2 pjm+k1 S/Ze 
The force state parameter corresponding to initial yield (denoted by CXiy) can simply be 
taken as 0.5 (as for the original refined plastic hinge model) and assumed to be 
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independent of the section slenderness. Equation 5.1-36 is graphically presented in 
Figure 5.1-13 for <Xiy = 0.5 and various section slendernesses. 
Figure 5.1-13 demonstrates that the increased rate of flexural stiffness reduction due 
to local buckling of non-compact sections can be accounted for by the generalised 
form of the parabolic flexural stiffness reduction function (Equation 5.1-36) if the 
AS4100 or AISC LRFD section capacity equations for non-compact sections are used 
to determine the magnitude of the force state parameters (Equations 5.1-37 to 5.1-39). 
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Figure 5.1-13 Flexural stiffness reduction factor equations showing the effect of 
section slenderness for aiy = 0.5 
The initial yield force state parameter ( <Xiy) can be more accurately established by 
considering the maximum residual stresses for a particular section. The non-
dimensional axial force and bending moment corresponding to initial yield can be 
defined as a linear interaction equation: 
(5.1-40) 
The force state parameter corresponding to initial yield (denoted by aiy) can be 
determined from the initial yield interaction equation (5.1-40): 
al.y -- (1--0'' J(pjm+ ljc'J) 
CJ y (pjm + S/Z) 
for pjm"?_c'3 
aiy (1 !!.z:..J(c'2 p/m+1) forpjm<c' 3 
CJ y (pjm + S/Z) 
(5.1-41) 
A typical initial yield interaction equation for a hot-rolled universal beam !-section 
(CJ/O'y = 0.3, Ze/S = 0.90) is illustrated in Figure 5.1-14. The simplified initial yield 
equation (<Xiy = 0.5) is also shown. 
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Figure 5.1-14 Initial yield curves for a typical hot-rolled !-section beam 
Flexural stiffness reduction factor equations for a typical compact ( asc = 1) hot -rolled 
universal beam !-sections (a,lay = 0.3) are illustrated in Figure 5.1-15 for both ~Y = 
0.5 and aiy calculated using Equation 5.1-41 with p = 0 (~y = 0.63) and m = 0 (aiy = 
0.7). 
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Figure 5.1-15 Flexural stiffness reduction factor equations showing the effect of 
initial yield 
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5.1.4 Hinge softening 
Following the formation of a plastic hinge a compact section can maintain an axial 
force and bending moment combination as defined by the plastic strength equations 
(a = 1) as plastic deformation increases at the hinge location until collapse of the 
structure. However, non-compact sections subject to local buckling exhibit hinge 
softening behaviour. Following the formations of a plastic hinge, a non-compact 
section can not maintain the axial force and bending moment combination as defined 
by the section capacity equations (a = asc) as plastic deformation increases at the 
hinge location. This hinge softening is due to the increasing stresses caused by 
increasing local buckling deformations, resulting in a reduction in the effective 
section core available to resist the applied axial force and bending moment. Hinge 
softening reduces ductility, and can have a moderately significant effect on the 
ultimate capacity of redundant framing systems. 
The reduction in bending moment capacity with increasing plastic rotation is 
illustrated in Figure 5.1-16. The curve labelled FEA was obtained from distributed 
plasticity finite element analysis of a stub beam-column model with a non-compact 
cross-section. 
elastic I perfectly plastic FEA (asc = 0.971) 
1.0 
softening of FEA curve 
m 
(} 
Figure 5.1-16 Moment-rotation curve illustrating hinge softening behaviour of a non-
compact section 
Hinge softening can be modelled within the established framework of the refined 
plastic hinge formulation by using negative values of the tangent modulus and the 
flexural stiffness reduction factor at the location of a plastic hinge in a non-compact 
section. Several approaches were considered to find the most appropriate function to 
define the rate of softening. Each approach was investigated by comparison with the 
analytical benchmarks presented in Section 4.3. The simple equation shown below 
(Equation 5.1-42) was found to approximately predict the rate of hinge softening in 
typical steel sections as a function of the section slenderness. This equation is based 
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on the simplifying assumption that the normalised softening modulus (es) is constant 
for a particular section, and was derived from the element moment-rotation 
relationship (Equation 5.1-32) for an element with a constant bending moment 
distribution. The derivation is provided in Appendix Fl. Equation 5.1-42 replaces 
Equation 5.1-36 after the section capacity is achieved (i.e., when a= asc) 
<f> = 1.5 ~2.25- 2e)e1 (5.1-42) 
where: 
E 
es =-8 =a -1 <0 E sc - (5.1-43) 
Figure 5.1-17 illustrates a comparison of the rate of softening predicted by Equation 
5.1-42 and a distributed plasticity shell finite element analysis of a beam-column 
subject to constant bending moment. Note that the curve labelled "PEA I Es function" 
was obtained by combining the finite element hardening curve with the constant 
softening modulus equation. 
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Figure 5.1-17 Comparison of moment-rotation curves for a non-compact !-section 
(asc = 0.971) 
Figure 5.1-17 illustrates the variation in the softening modulus with increasing plastic 
rotation predicted by the finite element analysis model. There is obviously some error 
associated with the simplifying constant softening modulus assumption. However, 
this error is relatively small and cumulatively conservative for the typical range of 
plastic rotations. 
The applicability of the flexural stiffness reduction equation for the refined plastic 
hinge analysis of steel frames comprising members with non-compact cross-sections 
exhibiting plastic hinge softening will be verified by comparison with the analytical 
benchmarks provided in Section 4.3. These comparisons are presented in Section 5.4. 
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5.2 Assembly and solution of structure force-displacement 
relationship 
The formulation of an element force-displacement relationship for refined plastic 
hinge analysis including the effects of local buckling of non-compact sections was 
presented in Section 5.1. The element relationships obtained using this formulation 
can be transformed to a global Cartesian coordinate system, assembled to form the 
structure force-displacement relationship and solved for unknown forces and 
displacements using the same procedures established by Liew (1992) for his 
implementation of the original refined plastic hinge analysis of steel frame structures 
comprising only members of compact cross-section. For the sake of completeness, a 
summary of these procedures is presented in this section. Specifically, Section 5.2.1 
summarises the coordinate transformation procedure, while Section 5.2.2 describes 
the recommended linear incremental solution method. 
5.2.1 Coordinate transformation 
For computational purposes, it is necessary to express the incremental element force-
displacement relationship with respect to a global Cartesian coordinate system. If dg 
is defined as the vector of global translational and rotational degrees of freedom, it 
can be shown that the local displacements are related to the global displacements by 
the following equations: 
ly 
+d -d J e - e + d + t -1 o g5 g2 
A - o 8 3 an 
Xo+dg4 dgi 
8B =8o +dg6 +tan-I[Yo +dg5 -dg2~ 
Xo +dg4 -dgi j 
(2x0 +d84 -d8J(d 84 -d8J+(2y0 +d85 -d8z)(d85 d 82 ) 
Lt +Lo 
(5.2-1) 
By differentiation of these equations with respect to pseudo-time and application of 
the principle of virtual work, the incremental element force-displacement relationship 
expressed with respect to the global coordinate system can be derived. 
tg = kg«:'lg +fgp (5.2-2) 
where: 
kg =T;K 1Tg +MAT1 +M 8 T2 +uT3 (5.2-3) 
[ -s/£, cjL0 1 s/L0 -cjL0 ~] Tg = -s/~0 cjL0 0 sjL0 cjL0 
-s 0 c s 
(5.2-4) 
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-2sc 2 2 c -s 0 2sc s2 -c2 0 
2cs 0 s2 -c2 -2sc 0 
1 0 0 0 0 
Tt =Tz =-2 
-2sc c2 s2 0 Lo sym. 
(5.2-5) 
c2 0 
0 
s2 sc 0 -s 2 sc 0 
c2 0 sc -c2 0 
1 0 0 0 0 
T3=-
s2 0 Lo sc 
(5.2-6) 
c2 0 
0 
5.2.2 Solution method 
The linear incremental method is the simplest and most direct non-linear solution 
technique, evaluating non-linear response by employing a stepwise linear procedure. 
The load is applied in a series of small increments, and for each of these increments 
the change in deformation is determined using a linear analysis. A tangent stiffness 
matrix based on the geometry and internal forces existing at the beginning of the step 
is used to calculate the change in deformation caused by the load increment. The 
stiffness matrix remains constant throughout the step. The total displacements and 
internal forces existing at the end of any step are determined by summing the 
incremental changes in displacements and internal forces up to that point. For a finite 
increment size, this approach only approximates the non-linear structural response, as 
the equilibrium between the external applied loads and internal element forces is not 
satisfied. However, adequate accuracy can be obtained by using suitably small 
increments. 
Liew (1992) used this method to implement the original refined plastic hinge 
formulation, describing its numerical algorithm as "straightforward in concept and 
implementation, ... and exhibiting good computational efficiency especially when the 
structure is loaded into the inelastic region." The requirement to trace the sequence of 
plastic hinge formation renders iterative methods such as the Newton-Raphson 
method less numerically efficient than the linear incremental method for refined 
plastic hinge analysis. The linear incremental method was therefore implemented for 
the refined plastic hinge analysis of steel frames comprising members with non-
compact cross-sections. 
The basic algorithm for each load increment of a refined plastic hinge analysis using 
the linear incremental solution method is outlined below: 
1. Calculate the trial applied load increment equal to the total applied loads 
multiplied by an incremental load factor. 
2. Form the local tangent stiffness matrix and pseudo-force vector for each element 
using the forces and displacements evaluated during the previous load increment. 
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3. Transform the element tangent stiffness matricies and incremental pseudo-force 
vectors from local to global coordinates. 
4. Assemble the structure tangent stiffness matrix and incremental pseudo-force 
vector. If the structure tangent stiffness matrix is not positive definite (indicating 
that the structure is unstable), restart the increment with a reduced incremental 
load factor. 
5. Solve the structure force-displacement relationship for the structure global 
incremental displacements. 
6. Extract the element global incremental displacements from the structure global 
incremental displacements. 
7. Transform the element incremental displacements from global to local 
coordinates. 
8. Determine the element local incremental forces for each element using the 
appropriate element local force-displacement relationships. If the calculated 
forces indicate that new plastic hinges has formed, determine whether the force 
state parameters corresponding to the new hinge locations are within a predefined 
tolerance of the corresponding section capacity force state parameters. If this 
tolerance is exceeded, restart the increment with a reduced incremental load 
factor. The increment should also be restarted with a reduced incremental load 
factor if the incremental element local forces at any plastic hinge location are 
excessive (defined by 11¢ > 0.1). 
9. Update and store the total applied load factor, the total element local forces, the 
total structure global displacements defining the deformed geometry, and the list 
of active plastic hinges. 
Steps 1 to 9 are repeated until satisfaction of either of the following two criteria 
causes the analysis to terminate: 
1. The applied loads have been achieved. If this occurs the analysis of the structure 
must be repeated with increased applied loads in order to obtain the ultimate 
capacity of the structure. 
2. A solution cannot be achieved without exceeding a predefined maximum number 
of increments or reducing the load increment factor to less than a predefined 
minimum. If these failure criteria are appropriately defined, the applied loads at 
the final solved increment represent the ultimate capacity of the structure. 
5.3 Sensitivity of analytical model parameters 
The objective of this section is to demonstrate the influence and sensitivity of the 
various model parameters described in Section 5.1. To achieve this objective, a case 
study was undertaken involving a simple non-compact !-section beam-column model 
with fixed ends, subject to a concentric axial load (P) and a transverse point load (H) 
generating major axis bending (see Figure 5.3-1). This configuration was used as it 
provides scope for significant inelastic redistribution to occur. The non-compact 
beam-column model was analysed with two different load cases (P/H = 0.1, 1000) 
and two different member slendernesses (Lefr = 20, 120), combining to give four 
configurations for each parametric variation. This provided results for both axial and 
flexural dominant failures, and both member buckling and section yield failure 
modes. It was necessary to consider each of these cases as the sensitivity and 
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Figure 5.3-1 Beam-column model used for sensitivity analysis 
The 310 UBr2 32.0 section was used for this investigation. This section is non-
compact, with k1 = 0.802 and ZeiS = 0.887. Dimensions and section properties are 
provided in Tables 4.3-4 and 4.3-5. 
The following model parameters were investigated: 
1. the initial load increment size, 
2. the number of elements per member, 
3. the effective section properties, 
4. the section capacity interaction function, 
5. the tangent modulus, and 
6. the flexural stiffness reduction parameter (including hinge softening). 
Each of the model parameters was investigated by repeatedly analysing the four fixed 
beam-column configurations, varying only the parameter under consideration while 
keeping all other parameters fixed to the default settings. The following default 
settings were used: 
1. an initial load increment approximately equal to 1/lOOth of the ultimate load, 
2. four elements per member, 
3. the AS4100 effective section properties, 
4. the AS41 00 section capacity interaction function, 
5. the AS4100 tangent modulus, and 
6. the parabolic flexural stiffness reduction function with hinge softening. 
Note that all loads shown in Tables 5.3-1 to 5.3-7 and plotted on the vertical axes in 
Figures 5.3-2 to 5.3-8 have been normalised with respect to the ultimate loads 
obtained using the default parameters described above. Transverse deflections 
corresponding to the location and direction of the applied transverse load (H) are 
plotted on the horizontal axes in Figures 5.3-2 to 5.3-8 in millimetre units. 
5.3.1 Initial load increment size 
The initial load increment size required investigation because the linear incremental 
method was used to implement the refined plastic hinge model. The error associated 
with this method is a function of the initial load increment size, with smaller load 
increments providing more accurate results than larger load increments. However, if 
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the load increment size is excessively small, the computational efficiency of the 
analysis may be unnecessarily reduced. The sensitivity and influence of the initial 
load increment size was investigated by analysing the fixed end beam-column with 
three different initial load increment sizes of 1110th, 1/lOOth, and 1/250th of the 
ultimate load capacity. This provided a minimum of 10, 100, and 250 steps, 
respectively. The results of these analyses are summarised in Table 5.3-1 and 
illustrated in Figure 5.3-2. 
Table 5.3-1 Comparison of normalised ultimate loads, showing the influence of initial 
load increment size 
Initial load L/r=20 L/r=20 L/r= 120 L/r= 120 
increment size PIH= 1000 PIH=0.1 PIH= 1000 PIH=0.1 
lllOOth 1.000 1.000 1.000 1.000 
1!10th 1.000 1.004 1.000 1.001 
1!250th 1.000 0.999 1.002 1.000 
1 
L/r =20 
PIH =1000 
0.8 r L/r = 120 PIH = 1000 0.8 
0.6 
-10steps 0.6 -10 steps 
0.4 -100steps 0.4 -100steps 
-250steps -250steps 
0.2 0.2 
0 
0 0.05 0.1 0.15 0.2 0.2 0 50 100 150 
0.8 L/r =20 0.8 L/r = 120 
PIH =0.1 PIH =0.1 
0.6 
-10steps 0.6 -10steps 
0.4 -100steps 0.4 -100steps 
-250steps -250steps 
0.2 0.2 
0 0 
0 5 10 15 20 25 0 200 400 600 BOO 1000 
Figure 5.3-2 Load-deflection curves showing the influence of initial load increment 
size 
Table 5.3-1 and Figure 5.3-2 indicate that an initial increment size of 1/250th provides 
virtually no further accuracy compared to an initial increment size of 1/lOth. 
However, an initial increment size of only 1/lOth appears to slightly overestimate the 
stiffness of the compression dominant beam-columns (P/H = 1000) in the inelastic 
range. It is therefore recommended that the initial increment size should not be 
greater than 1/lOOth of the ultimate loads, providing a minimum of 100 load steps. 
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5.3.2 Number of elements per member 
A relatively small number of elements per member is highly desirable in order to 
realise the computational efficiency advantages that should be associated with 
concentrated plasticity methods of analysis. The sensitivity and influence of the 
number of elements per member was investigated by analysing the fixed end beam-
column with three different element mesh densities of two, four, and eight elements 
per beam member. The results of these analyses are summarised in Table 5.3-2 and 
illustrated in Figure 5.3-3. 
Table 5.3-2 Comparison of normalised ultimate loads, showing the influence of the 
number of elements per member 
Elements per 
member 
4 
2 
8 
0.8 
0.6 
0.4 
0.2 
L/r=20 L/r=20 
PIH= 1000 PIH=0.1 
1.000 
0.984 
1.005 
L/r =20 
P/H = 1000 
-4 elements 
- 2 elements 
- 8 elements 
1.000 
.1.023 
0.953 
1 
0.8 
0.6 
0.4 
0.2 
0~--~----~----.---~----~ 0 
0 0.05 0.1 0.15 0.2 0.2 0 
0.8 L/r =20 0.8 
PIH =0.1 
0.6 0.6 
-4 elements 
0.4 --2 elements 0.4 
- 8 elements 
0.2 0.2 
0 0 
0 10 20 30 40 0 
L/r= 120 
PIH= 1000 
1.000 
1.001 
0.997 
r 
50 
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L/r= 120 
PIH=0.1 
1.000 
1.023 
0.962 
L/r = 120 
P/H = 1000 
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L/r = 120 
PIH =0.1 
-4 elements 
- 2 elements 
- 8 elements 
1000 1500 
Figure 5.3-3 Load-deflection curves showing the influence of the number of elements 
per beam member 
Table 5.3-2 and Figure 5.3-3 indicate that the ultimate loads obtained using two and 
four elements per beam member differ by less than two and one percent, respectively, 
from the ultimate loads obtained using eight elements per member for the 
compression dominant load case (PIH = 1000). However, the ultimate loads obtained 
using two and four elements per member are up to seven and five percent respectively 
higher than the ultimate load obtained using eight elements per member for the 
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bending dominant load case (PIH = 0.1). These results suggest that two elements per 
member are adequate for column members and beams with negligible transverse 
loading, but a finer discretization may be required for beam members subject to 
significant transverse loading (i.e., with bending dominant behaviour). 
5.3.3 Effective section properties 
The effective section properties (k1 and Z/S) represent the reduction in the section 
capacity due to local buckling, and can be calculated by application of either the 
AS4100 or AISC LRFD design specifications for non-compact sections. Both k1 and 
Z/S are taken as unity for compact sections (i.e., the gross section properties are fully 
effective). The sensitivity and influence of the effective section properties was 
investigated by analysing the fixed end beam-column with effective section properties 
calculated by the two different specifications, and also with k1 and Z/S taken as unity. 
The results of these analyses are shown in Table 5.3-3 and illustrated in Figure 5.3-4. 
Table 5.3-3 Comparison of normalised ultimate loads, showing the influence of the 
effective section properties 
Effective section L/r=20 L/r=20 
properties PIH= 1000 PIH=0.1 
AS4100 1.000 1.000 
AISCLRFD 1.054 1.036 
gross 1.229 1.171 
1.2 
L/r =20 
P/H = 1000 
0.8 
-AS4100 
1 
0.8 r 
0.6 
0.6 
-AISCLRFD 0.4 
0.4 
--gross 
0.2 0.2 
0 0 
0 0.1 0.2 0. 0 
1.2 1.2 
L/r =20 
0.8 PIH =0.1 0.8 
0.6 -AS4100 0.6 
--AISCLRFD 
0.4 0.4 
-gross 
0.2 0.2 
0~-----r------~----~-----. 0 
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L/r= 120 
PIH= 1000 
1.000 
1.032 
1.033 
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PIH=0.1 
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-AS4100 
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1000 1500 
Figure 5.3-4 Load-deflection curves showing the influence of the effective section 
properties 
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The results shown in Table 5.3-3 and Figure 5.3-4 indicate that the AS4100 method 
for determining the effective section properties is more conservative than the AISC 
LRFD method, which produces ultimate loads ranging from 3.2 to 5.4 percent higher. 
This difference is mainly due to the fact that the AISC LRFD specification allows the 
effective section properties to be calculated as a function of the applied axial load, 
which should provide a more accurate model. The different slenderness limits used in 
the two specifications (particularly for flange bending) may also contribute to the 
observed differences. Figure 5.3-4 clearly illustrates that the refined plastic hinge 
model allows for the reduced effect of local buckling with increasing compression 
member slenderness (L/r). This is due to global member buckling occurring before 
the local buckling has progressed sufficiently to fully reduce the effective section. 
The effect of local buckling is more uniform for the bending dominant load cases 
(PIH = 0.1) as both short and slender members fail by section yield rather than 
member buckling. 
5.3.4 Section capacity interaction function 
A simple bi-linear section capacity interaction function can be obtained using either 
the AS4100 or the AISC LRFD design specifications for either compact or non-
compact sections (Equations 5.1-15, 5.1-16, and 5.1-19). The sensitivity and 
influence of the section capacity interaction function was investigated by analysing 
the fixed end beam-column with both the AS4100 and AISC LRFD functions. The 
results of these analyses are summarised in Table 5.3-4 and illustrated in Figure 5.3-5. 
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Figure 5.3-5 Load-deflection curves showing the influence of the section capacity 
interaction function 
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Table 5.3-4 Comparison of normalised ultimate loads, showing the influence of the 
section capacity interaction function 
Section capacity L/r=20 L/r=20 L/r= 120 L/r= 120 
PIH= 1000 PIH=0.1 PIH= 1000 PIH=0.1 
AS4100 1.000 1.000 1.000 1.000 
AISCLRFD 1.000 1.013 1.000 1.003 
Table 5.3-4 and Figure 5.3-5 indicate that the difference between the ultimate loads 
obtained using the AS4100 and AISC LRFD section capacity interaction function is 
negligible for all cases. 
5.3.5 Tangent modulus 
The tangent modulus, represented by Er. can be calculated using a function derived 
from either the AS4100 or AISC LRFD compression member capacity design 
specifications for either compact or non-compact sections (Equations 5.1-28 and 5.1-
31). The tangent modulus is equal to the elastic modulus (E) if the reduction in 
stiffness due to distributed longitudinal yielding and member imperfections is not 
considered. The sensitivity and influence of the tangent modulus was investigated by 
analysing the fixed end beam-column using the AS4100 and AISC LRFD tangent 
moduli, and also with E1 taken as unity. The results of these analyses are summarised 
in Table 5.3-5 and illustrated in Figure 5.3-6. 
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Figure 5.3-6 Load-deflection curves showing the influence of the tangent modulus 
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Table 5.3-5 Comparison of normalised ultimate loads, showing the influence of the 
tangent modulus 
Tangent modulus L/r=20 L/r= 20 L/r= 120 L/r= 120 
PIH= 1000 PIH=0.1 PIH= 1000 PIH=0.1 
AS4100 1.000 1.000 1.000 1.000 
AISCLRFD 1.005 0.993 1.063 0.993 
E1 =E 1.081 1.003 1.212 1.003 
Table 5.3-5 and Figure 5.3-6 indicate that the AS4100 and AISC LRFD tangent 
moduli produce similar results (within one percent) except for the axial compression 
dominant slender column case (L/r = 120, P/H = 1000). In this case, the ultimate 
capacity obtained using the AISC LRFD tangent modulus is 6.3 percent greater than 
the corresponding capacity obtained using the AS4100 tangent modulus. This is due 
to the slightly more conservative rate of stiffness reduction predicted by the AS4100 
tangent modulus, as shown in Figure 5.1-10. This comparison indicates that the 
ultimate capacity of very slender compression dominant members is somewhat 
sensitive to the shape of the tangent modulus function. However, the majority of 
compression members in typical steel frame structures are of low to intermediate 
slenderness, therefore either the AS41 00 or AISC LRFD tangent moduli should 
provide similar results. Figure 5.3-6 also indicates that the slightly greater initial 
stiffness predicted by the AS4100 tangent modulus (see Figure 5.1-10) at low axial 
load levels does not have a significant effect on the ultimate capacity. However, the 
results obtained using no tangent modulus reduction (i.e., Et = E) clearly indicate the 
significance of the tangent modulus in the refined plastic hinge model. 
5.3.6 Flexural stiffness reduction parameter 
The flexural stiffness reduction parameter, represented by ¢, is calculated using a 
simple parabolic function (Equation 5.1-36), suitable for both compact and non-
compact sections. Hinge softening can be included by using a negative flexural 
stiffness reduction parameter following the formation of a plastic hinge in a non-
compact section (Equation 5.1-42). The flexural stiffness reduction parameter is 
taken as unity if the stiffness reduction due to gradual cross-sectional yielding is not 
considered. The sensitivity and influence of the flexural stiffness reduction parameter 
was investigated by analysing the fixed end beam-column using the parabolic flexural 
stiffness reduction function with and without hinge softening. The beam-column was 
also analysed with the flexural stiffness reduction parameter equal to one (i.e., no 
flexural stiffness reduction or hinge softening). The results of these analyses are 
summarised in Table 5.3-6 and illustrated in Figure 5.3-7. 
Table 5.3-6 Comparison of normalised ultimate loads, showing the influence of 
flexural stiffness reduction (FSR) and hinge softening (HS) 
Flexural stiffness L/r=20 L/r=20 L/r= 120 L/r= 120 
reduction PIH= 1000 PIH= 0.1 PIH= 1000 PIH=0.1 
FSRandHS 1.000 1.000 1.000 1.000 
FSR, noHS 1.000 1.057 1.001 1.051 
noFSRorHS 1.077 1.058 1.001 1.056 
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Figure 5.3-7 Load-deflection curves showing the influence of flexural stiffness 
reduction (FSR) and hinge softening (HS) 
Table 5.3-6 and Figure 5.3-7 indicate that the parabolic flexural stiffness reduction 
parameter has a significant effect (approximately eight percent reduction) on the 
capacity of short compression dominant members. However, it does not significantly 
influence the capacity of slender compression dominant members (which fail before 
significant flexural yielding occurs) or bending dominant members which are not 
subject to instability effects associated with stiffness reduction due to the absence of 
significant axial force. Table 5.3-6 and Figure 5.3-7 also demonstrate that hinge 
softening can significantly reduce the ultimate capacity (up to six percent) and 
ductility of bending dominant members which undergo significant inelastic 
redistribution prior to failure. The effect of hinge softening will be most significant in 
redundant structures with short compression members and/or flexural members with 
slender sections. 
5.3.7 Method of analysis 
The combined effects of gradual yielding, spread-of-plasticity, member imperfections 
and local buckling were investigated by analysing the fixed end beam-column using 
both the refined plastic hinge method (RPH) which accounts for all of these effects, 
and the elastic-plastic hinge method (EPH) which does not account for these effects. 
The refined plastic hinge method was applied using two sets of parameters, based on 
the AS4100 and AISC LRFD specifications for evaluation of the effective section 
properties, the section capacity interaction function and the tangent modulus. The 
results of these analyses are summarised in Table 5.3-7 and illustrated in Figure 5.3-8. 
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Figure 5.3-8 Load-deflection curves showing the influence of local buckling 
Table 5.3-7 Comparison of normalised ultimate loads, showing the influence of local 
buckling 
Method of analysis L/r=20 L/r=20 L/r= 120 L/r = 120 
PIH= 1000 PIH=0.1 PIH= 1000 PIH=0.1 
RPH (AS4100) 1.000 1.000 1.000 1.000 
RPH(AISC) 1.059 1.046 1.065 1.030 
EPH 1.344 1.198 1.218 1.189 
Table 5.3-7 and Figure 5.3-8 clearly demonstrate that the elastic plastic hinge method 
of analysis is inadequate for non-compact sections. The elastic-plastic hinge method 
overestimates the ultimate capacity by 18.9 to 34.4 percent for the fixed end beam-
column model (k1 = 0.802, Z/S = 0.887) compared to the AS4100 refined plastic 
hinge model. This significant difference is due to the fact that the refined plastic 
hinge method includes the effects of local buckling, gradual yielding and spread-of-
plasticity, while the elastic-plastic hinge method does not. The AS4100 parameters 
result in predicted ultimate capacities of 3.0 to 6.5 percent less than those obtained 
with the corresponding AISC LRFD parameters. This difference is mainly due to the 
different methods used to determine the effective section properties. 
The results of the sensitivity analysis indicate that the effective section properties, 
tangent modulus, flexural stiffness reduction parameter, and hinge softening function 
all significantly influence the ultimate capacity of typical steel structures comprising 
non-compact sections. The tangent modulus and flexural stiffness reduction 
parameter are most significant in compression dominant members, which fail due to 
the combined effects of inelasticity and instability. Hinge softening is most 
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significant in redundant structures comprising non-compact sections that are required 
to undergo significant inelastic redistribution. The effective section properties are 
particularly significant for more slender sections such as the one considered in this 
study. Further verification is required to establish whether the AS4100 or AISC 
LRFD parameters are most appropriate for the refined plastic hinge analysis. A 
minimum of 100 load increments and two elements per member will be used for all 
subsequent analyses, unless stated otherwise. 
5.4 Verification of the refined plastic hinge method 
In order to establish the validity, accuracy and reliability of the refined plastic hinge 
method for the analysis of steel frames comprising non-compact sections, the 
benchmark frames presented in Chapter 4 were analysed with both AS4100 and AISC 
LRFD parameters. In this section, the results of these refined plastic hinge analyses 
are compared to those obtained using the shell finite element distributed plasticity 
model described in Chapter 4, assumed to be analytically "exact" due to the explicit 
modelling of local buckling deformations, distributed plasticity, imperfections and 
residual stresses. Each benchmark frame was also designed in accordance with the 
AS4100 and AISC LRFD specifications, using a conventional second-order elastic 
method of analysis. The results of all concentrated plasticity analyses, distributed 
plasticity analyses, and specification designs are compared using tabulated summaries 
of ultimate load capacities, normalised strength curves, and load-deflection curves. A 
representative selection of these tables and charts is presented in this section. 
Additional results and comparisons are provided in Appendices B and C. 
5.4.1 Modified Vogel frames 
Three modified Vogel benchmark frames were presented in Section 4.3.1. The 
configurations of the frames are illustrated in Figures 4.2-2, 4.2-5 and 4.2-9. The 
section properties are provided in Tables 4.3-1 and 4.3-2. These benchmark solutions 
represent typical rectangular single storey and multi-storey frames in which each 
member is a non-compact !-section bent about its major axis. 
The ultimate load factors obtained from the refined plastic hinge (RPH) analyses 
using AS4100 and AISC LRFD model parameters are presented in Table 5.4-1. Note 
that four elements were used for each beam member in the gable and six storey 
frames due to the significant transverse loads. The refined plastic hinge model 
accurately predicts the ultimate capacity of both the modified Vogel portal and gable 
frames. Using AS4100 model parameters, the refined plastic hinge is 2.3 to 4.9 
percent conservative compared to the finite element benchmark solutions. The AISC 
LRFD model parameters produce slightly higher capacities, as observed in Section 
5.3, but is not more than one percent unconservative. 
Table 5.4-1 Comparison of ultimate load factors for modified Vogel frames 
Frame FEA RPH RPH 
(AS4100) (AISC LRFD) 
portal 1.01 0.961 0.971 
gable 0.836 0.817 0.843 
six storey 1.14 0.938 1.02 
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The refined plastic hinge load-deflection curves for the modified Vogel frames are 
illustrated in Figures 5.4-1 to 5.4-3, and compared with the finite element benchmark 
curves. These comparisons demonstrate that the refined plastic hinge model does not 
accurately model the initial stiffness due to the simplified method of implicitly 
accounting for initial imperfections using the tangent modulus function. The rate of 
stiffness reduction due to material yielding and local buckling also appears to be 
overestimated by the combined effects of the parabolic flexural stiffness reduction 
parameter and tangent modulus function. These errors are generally conservative, and 
seem to be more significant in the case of the six storey frame, with the refined plastic 
hinge analyses being 10.5 to 17.8 percent conservative compared with the benchmark 
solution. This error may also be partially attributed to the approximate method used 
to model the distributed member loads as lumped nodal loads. 
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Figure 5.4-1 Sway load-deflection curves for the modified Vogel portal frame 
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P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 153 
1.2 
0.8 
~ 
~ 
.! 0.6 
-+-FEA 
--RPH (AS4100) 
"tl 
01 ...,._RPH (AISC) 
.2 
0.4 
0.2 
0 
0 50 100 150 200 250 300 
sway deflection at 6th storey (mm) 
Figure 5.4-3 Sway load-deflection curves for the modified Vogel six storey frame 
5.4.2 Series 1: Fixed base sway portal frames (major axis bending) 
A series of 54 benchmark analyses of single bay, single storey, fixed base sway portal 
frames comprising non-compact !-sections subject to major axis bending was 
presented in Section 4.3.2. The configuration of the frames is illustrated in Figure 
4.3-5, and the section properties are provided in Tables 4.3-4 and 4.3-5. Benchmark 
series 1 included frames with a range of three section slendemesses (represented by k1, 
Ze/S), three column member slendemesses (represented by L/r), three vertical to 
horizontal load ratios (represented by PIH), and two column to beam stiffness ratios 
(represented by J1. In this section, the accuracy of the refined plastic hinge method is 
tested by comparison with the results of the benchmark series 1 finite element 
analyses and specification designs to the AS4100 and AISC LRFD standards. 
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The refined plastic hinge sway load-deflection curves for three of the series 1 portal 
frames are illustrated in Figures 5.4-4 to 5.4-6, and compared to the finite element 
benchmark solutions. A typical vertical load-deflection curve for one of the series 1 
portal frames is shown in Figure 5.4-7. A comprehensive selection of sway load-
deflection curves for series 1 is provided in Appendix B 1. 
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Figure 5.4-6 Sway load-deflection curves for benchmark frame 1-2131 
Three normalised strength curves are presented in Figures 5.4-8 to 5.4-10. All other 
normalised strength curves for series 1 are provided in Appendix C 1. These curves 
illustrate the ultimate strength of a benchmark frame for the complete range of 
vertical and horizontal loads, normalised with respect to the axial squash load (Py) and 
horizontal load (H') required to generate an elastic bending moment equal to the 
plastic moment capacity at the location of maximum moment, respectively. 
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H' is defined in Equation 5.4-1 as a function of the plastic moment capacity (Mp), 
column length (Lc), and stiffness ratio (sr). 
H'= 2MP (5.4-1) 
The stiffness ratio (sr) is a function of the frame configuration and the beam-column 
stiffness ratio (YJ. For example, the stiffness ratio for fixed base sway portal frames 
can be expressed as: 
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Figure 5.4-10 Comparison of strength curves for frames 1-31Xl 
The ultimate loads obtained from the refined plastic hinge (RPH) analyses using 
AS4100 and AISC LRFD model parameters are presented in Table 5.4-2, normalised 
with respect to the corresponding finite element benchmark ultimate loads. This table 
also contains comparisons between the specification design and finite element 
analysis (PEA) ultimate loads, specification design and refined plastic hinge ultimate 
loads, AS4100 and AISC LRFD specification design loads, and AS4100 and AISC 
LRFD refined plastic hinge ultimate loads. 
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Table 5.4-2 Comparison of PEA, RPH and design ultimate capacities for benchmark 
series 1 
RPH RPH Design Design RPHI RPHI AS41001 AS4100 I 
Frame (AS4100) (AISC) I (AS4100) (AISC) I Design Design AISC AISC 
IFEA FEA IFEA FEA (AS4100) (AISC) (RPH) (Design) 
1-1111 0.933 0.971 0.945 0.945 0.987 1.027 0.961 1.000 
1-1121 0.928 0.981 0.860 0.893 1.078 1.099 0.945 0.963 
1-1131 0.955 1.032 0.799 0.877 1.195 1.177 0.926 0.912 
1-2111 0.894 0.942 0.901 0.890 0.992 1.058 0.950 1.013 
1-2121 0.949 1.000 0.865 0.903 1.097 1.106 0.950 0.958 
1-2131 0.959 1.012 0.833 0.919 1.151 1.102 0.948 0.907 
1-3111 0.898 0.951 0.907 0.876 0.989 1.085 0.944 1.035 
1-3121 0.954 0.984 0.872 0.898 1.095 1.096 0.970 0.971 
1-3131 0.946 0.960 0.833 0.913 1.135 1.051 0.985 0.912 
1-1211 0.935 0.973 0.952 0.965 0.981 1.009 0.960 0 
1-1221 0.907 0.962 0.852 0.889 1.065 1.083 0.943 0. 
1-1231 0.906 0.963 0.777 0.852 1.165 1.130 0.941 0. 
1-2211 0.885 0.933 0.893 0.915 0.991 1.020 0.948 
1-2221 0.988 0.923 0.851 0.904 1.162 l!:f 1.071 0.941 
1-2231 0.947 0.985 0.812 0.901 1.167 1.094 0.961 0.901 
1-3211 0.864 0.926 0.863 0.888 1.001 1. 0.934 0.972 
1-3221 0.926 0.978 0.847 0.905 1.093 1.081 0.947 0.936 
1-3231 0.969 0.983 0.830 0.923 1.168 1.065 0.986 0.899 
1-1112 0.953 1.005 0.967 0.973 0.985 1.033 0.948 0.994 
1-1122 0.928 1.005 0.876 0.916 1.060 1.098 0.924 0.956 
1-1132 0.920 1.046 0.817 0.897 1.126 1.167 0.879 0.911 
1-2112 0.906 0.967 0.917 0.909~ 1.064 0.937 1.009 
1-2122 0.947 1.023 0.880 0.918 . 6 1.114 0.926 0.958 
1-2132 0.949 1.025 0.849 0.935 1.118 1.096 0.926 0.908 
1-3112 0.900 0.965 0.918 0.887 0.980 1.088 0.932 1 m.c; 
1-3122 0.944 1.001 0.880 0.905 1.073 1.106 0.943 0.972 
1-3132 0.935 0.960 0.841 0.918 1.113 1.046 0.974 0.916 
1-1212 0.953 1.007 0.973 0.999 0.980 1.008 0.947 0.974 
1-1222 0.913 0.991 0.869 0.914 1.051 1.084 0.921 0.950 
1-1232 0.898 1.001 0.798 0.876 1.125 1.143 0.896 0.911 
1-2212 0.899 0.961 0.908 0.938 0.990 1.025 0.935 0.968 
1-2222 0.923 1.015 0.866 0.926 1.066 1.096 0.910 0.935 
1-2232 0.931 1.012 0.829 0.920 1.123 1.099 0.921 0.901 
1-3212 0.869 0.946 0.870 0.902 0.999 1.048 0.919 0.964 
1-3222 0.920 1.003 0.856 0.917 1.075 1.094 0.917 0.934 
1-3232 0.946 0.996 0.843 0.938 1.122 1.062 0.950 0.899 
1-1113 1.016 1.076 1.025 1.039 0.991 1.036 0.944 0.987 
1-1123 0.962 1.068 0.924 0.969 1.041 1.102 0.901 0.954 
1-1133 0.913 1.085 0.854 0.939 1.069 1.155 0.842 0.909 
1-2113 0.958 1.030 0.971 0.964 0.986 1.068 0.930 1.007 
1-2123 0.971 1.075 0.923 0.963 1.052 1.116 0.903 0.958 
1-2133 0.941 1.057 0.885 0.975 1.063 1.084 0.890 0.908 
I 1-3113 0.940 1.011 0.960 0.925 0.979 1.093 0.930 1.038 
1 1-3123 1.015 1.103 0.967 0.992 1.049 1.112 0.920 0.975 
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RPH RPH Design Design RPHI RPHI AS41001 AS41001 
Frame (AS4100) (AISC) I (AS4100) (AISC) I Design Design AISC AISC 
IFEA FEA IFEA FEA (AS4100) (AISC) (RPH) (Design) 
1-3133 0.931 1.003 0.875 0.956 1.064 1.049 0.929 0.915 
1-1213 1.011 1.079 1.032 1.064 0.979 1.014 0.937 0.971 
1-1223 0.950 1.052 0.918 0.971 1.035 1.084 0.903 0.946 
1-1233 0.894 1.046 0.831 0.914 1.076 1.143 0.855 0.909 
1-2213 0.951 1.029 0.964 0.999 0.987 1.030 0.924 0.965 
1-2223 0.952 1.071 0.911 0.976 1.045 1.097 0.889 0.933 
1-2233 0.933 1.063 0.866 0.963 1.077 1.104 0.878 0.899 
1-3213 0.916 1.006 0.916 0.954 1.000 1.054 0.911 0.960 
1-3223 0.940 1.048 0.892 0.957 1.053 1.096 0.896 0.932 
1-3233 0.942 1.040 0.878 0.978 1.072 1.063 0.906 0.898 
A statistical evaluation of the comparative results is provided in Table 5.4-3, showing 
the mean, coefficient of variation, minimum values, and maximum values. The 
AS41 00 refined plastic hinge model is, on average, 6.5 percent conservative 
compared with the finite element benchmark model for series 1 frames. The 
maximum unconservative error is 1.6 percent. The AS4100 refined plastic hinge 
model provides a mean capacity increase of 5.9 percent compared to the conventional 
elastic analysis design procedure using AS4100 specification equations, and a 
maximum capacity increase of 19.5 percent. The maximum capacity increase should 
be even higher in more complex structures with greater redundancy and scope for 
inelastic redistribution. The coefficients of variation indicate that the AS4100 refined 
plastic hinge model provides a significantly more uniform safety compared to the 
AS4100 design specification equations. These results indicate that the AS4100 
refined plastic hinge model is suitably accurate and precise for fixed base sway 
frames comprising non-compact !-sections with major axis bending. However, the 
AISC LRFD refined plastic hinge model is, on average, 0.6 percent unconservative 
and has an unacceptable maximum error of 10.3 percent. 
Table 5.4-3 Statistical analysis of benchmark series 1 results 
Mean Coefficient of Maximum Minimum 
variation 
RPH (AS4100) I FEA 0.935 0.034 1.016 0.864 
RPH (AISC) I FEA 1.006 0.044 1.103 0.923 
Design (AS4100) I FEA 0.886 0.063 1.032 0.777 
Design (AISC) I FEA 0.932 0.045 1.064 0.852 
RPH I Design (AS4100) 1.059 0.058 1.195 0.979 
RPH I Design (AISC) 1.080 0.037 1.177 1.008 
AS4100 I AISC (RPH) 0.931 0.038 1.071 0.842 
AS4100 I AISC (Design) 0.950 0.041 1.038 0.898 
The influence of the frame parameters (column section slenderness, column member 
slenderness, vertical to horizontal load ratio, and column to beam stiffness ratio) on 
the mean non-dimensional ultimate capacity is summarised in Table 5.4-4. The 
results shown in this table demonstrate that the accuracy of the refined plastic hinge 
model is not sensitive to parametric variation for series 1 frames. However, the mean 
capacity ratios do increase slightly as the section slenderness increases. 
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Table 5.4-4 Effect of parametric variation on the accuracy of the refined plastic hinge 
model for benchmark series 1 
Mean Mean 
RPH (AS4100) I FEA RPH (AISC) I FEA 
i sections (k1 = 0.902, Z/S = 0.976) 0.924 0.972 
r1 sections (k1= 0.851, Z/S = 0.939) 0.930 0.996 
r2 sections Ckt= 0.802, Z/S = 0.887) 0.952 1.052 
PIH= 100 0.927 0.988 
PIH= 15 0.945 1.016 
PIH=3 0.934 1.015 
L/r = 24.2 to 24.4 0.937 1.015 
L/r = 40.3 to 40.7 0.938 1.007 
L/r = 56.4 to 56.9 0.931 0.992 
r= 2.29 to 2.31 0.942 1.011 
r= 0.54 to 0.57 0.928 1.000 
Based on the results of the benchmark series 1 analyses, the following observations 
can be made regarding the performance of the refined plastic hinge model: 
1. The refined plastic hinge model does not accurately or consistently model the 
initial stiffness of the benchmark frames. This inaccuracy is clearly illustrated by 
the load-deflection curve comparisons provided in Figures 5.4-4 to 5.4-6, and in 
Appendix B. The initial stiffness is overestimated for frames with high PIH 
ratios, and underestimated for frames with low P/H ratios. The overestimation of 
the initial stiffness is likely to contribute to an unconservative ultimate load 
prediction for very slender frames with high P/H ratios but should not have a 
significant influence on the capacity of frames with typical low to medium column 
slenderness. The erroneous initial stiffness predicted by the refined plastic hinge 
model is clearly due to the simplified method of implicitly accounting for initial 
member imperfections using the tangent modulus function. The effect of initial 
out-of-plumbness imperfections is most significant in sway frames with high PIH 
ratios, but does not have a significant influence on the sway stiffness of frames 
subject to larger horizontal loads because the displacement due to the horizontal 
load is relatively large in comparison to the magnitude of the initial imperfection. 
Furthermore, as the sway displacement increases the stiffness reduction due to 
initial out-of-straightness imperfections gradually declines. These effects are not 
accounted for by the tangent modulus function that assumes that the stiffness 
reduction due to initial member imperfections is independent of the P/H ratio and 
sway displacement. This explains the discrepancy between the initial stiffness 
predicted by the refined plastic hinge and finite element models. 
2. The refined plastic hinge model's rate of stiffness reduction due to material 
yielding and local buckling appears to be overestimated by the combined effects 
of the parabolic flexural stiffness reduction parameter and tangent modulus 
function. This is particularly apparent for frames with high PIH ratios, which 
develop significant axial compression forces resulting in lower tangent moduli in 
the column members prior to failure. As the tangent modulus is derived from the 
column member capacity equations, it alone will suffice to reduce the stiffness of 
a compression member to induce instability at the appropriate load. However; the 
flexural stiffness reduction parameters are also a function of the axial force, 
further reducing the stiffness and causing premature instability failure. This 
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approximation is always conservative, but its effects are difficult to quantify due 
to the interaction of the various other simplifications inherent in the refined plastic 
hinge model. 
3. Initial yield is premature in the refined plastic hinge model due to the use of aiy = 
0.5 in the flexural stiffness reduction function. For hot-rolled !-sections, the ideal 
initial yield varies linearly from aiy = 0.7 for pure compression to aiy = 0.63 
(typical) for pure bending (see Figure 5.1-4). The premature initial yield is 
illustrated by the load-deflection curves (Figures 5.4-4 to 5.4-6). The refined 
plastic hinge model clearly commences non-linear behaviour prior to the FEA 
initial yield. The effect of the approximation ( lXiy = 0.5) is always conservative, 
and contributes to the overestimation of the rate of stiffness reduction previously 
discussed. 
4. Inelastic redistribution ductility is overestimated by the refined plastic hinge 
model, particularly when AISC LRFD parameters are used. This indicates that the 
hinge softening function underestimates the rate of reduction in the section 
capacity following the formation of a plastic hinge in a non-compact section when 
the AISC LRFD effective section properties are used. This is demonstrated by the 
load-deflection curves for frames with low PIH ratios (Figure 5.4-6 and Appendix 
B). Single bay, single storey frames with medium to high PIH ratios do not 
exhibit significant inelastic redistribution prior to failure, therefore the effects of 
hinge softening becomes increasingly significant as the P/H ratio decreases. The 
significant difference between the shapes of the AISC LRFD and AS41 00 refined 
plastic hinge strength curves for frames with PIH ratios less than 0.1 (see Figures 
5.4-8 to 5.4-10) clearly indicates the effect of the AISC LRFD model's increased 
ductility on the predicted ultimate capacity. This substantial difference between 
the AS41 00 and AISC LRFD refined plastic hinge models suggests that the 
excessive ductility is primarily caused by an unconservative AISC LRFD 
prediction of the effective section modulus rather than an inappropriate hinge 
softening function. The AISC LRFD refined plastic hinge model may therefore 
introduce an unconservative error, which becomes significant in frames with 
potential for substantial inelastic redistribution in non-compact sections. 
5. The AISC LRFD effective section properties are unconservative in some cases. 
However, the increased capacity associated with this unconservative error is 
nullified by the conservative error associated with the excessive rate of stiffness 
reduction, which is particularly significant for frames with higher slenderness 
and/or PIH ratios. The refined plastic hinge model therefore more accurately 
predicts the ultimate capacity when AISC LRFD parameters are used. However, 
in some instances the unconservative error associated with the AISC LRFD 
effective section properties exceeds the conservative error caused by the excessive 
rate of stiffness reduction. The AISC LRFD refined plastic hinge model can 
therefore overestimate the ultimate capacity by as much as 10 percent, while the 
AS4100 refined plastic hinge model was never more than 1.6 percent 
unconservative for benchmark series 1. Furthermore, the mean RPH/FEA 
ultimate load ratio increases with increasing section slenderness for both AS4100 
and AISC LRFD models (see Table 5.4-4). This suggests that the specification 
effective section property equations do not consistently predict the same section 
capacity as the FEA model. This can be attributed to the use of the large local 
imperfection based on the fabrication tolerance in the FEA model. 
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6. The reduction in axial stiffness is overestimated by the tangent modulus function 
and is illustrated clearly by the vertical load-deflection curve (Figure 5.4-7). This 
error is due to the use of the same tangent modulus for flexural and axial stiffness, 
which is based on compression member capacity equations and therefore there is 
no rational basis for its use for modelling the axial stiffness. However, this 
conservative error does not significantly effect the frame capacity as the flexural 
stiffness reduction is generally much more significant than the axial stiffness 
reduction. 
5.4.3 Series 2: Pinned base sway portal frames (major axis bending) 
A series of 12 benchmark analyses of single bay, single storey, pinned base sway 
portal frames comprising non-compact !-sections subject to major axis bending was 
presented in Section 4.3.3. The configuration of the frames is illustrated in Figure 
4.3-16, and the section properties are provided in Tables 4.3-4 and 4.3-5. Benchmark 
series 2 included frames with a range of two section slendemesses (represented by k1, 
ZeiS), two member slendemesses (represented by L/r), and three vertical to horizontal 
load ratios (represented by Pill). In this section, the accuracy of the refined plastic 
hinge method is tested by comparison with the results of the benchmark series 2 finite 
element analyses and specification designs to the AS4100 and AISC LRFD standards. 
The refined plastic hinge sway load-deflection curves for all of the series 2 portal 
frames are provided in Appendix B2, and compared to the finite element benchmark 
solutions. Typical normalised strength curves for a series 2 benchmark frame are 
presented in Figure 5.4-11. All other normalised strength curves for series 2 are 
provided in Appendix C2. 
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Figure 5.4-11 Comparison of strength curves for frames 2-21X1 
A comparison between the benchmark series 2 ultimate loads obtained from the 
refined plastic hinge (RPH) analyses, finite element analysis (FEA), and specification 
design calculations is presented in Table 5.4-5. A statistical evaluation of the 
comparative results is provided in Table 5.4-6. 
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Table 5.4-5 Comparison of FEA, RPH and design ultimate capacities for benchmark 
series 2 
RPH RPH Design Design RPHI RPHI AS41001 AS41001 
Frame (AS4100) (AISC) I (AS4100) (AISC) I Design Design AISC AISC 
IFEA FEA IFEA FEA (AS4100) (AISC) (RPH) (Design) 
2-1111 0.888 0.936 0.925 0.863 0.960 1.084 0.948 1.071 
2-1121 0.902 0.941 0.881 0.854 1.024 1.102 0.959 1.031 
2-1131 0.883 0.878 0.889 0.921 0.994 0.954 1.006 0.966 
2-2111 0.890 0.893 0.899 0.823 0.990 1.085 0.997 1.093 
2-2121 0.904 0.881 0.937 0.833 0.965 1.058 1.026 1.125 
2-2131 0.912 0.902 0.936 0.961 0.975 0.938 1.011 0.973 
2-1113 0.934 1.004 0.965 0.916 0.968 1.096 0.930 1.054 
2-1123 0.906 0.985 0.924 0.886 0.980 1.112 0.919 1.043 
2-1133 0.820 0.811 0.832 0.854 0.985 0.950 1.011 0.974 
2-2113 0.894 0.889 0.892 0.809 1.002 1.099 1.005 1.102 
2-2123 0.904 0.882 0.957 0.821 0.944 1.074 1.025 1.166 
2-2133 0.884 0.869 0.913 0.931 0.968 0.933 1.017 0.980 
Table 5.4-6 Statistical analysis of benchmark series 2 results 
Mean Coefficient of Maximum Minimum 
variation 
RPH (AS4100) IFEA 0.893 0.030 0.934 0.820 
RPH (AISC) I FEA 0.906 0.058 1.004 0.811 
Design (AS4100) I FEA 0.912 0.040 0.965 0.832 
Design (AISC) I FEA 0.873 0.057 0.961 0.809 
RPH I Design (AS4100) 0.980 0.022 1.024 0.944 
RPH I Design (AISC) 1.041 0.070 1.112 0.933 
AS41 00 I AISC (RPH) 0.988 0.038 1.026 0.919 
4100 I AISC (Design) 1.048 0.063 1.166 0.966 
The AS4100 refined plastic hinge model is, on average, 10.7 percent conservative 
compared with the finite element benchmark model for series 2 frames. The accuracy 
and precision of the AS41 00 refined plastic hinge model is very similar to the AS41 00 
specification design equations. This is expected, as the pinned base series 2 frames 
have little scope for inelastic redistribution. The series 2 results indicate that the 
AS4100 refined plastic hinge model is suitably accurate and precise for pinned base 
sway frames comprising non-compact !-sections with major axis bending. The AISC 
LRFD refined plastic hinge model is, on average, 9.4 percent conservative and has a 
maximum unconservative error of 0.4 percent and is therefore also suitable for frames 
of this type. 
The influence of the frame parameters is summarised in Table 5.4-7. This table 
demonstrates that the accuracy of the refined plastic hinge model is not sensitive to 
parametric variation for series 2 frames. 
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Table 5.4-7 Effect of parametric variation on the accuracy of the refined plastic hinge 
model for benchmark series 2 
Mean Mean 
RPH (AS4100) I FEA RPH (AISC) I FEA 
i sections (k1= 0.902, Z/S = 0.976) 0.896 0.919 
r2 sections (k1= 0.802, Z/S = 0.887) 0.890 0.907 
PIH = 100 0.901 0.931 
PIH= 15 0.904 0.922 
PIH=3 0.875 0.865 
L!r = 24.2 to 24.4 0.889 0.921 
L/r = 40.3 to 40.7 0.898 0.886 
5.4.4 Series 3: Leaned column sway portal frames (major axis 
bending) 
A series of 36 benchmark analyses of single bay, single storey, leaned column (one 
column pinned and one fixed), sway portal frames comprising non-compact !-sections 
subject to major axis bending was presented in Section 4.3.4. The configuration of 
the frames is illustrated in Figure 4.3-17, and the section properties are provided in 
Tables 4.3-4 and 4.3-5. Benchmark series 3 included frames with a range of two 
section slendemesses (represented by k1, Z/S), two member slendemesses (L/r), three 
vertical to horizontal load ratios (PIH), and three vertical column load ratios (P1/P2). 
In this section, the accuracy of the refined plastic hinge method is tested by 
comparison with the results of the benchmark series 3 finite element analyses and 
specification designs to the AS41 00 and AISC LRFD standards. 
The refined plastic hinge sway load-deflection curves for a typical series 3 portal 
frame (with P/H = 3) is illustrated in Figure 5.4-12, and compared with the finite 
element benchmark solution. A selection of 12 sway load-deflection curves for series 
3 analyses is provided in Appendix B3. 
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Two normalised strength curves are presented in Figures 5.4-13 to 5.4-14. All other 
normalised strength curves for series 3 are provided in Appendix C3. 
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Figure 5.4-14 Comparison of strength curves for frames 3-21Xla 
A comparison between the benchmark series 3 ultimate loads obtained from the 
refined plastic hinge (RPH) analyses, finite element analysis (PEA), and specification 
design calculations is presented in Table 5.4-8. A statistical evaluation of the 
comparative results is provided in Table 5.4-9. 
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Table 5.4-8 Comparison of FEA, RPH, and design ultimate capacities for series 3 
RPH RPH Design Design RPHI RPHI AS41001 AS4100 I 
Frame (AS4100) (AISC) I (AS4100) (AISC) I Design Design AISC AISC 
IFEA FEA IFEA FEA (AS4100) (AISC) (RPH) (DesiJ.UI) 
3-1111 0.920 0.961 0.932 0.910 0.987 1.056 0.958 1.024 
3-1121 0.923 1.001 0.819 0.850 1.128 1.178 0.922 0.964 
3-1131 1.032 1.087 0.773 0.851 1.335 1.276 0.949 0.908 
3-2111 0.896 0.950 092~ 0.970 1.097 0.944 1.068 3-2121 0.969 ~.V~.J v.u ,_, 1.110 1.136 0.957 0.980 
3-2131 1.043 ~ 9 1.272 1.199 0.979 0.922 3-1113 0.991 1.013 . 8 0.978 1.064 0.933 1.016 
3-1123 0.913 1.046 0.874 0.910 1.044 1.150 0.873 0.961 
3-1133 0.964 1.142 0.837 0.921 1.152 1.239 0.844 0.908 
3-2113 0.930 1.003 0.977 0~ 0.951 1.103 0.927 1.075 3-2123 0.966 1.062 0.924 0. 1.046 1.134 0.910 0.987 
3-2133 0.985 1.098 0.880 0.953 1.119 1.152 0.896 0.924 
3-1111a 0.971 1.007 F0.977 0.986 0.994 1.021 0.964 0.991 
3-1121a 0.988 1.024 0.955 0.954 1.035 1.073 0.965 1.001 
3-1131a 0.915 0.915 I o.793 0.854 1.154 1.071 1.000 0.928 
3-2111a 0.915 0.956 0.876 0.889 1.044 1.075 0.957 0.986 
3-2121a 0.984 1.026 0.915 0.902 1.075 1.138 0.959 1.015 
3-2131a 0.986 0.995 0.841 0.877 1.172 1.135 0.991 0.960 
3-1113a 1.050 1.110 1.050 1.077 1.000 1.031 0.946 0.975 
3-1123a 1.066 1.136 1.033 1.045 1.032 1.087 0.938 0.988 
3-1133a 0.891 1.026 0.842 0.902 1.058 1.137 0.868 0.933 
3-2113a 0.974 1.037 0.914 0.945 1.066 1.098 0.939 0.967 
3-2123a 1.030 1.103 0.975 0.963 1.057 1.145 0.934 1.012 
3-2133a 0.942 1.017 0.894 0.916 1.054 1.111 0.926 0.976 
3-1111b 0.975 1.007 0.978 0.970 0.996 1.038 0.968 1.009 
3-1121b 0.939 0.991 0.883 0.896 1.062 1.106 0.947 0.986 
3-1131b 1.031 1.120 0.826 0.887 1.248 1.263 0.920 0.932 
3-2111b 0.921 0.958 0.922 0.898 0.999 1.067 0.961 1.026 
3-2121b 0.980 1.017 0.898 0.908 1.091 1.120 0.964 0.989 
3-2131b 1.042 1.099 0.842 0.905 1.238 1.214 0.949 0.930 
3-1113b 1.053 1.116 1.060 1.063 0.993 1.049 0.944 0.997 
3-1123b 1.043 1.128 1.013 1.041 1.030 1.084 0.925 0.973 
3-1133b 0.984 1.165 0.884 0.952 1.114 1.224 0.844 0.929 
3-2113b 0.971 1.034 0.970 0.961 1.001 1.075 0.939 1.009 
3-2123b 1.009 1.092 0.958 0.969 1.054 1.127 0.924 0.989 
3-2133b 0.983 1.137 0.899 0.965 1.094 1.177 0.865 0.931 
The AS4100 refined plastic hinge model is, on average, 2.3 percent conservative 
compared with the finite element benchmark model for series 3 frames. The 
maximum unconservative error is 6.6 percent, slightly in excess of the recommended 
five percent limit (see Section 2.1.2). The AS4100 refined plastic hinge model 
provides a mean capacity increase of 7.6 percent compared to the conventional elastic 
analysis design procedure using AS4100 specification equations, and a maximum 
capacity increase of 33.5 percent. As expected, the maximum capacity increase is 
greater than for series 1 and 2 due to the greater scope for inelastic redistribution in 
the leaned column frames with non-uniform column loading. 
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Table 5.4-9 Statistical analysis of benchmark series 3 results 
Mean Coefficient of Maximum Minimum 
variation 
RPH (AS41 00) I FEA 0.977 0.050 1.066 0.891 
• RPH (AISC) I FEA 1.047 0.061 1.165 0.915 
Design (AS4100) I FEA 0.912 0.080 1.060 0.773 
Design (AISC) I FEA 0.934 0.062 1.077 0.850 
RPH I Design (AS4100) 1.076 0.083 1.335 0.951 
RPH I Design (AISC) 1.124 0.058 1.276 1.021 
AS41 00 I AISC (RPH) 0.934 0.040 1.000 0.844 
AS4100 I AISC (Design) 0.977 0.042 1.075 
= 
0.908 
The coefficients of variation indicate that the AS41 00 refined plastic hinge model 
provides a significantly more uniform safety compared with the AS4100 design 
specification equations. These results indicate that the AS4100 refined plastic hinge 
model is reasonably accurate and precise for leaned column sway frames comprising 
non-compact !-sections with major axis bending and non-uniform column loading. 
However, the AISC LRFD refined plastic hinge model is, on average, 4.7 percent 
unconservative and has an unacceptable maximum error of 16.5 percent. 
The influence of the frame parameters is summarised in Table 5.4-10, demonstrating 
that the accuracy of the refined plastic hinge model is not particularly sensitive to 
parametric variation for series 3 frames. However, the mean capacity ratios are 
greater for frame with higher section slenderness, lower P/H ratios, and non-uniform 
column loading (i.e., P1/P2 7= 1). 
Table 5.4-10 Effect of parametric variation on the accuracy of the refined plastic 
hinge model for benchmark series 3 
Meau Meau 
RPH (AS4100) I FEA RPH (AISC) I FEA 
i sections (k1 = 0.902, Z/S = 0.976) 0.968 1.013 
r2 sections (k1= 0.802, Z/S = 0.887) 0.986 1.080 
PIH= 100 0.964 1.017 
PIH= 15.0 0.984 1.053 
PIH=3.00 0.983 1.072 
L/r = 24.2 to 24.4 0.980 1.052 
L/r = 40.3 to 40.7 0.974 1.037 
P/P2 = 1.00 0.961 1.038 
P/P2= 3.00 0.976 1.029 
P/P2=0.333 0.994 1.072 
5.4.5 Series 4: Pinned base non-sway portal frames (major axis 
bending) 
A series of 12 benchmark analyses of single bay, single storey, pinned base, non-sway 
(braced) portal frames comprising non-compact !-sections subject to major axis 
bending was presented in Section 4.3.5. The configuration of the frames is illustrated 
in Figure 4.3-18, and the section properties are provided in Tables 4.3-4 and 4.3-5. 
Benchmark series 4 included frames with a range of two section slendemesses 
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(represented by k1, ZefS), two member slendemesses (L/r), and three load 
combinations (w = 0, P + w, and P = 0). In this section, the accuracy of the refined 
plastic hinge method is tested by comparison with the results of the benchmark series 
4 finite element analyses and specification designs to the AS4100 and AISC LRFD 
standards. 
The refined plastic hinge horizontal load-deflection curves for a typical series 4 portal 
frame (with P + w) are illustrated in Figure 5.4-15, and compared to the finite element 
benchmark solution. All horizontal deflections were measured at mid-height of the 
left hand column. A selection of six sway load-deflection curves for series 4 is 
provided in Appendix B4. Normalised strength curves for a typical series 4 frame are 
presented in Figure 5.4-16. All other normalised strength curves for series 4 are 
provided in Appendix C4. 
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A comparison between the benchmark series 4 ultimate loads obtained from the 
refined plastic hinge (RPH) analyses, finite element analysis (FEA), and specification 
design calculations is presented in Table 5.4-11. A statistical evaluation of the 
comparative results is provided in Table 5.4-12. 
Table 5.4-11 Comparison of FEA, RPH, and design ultimate capacities for series 4 
RPH RPH Design Design RPHI RPHI AS41001 AS41001 
Frame (AS4100) (AISC) I (AS4100) (AISC) I Design Design AISC AISC 
IFEA FEA IFEA FEA (AS4100) (AISC) (RPH) (Design) 
4-1101 1.015 1.063 0.995 1.015 1.020 1.048 0.954 0.981 
4-1151 1.016 1.045 0.916 0.959 1.108 1.090 0.972 0.956 
I 4-1161 0.868 0.886 0.830 0.864 1.045 1.026 0.979 0.961 
• 4-2101 0.923 0.963 0.946 0.989 0.975 0.974 0.958 0.957 
4-2151 0.971 1.013 0.844 0.899 1.150 1.126 0.959 0.939 
4-2161 0.885 0.905 0.856 0.887 1.035 1.021 0.978 0.965 
4-1103 1.030 1.174 1.064 1.103 0.968 1.065 0.877 0.965 
4-1153 1.069 1.152 0.985 1.048 1.085 1.100 0.927 0.940 
4-1163 0.895 0.905 0.861 0.890 1.039 1.017 0.989 0.968 
4-2103 0.987 1.052 1.004 1.067 0.983 0.986 0.939 0.941 
4-2153 1.048 1.132 0.928 1.006 1.129 1.125 0.926 0.923 
4-2163 0.918 0.925 0.887 0.913 1.036 1.013 0.993 0.971 
Table 5.4-12 Statistical analysis of benchmark series 4 results 
Mean Coefficient of Maximum Minimum 
variation 
RPH (AS4100) IFEA 0.969 0.071 1.069 0.868 
RPH (AISC) I FEA 1.018 0.100 1.174 0.886 
Design (AS4100) I FEA 0.926 0.080 1.064 0.830 
Design (AISC) I FEA 0.970 0.082 1.103 0.864 
RPH I Design (AS4100) 1.048 0.057 1.150 0.968 
RPH I Design (AISC) 1.049 0.049 1.126 0.974 
AS41 00 I AISC (RPH) 0.954 0.035 0.993 0.877 
AS4100 I AISC (Design) 0.955 0.017 0.981 0.923 
The AS4100 refined plastic hinge model is, on average, 3.1 percent conservative 
compared with the finite element benchmark model for series 4 frames. The 
maximum unconservative error is 6.9 percent, slightly in excess of the recommended 
five percent limit. The AS4100 refined plastic hinge model provides a mean capacity 
increase of 4.8 percent compared to the conventional elastic analysis design procedure 
using AS4100 specification equations, and a maximum capacity increase of 15.0 
percent. The refined plastic hinge model's coefficient of variation is greater than for 
previous series, but still indicates slightly greater precision than the AS4100 design 
specification equations. These results indicate that the AS4100 refined plastic hinge 
model is reasonably accurate and precise for pinned base non-sway (i.e., braced) 
frames comprising non-compact !-sections with major axis bending. However, the 
AISC LRFD refined plastic hinge model is, on average, 1.8 percent unconservative 
and has an unacceptable maximum error of 17.4 percent. 
The influence of the frame parameters is summarised in Table 5.4-13. The results 
shown in this table indicate than the accuracy of the refined plastic hinge model is 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 169 
moderately sensitive to the section slenderness and load combination parameters for 
series 4 frames. The capacity ratio is greater for more slender sections and frames 
with significant axial compression column loads. Conversely, the capacity of braced 
frames with dominant beam distributed loading is conservatively predicted by the 
refined plastic hinge model. This may be due to the approximate modelling of the 
distributed loads as lumped nodal loads. 
Table 5.4-13 Effect of parametric variation on the accuracy of the refined plastic 
hinge model for benchmark series 4 
Mean Mean 
RPH (AS4100) I FEA RPH (AISC) I FEA 
i sections (k1= 0.902, Z/S = 0.976) 0.946 0.979 
r2 sections (k1= 0.802, Z/S = 0.887) 0.991 1.057 
w=O 0.989 1.063 
P+w 1.026 1.085 
P=O 0.892 0.905 
L!r = 24.2 to 24.4 0.982 1.027 
L!r = 40.3 to 40.7 0.955 0.998 
5.4.6 Series 5: Pinned base sway portal frames (minor axis bending) 
A series of 6 benchmark analyses of single bay, single storey, pinned base sway portal 
frames comprising non-compact !-sections subject to minor axis bending was 
presented in Section 4.3.6. The configuration of the frames is illustrated in Figure 
4.3-16, and the section properties are provided in Tables 4.3-4, 4.3-5, 4.3-15, and 4.3-
16. Benchmark series 5 included frames with a range of two section slendemesses 
(represented by k1, ZefS), and three vertical to horizontal load ratios (represented by 
PIH). In this section, the accuracy of the refined plastic hinge method is tested by 
comparison with the results of the benchmark series 5 finite element analyses and 
specification designs to the AS41 00 and AISC LRFD standards. 
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The refined plastic hinge sway load-deflection curves for all of the series 5 portal 
frames are provided in Appendix B5, and compared with the finite element 
benchmark solutions. Typical normalised strength curves for a series 5 benchmark 
frame are presented in Figure 5.4-17. All other normalised strength curves for series 
5 are provided in Appendix C5. 
A comparison between the benchmark series 5 ultimate loads obtained from the 
refined plastic hinge (RPH) analyses, finite element analysis (FEA), and specification 
design calculations is presented in Table 5.4-14. A statistical evaluation of the 
comparative results is provided in Table 5.4-15. 
Table 5.4-14 Comparison of FEA, RPH and design ultimate capacities for benchmark 
series 5 
RPH RPH Design Design RPHI RPHI AS41001 AS41001 
Frame (AS4100) (AISC) I (AS4100) (AISC) I Design Design AISC AISC 
IFEA FEA IFEA FEA (AS4100) (AISC) (RPH) (Design) 
5-1111 1.055 1.054 1.135 0.972 0.930 1.084 1.001 1.167 
5-1121 0.987 0.964 1.053 1.001 0.937 0.962 1.024 1.051 
5-1131 0.955 0.950 0.951 0.988 1.004 0.962 1.005 0.962 
5-1113 0.954 0.945 1.086 0.926 0.879 1.021 1.010 1.173 
5-1123 0.915 0.901 0.993 0.998 0.922 0.903 1.015 0.995 
5-1133 0.887 0.906 0.908 0.947 0.977 0.956 0.979 0.958 
Table 5.4-15 Statistical analysis of benchmark series 5 results 
Mean Coefficient of Maximum Minimum 
variation 
RPH (AS4100) I FEA 0.959 0.061 1.055 0.887 
I RPH (AISC) IFEA 0.953 0.058 1.054 0.901 
I Design (AS4100) I FEA 1.021 0.084 1.135 0.908 
Design (AISC) I FEA 0.972 0.031 1.001 0.926 
RPH I Design (AS41 00) 0.941 0.047 1.004 0.879 
RPH I Design (AISC) 0.981 0.064 1.084 0.903 
AS41 00 I AISC (RPH) 1.006 0.015 1.024 0.979 
AS41 00 I AISC (Design) 1.051 0.093 1.173 0.958 
The AS4100 refined plastic hinge model is, on average, 4.1 percent conservative 
compared to the finite element benchmark model for series 5 frames with a maximum 
unconservative error of 5.5 percent. Unlike previous series, the AS4100 refined 
plastic hinge model is more conservative than the AS41 00 specification design 
equations for series 5 frames. However, as series 5 consists of only six analyses 
(compared to 114 analyses for series 1 to 4), no definite conclusions can be drawn 
regarding this result. The series 5 results suggest that that the AS41 00 refined plastic 
hinge model may be suitably accurate and precise for pinned base sway frames 
comprising non-compact !-sections with minor axis bending. Further investigation is 
required to justify this observation. The accuracy and precision of the AISC LRFD 
refined plastic hinge model is similar to the AS41 00 refined plastic hinge model for 
series 5. 
The influence of the frame parameters is summarised in Table 5.4-16. 
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Table 5.4-16 Effect of parametric variation on refined plastic hinge model accuracy 
for benchmark series 5 
Mean Mean 
RPH (AS4100) I FEA RPH (AISC) I FEA 
i sections (k_r= 1.00, Z/S = 0.976) 0.988 0.978 
r2 sections (k1 = 0.993, Z/S = 0.944) 0.919 0.917 
P/H = 100 1.005 0.999 
PIH= 15 0.951 0.932 
PIH=3 0.921 0.928 
Table 5.4-16 suggests that the refined plastic hinge model becomes more conservative 
as the vertical to horizontal load ratio decreases for series 5 frames. Unlike series 1 to 
4, the refined plastic hinge model appears to be more conservative for frames with 
more slender sections. However, further analyses would be required to ascertain 
whether these observations are indicative of all frames of this type. 
5.5 Summary 
A concentrated plasticity model for the advanced analysis of steel frame structures has 
been presented in this chapter. The model is based on the refined plastic hinge 
method (Liew, 1992), modified to account for the effects of local buckling using 
simple equations derived from the AS4100 and AISC LRFD specifications. The 
accuracy and precision of the new model has been extensively tested using the 
analytical benchmarks presented in Section 4.3. A statistical analysis of the combined 
results of benchmark series 1, 2, 3, 4, and 5 (a total of 120 analyses) is provided in 
Table 5.5-1. The accuracy of the refined plastic hinge model for each series is 
summarised in Table 5.5-2. 
Table 5.5-1 Statistical analysis of combined benchmark series 1-5 results 
Mean Coefficient of Maximum Minimum 
variation 
RPH (AS4100) I FEA 0.949 0.053 1.069 0.820 
RPH (AISC) I FEA 1.010 0.070 1.174 0.811 
Design (AS4100) IFEA 0.903 0.074 1.135 0.773 
Design (AISC) I FEA 0.931 0.061 1.103 0.809 
RPH I Design (AS4100) 1.054 0.070 1.335 0.930 
RPH I Design (AISC) 1.086 0.055 1.276 0.933 
AS4100 I AISC (RPH) 0.941 0.042 1.071 0.842 
AS4100 I AISC (Design) 0.971 0.055 1.167 0.898 
Table 5.5-2 Accuracy of the refined plastic hinge model for each series 
Mean Mean 
RPH (AS4100) I FEA RPH (AISC) I FEA 
Series 1: fixed base, sway, major axis 0.935 1.006 
Series 2: pinned base, sway, major axis 0.893 0.906 
Series 3: leaned column, sway, major axis 0.977 1.047 
Series 4: pinned base, non-sway, major axis 0.969 1.018 
Series 5: pinned base, sway, minor axis 0.959 0.953 
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The refined plastic hinge model based on the AS4100 specifications is suitable for all 
of the frame types investigated, and is significantly more accurate and precise than the 
conventional individual member design method based on elastic analysis and 
specification equations. On average, the refined plastic hinge model with AS4100 
parameters is 5.1 percent conservative. The maximum unconservative error is 6.9 
percent, slightly greater than the five percent recommended maximum error but still 
reasonable if a 0.9 capacity reduction factor is used. The refined plastic hinge model 
can allow the design capacity to be increased by up to 33.5 percent, mainly due to the 
consideration of inelastic redistribution. 
The refined plastic hinge model based on the AISC LRFD specifications is too 
unconservative in some situations (up to 17.4 percent), and therefore is not 
recommended for general use. 
Although the AS4100 refined plastic hinge model performs reasonably well in most 
situations, it does contain a number of inherent approximations and simplifications, 
such as: 
• The stiffness reduction due to initial geometric imperfections is assumed to be 
constant. 
• The elastic stability functions are assumed to be appropriate for partially yielded 
members, with the additional instability effects associated with member yielding 
approximately accounted for by the tangent modulus function. 
• The stiffness reduction is assumed to comprise two independent functions, 
represented by the tangent modulus and the flexural stiffness reduction parameter. 
• The procedure used to obtain the tangent modulus does not necessarily provide an 
accurate gradual stiffness reduction, and is only strictly accurate at the limiting 
load corresponding to the compression member capacity. 
• The same tangent modulus is applied to axial and flexural stiffness components. 
• The flexural stiffness reduction is assumed to be parabolic, and independent of the 
ratio of axial force to bending moment. 
• The softening modulus is assumed to be constant, and is implemented using a 
simplified negative flexural stiffness reduction function based on the assumption 
of constant bending moment. 
• The initial yield is approximated by a bi-linear interaction function, defined by a 
force state parameter of 0.5. 
• The section capacity and plastic strength are approximated by bi-linear functions 
obtained from semi-empirical specification equations. 
The resultant errors are obviously not critical, but if they can be eliminated even 
greater accuracy and precision may be obtained. Attempts to achieve this objective 
by using the distributed plasticity shell finite element model to derive more accurate 
model parameters are documented in Chapter 6. 
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Chapter 6. Concentrated Plasticity 
Pseudo Plastic Zone Analysis 
I t was demonstrated in Chapter 5 that the refined plastic hinge method is a reasonably accurate technique for the advanced analysis of steel frame structures comprising non-compact sections, and significantly superior to the conventional 
design procedure based on elastic analysis. However, examination of the benchmark 
comparisons identified a number of limitations and sources of error in the refined 
plastic hinge model, due to: 
1. Simplifying approximations (e.g., initial yield, imperfections, softening, flexural 
stiffness reduction function, tangent modulus, and elastic stability functions). 
2. The use of model parameters based on empirical specifications equations (e.g., 
tangent modulus, section capacity, plastic strength, and effective section 
properties). 
This chapter contains the formulation and verification of a rational and more accurate 
method for advanced analysis of steel frame structures comprising non-compact 
sections. Analytically "exact" model parameters such as the tangent modulus and 
section capacity are derived from distributed plasticity analyses of a stub beam-
column model, described in Section 6.1. The formulation of a frame element force-
displacement relationship based on these parameters is presented in Section 6.2. The 
new method, referred to as pseudo plastic zone analysis, is verified in Section 6.3 by 
comparison with the analytical benchmarks provided in Section 4.3. 
6.1 Stub beam-column model analysis 
Distributed plasticity analysis can be used to calibrate accurate section capacity and 
stiffness reduction functions for use in concentrated plasticity models. This approach 
was adopted for the hardening plastic hinge method (King and Chen, 1994) and the 
quasi plastic hinge method (Attalla et al., 1994), using fibre element plastic zone 
analysis of a typical compact section. 
To obtain section capacity and stiffness reduction functions suitable for non-compact 
sections subject to local buckling effects, the distributed plasticity shell finite element 
analysis described in Chapter 4 was again used. Due to symmetry of the local 
buckling waveform, a stub beam-column model with length equal to one quarter of a 
local buckling wavelength could be used to obtain the required properties for a non-
compact I-section. 
Details of the stub beam-column model are described in Section 6.1.1. The analytical 
results are presented and discussed in Section 6.1.2. 
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6.1.1 Description of the stub beam-column model 
The stub beam-column model was developed using the same methodology as the 
frame models described in Section 4.1. A summary of identical aspects is provided 
below: 
• S4R5 Abaqus shell elements. 
• Abaqus classical metal plasticity model with perfectly elastic-plastic behaviour 
(i.e., no strain hardening). 
• Local imperfections: out-of-flatness of web and flange equal to d11150 and bj150, 
respectively (see Figure 4.1-3). 
• ECCS membrane residual stress distribution (see Figure 4.1-4). 
• Proportionalloading. 
Due to the small size of the model, a fine element mesh discretization was used (see 
Figure 6.1-1). The RIKS line-arc solution method was used to obtain the softening 
curve. 
p 
S4R5 elements 
plane of 
symmetry 
Figure 6.1-1 Stub beam-column model geometry and finite element mesh 
A concentrated nodal force and moment generating concentric axial compression and 
uniform major axis bending were applied at one end of the model. The force and 
moment were distributed using rigid surface R3D4 elements (refer to Section 4.1.1). 
These elements rigidly connected the translational degrees of freedom of all the nodes 
located on the end section to which the loads were applied, but did not in any way 
constrain the rotations or effect the local buckling deformations. Single point 
constraints were applied to all nodes located on the plane of symmetry to eliminate 
the translational degrees of freedom perpendicular to the plane and the rotational 
degrees of freedom about the axes defining the plane. These constraints ensured that 
the response of the model would be symmetrical, as required. 
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Elastic buckling analyses were conducted to determine the critical local buckling half 
wavelength, and to obtain the appropriate imperfection shape for each load 
combination. 
During preliminary analyses, it was observed that stress concentrations occurred due 
to the constraints caused by the rigid surface elements. These artificial stress 
concentrations adversely affected the stiffness reduction (see Figure 6.1-2). The 
effects of the stress concentrations were eliminated by including a strip of elastic 
elements adjacent to the rigid surface at the load application end of the stub beam-
column model. 
0.8 
--...-with stress 
0.6 concentrations 
e, 
-no stress 
concentrations 
0.4 
0 0.2 0.4 0.6 0.8 
a 
Figure 6.1-2 Tangent modulus curves showing the effect of stress concentrations 
6.1.2 Analytical results and discussion 
Shell finite element stub beam-column models were developed for the three sections 
most frequently used in the analytical benchmark models: the 310 UBi 32.0, 310 
UBr1 32.0, and 310 UBr2 32.0 sections (see Table 4.3-4). Each section was analysed 
with pure major axis bending (i.e., p = 0), pure axial compression (i.e., m = 0), and 11 
combinations of axial compression force and bending moment (p/m = 0.02, 0.05, 0.1, 
0.2, 0.5, 1, 2, 5, 10, 20, and 50). The deformed geometry and displacement contours 
corresponding to the ultimate load for the pure bending and pure axial compression 
load cases are illustrated in Figure 6.1-3. 
Three non-linear analyses were performed for each load case: 
1. Second-order inelastic analysis with no local imperfections. The ultimate load 
factors for each load case were multiplied by the corresponding applied loads to 
obtain the plastic strength curve. 
2. Second-order inelastic analysis with local imperfections. The ultimate load 
factors for each load case were multiplied by the corresponding applied loads to 
obtain the section capacity curve. Axial displacements (ui) and major axis 
rotations ( 8i) were obtained for each load increment. 
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3. Second-order elastic analysis with local imperfections. The axial displacements 
(ue) and major axis rotations (8e) were obtained for each load increment and 
subtracted from the corresponding inelastic deformations (ui, ei) to derive the 
flexural tangent modulus (etf) and the axial tangent modulus (era), as shown in 
Equation 6.1-1. This procedure ensured that the section tangent moduli only 
included the effects of material yielding, as desired. 
e 
e =-e. 
tf . ' (6.1-1) 
ei 
The initial yield point for each load case was taken as the load at which the 
normalised tangent modulus corresponding to the dominant load dropped below 
0.995. Stiffness reduction less than the 0.5 percent tolerance was assumed to be 
negligible. 
(a) pure bending (b) pure compression 
Figure 6.1-3 Local buckling modes 
Plastic strength, section capacity, and initial yield curves. 
The plastic strength, section capacity, and initial yield curves for two of the 
benchmark sections are provided in Figures 6.1-4 and 6.1-5. The analytical effective 
section ratios (i.e., k1 and ZefS) are compared to the AS4100 values for the 310 UBi 
32.0, 310 UBr1 32.0, and 310 UBr2 32.0 sections in Table 6.1-1. 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 177 
Table 6.1-1 Comparison ofFEA and AS4100 effective section properties for the 310 
UBi 32.0, 310 UBr1 32.0, and 310 UBr2 32.0 sections 
Section kt z;s 
PEA AS4100 PEA AS4100 
310 UBi 32.0 0.890 0.902 0.980 0.976 
310UBr132.0 0.815 0.851 0.958 0.939 
310 UBr2 32.0 0.719 0.802 0.894 0.887 
0.8 
310 UBi 32.0 
--- AS41 00 plastic strength 
0.6 -+- AS41 00 section capacity 
--+-initial yield (linear interaction) 
p 
...._ FEA plastic strength 
...,_ FEA section capacity 
0.4 -a- FEA initial yield 
0.2 
0 0.2 0.4 0.6 0.8 
m 
Figure 6.1-4 Plastic strength, section capacity, and initial yield curves for the 310 
UBi 32.0 section (k1 = 0.902, Z/S = 0.976) 
0.8 
310 UBr2 32.0 
--- AS41 00 plastic strength 
0.6 -+- AS41 00 section capacity 
p 
--+-initial yield (linear interaction) 
...._ FEA plastic strength 
...,_ FEA section capacity 
0.4 
-a- FEA initial yield 
0.2 
0 0.2 0.4 0.6 0.8 
m 
Figure 6.1-5 Plastic strength, section capacity, and initial yield curves for the 310 
UBr2 32.0 section (k1 = 0.802, Z/S = 0.887) 
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These figures demonstrate that: 
• The AS4100 plastic strength equation is fairly accurate and generally conservative 
for hot-rolled !-sections subject to major axis bending and axial compression. 
• The AS4100 section capacity equation and the AS4100 effective section 
properties are reasonably accurate for the current range of hot-rolled !-sections 
(such as the 310 UBi 32.0). However, the AS4100 method significantly 
overestimates the section capacity of more slender sections (such as the 310 UBr2 
32.0) for compression dominant load combinations. This trend is also indicated 
by comparison of the effective section properties (see Table 6.1-1), and can be 
attributed to the use of the maximum permitted local imperfection magnitude in 
the analytical model. The AS4100 section capacity is based on experimental 
testing of plate elements with more typical local imperfection magnitudes, and is 
therefore less conservative than the analytical model for slender sections whose 
capacities are sensitive to the imperfection magnitude. 
• The initial yield point is influenced by the effects of local buckling, particularly 
for compression dominant load combinations. The linear interaction initial yield 
equation is therefore not appropriate for non-compact sections without suitable 
modification to account for the effects of local buckling. 
Moment-curvature and axial compression force-strain curves. 
The normalised moment -curvature and axial compression force-strain curves provided 
in Figures 6.1-6 and 6.1-7 illustrate the gradual stiffness reduction and hinge softening 
behaviour of a typical non-compact hot-rolled !-section for a variety of different load 
combinations. 
0.9 
0.8 
0.7 
0.6 
m 0.5 
0.4 
0.3 
0.2 
0.1 
0 
0 0.5 1.5 2 2.5 3 3.5 
4>/c.fJY 
Figure 6.1-6 Normalised moment-curvature curves 
310 UBi 32.0 
-111-p = 0 
..._p/m=0.2 
-+-pfm = 1 
-+-pfm =5 
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Figure 6.1-7 Normalised axial compression force-strain curves 
Normalised moment-curvature curves for three different sections with varying 
slenderness are presented in Figure 6.1-8 for the pure bending load case. 
0.9 
0.8 
0.7 
0.6 p =0 
-+-31 0 UBi 32.0 
m 0.5 
-r-310 UBr1 32.0 
-+-310 UBr2 32.0 
0.4 
0.3 
0.2 
0.1 
0 
0 0.5 1.5 2 2.5 3 3.5 
dildi, 
Figure 6.1-8 Normalised moment-curvature curves showing the effect of section 
slenderness 
It is clear that the rate of stiffness reduction and hinge softening is a function of the 
plm ratio and the section slenderness. Furthermore, the rate of axial stiffness 
reduction differs from the rate of flexural stiffness reduction. Accurate and rational 
consideration of the effects of material inelasticity in non-compact sections therefore 
requires the use of two distinct flexural and axial tangent modulus functions. Each 
function must account for the effects of the p/m ratio and the section slenderness. The 
hinge softening model should also include the effects of the p/m ratio and the section 
slenderness. 
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It should also be noted that the effects of flexural stiffness reduction and hinge 
softening are generally much more significant than the effects of axial stiffness 
reduction, as it is the reduction in flexural stiffness which initiates instability failure. 
Tangent modulus curves. 
Flexural and axial tangent modulus curves derived from the analytical results are 
presented in Figures 6.1-9, 6.1-10, and 6.1-11. Figures 6.1-9 and 6.1-10 confirm the 
previous observations that the tangent moduli are functions of the p/m ratio, and the 
rate of flexural stiffness reduction differs significantly from the rate of axial stiffness 
reduction. Figure 6.1-11 illustrates the effect of section slenderness. 
0.8 
0.6 
etf 
0.4 
0 0.1 0.2 0.3 0.4 0.5 
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310 UBi 32.0 
-111-p:O 
..._p/m = 0.2 
-+-pim= 1 
-+-ptm =5 
0.6 0.7 0.8 0.9 
Figure 6.1-9 Comparison of FEA flexural tangent modulus curves for four different 
p/m ratios 
e~a 
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-+-p/m = 5 
-111-m= 0 
Figure 6.1-10 Comparison of FEA axial tangent modulus curves for four different 
p/m ratios 
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Figure 6.1-11 Comparison of FEA flexural tangent modulus curves for three different 
section slendemesses 
6.2 Formulation of the pseudo plastic zone frame element 
force-displacement relationship 
The combined effects of material and geometric non-linearity can be represented by 
the following force-displacement relationship for a pseudo plastic zone frame 
element: 
MA ~+;- s;; (H,)J l/JAJss~ 0 eA 
MB 'EI l/JA</JBS~ ¢+-s:; (HJJ 0 eB +flp (6.2-1) 
L 
p 0 0 ezaA u 
'I 
The formulation of the pseudo plastic zone force-displacement relationship is 
superficially similar to the refined plastic hinge formulation described in Section 5.1. 
However, several significant differences exist. 
1. The plastic strength, section capacity, initial yield, tangent modulus, and hinge 
softening equations for the pseudo plastic zone formulation are accurately 
determined from the results of the stub beam-column model analyses (see 
Sections 6.2.1, 6.2.2, and 6.2.3). The refined plastic hinge formulation uses 
approximate equations based on the AS4100 or AISC LRFD specification 
equations. 
2. The pseudo plastic zone method's tangent modulus represents the reduction in 
stiffness due only to gradual yielding for a particular section and applied load 
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combination of axial force and bending moment. It does not include any 
approximate implicit consideration of member instability and member 
imperfections, as is the case for the refined plastic hinge formulation. These 
effects are dealt with in isolation using inelastic stability functions (s'1 , s'2) and a 
new imperfection reduction equation ((;), respectively (see Sections 6.2.4 and 
6.2.5). Isolation of the two effects enables a more rational and accurate 
representation. 
3. The pseudo plastic zone formulation includes separate tangent modulus functions 
for flexural and axial stiffness (Etf, E1a). The stiffness reduction due to initial 
member imperfections is only applied to the flexural stiffness term, as the 
imperfections have negligible influence on the axial stiffness. The refined plastic 
hinge formulation uses a single tangent modulus (including the effects of initial 
imperfections) for both flexural and axial stiffness reductions. 
4. The pseudo plastic zones method's flexural stiffness reduction parameters (</JA, </Js) 
are evaluated directly from the flexural tangent modulus (see Section 6.2.6), and 
replace the flexural tangent modulus in the force-displacement relationship. In the 
refined plastic hinge model, the tangent modulus is used in combination with the 
flexural stiffness reduction parameters, often resulting in an overestimation of the 
total stiffness reduction. 
Note that the pseudo plastic zone structure force-displacement relationship can be 
assembled and solved using the same procedure as the refined plastic hinge method 
(see Section 5.2). 
6.2.1 Plastic strength, section capacity and initial yield 
The normalised plastic strength can be conveniently defined as a function of the p/m 
ratio using a series of cubic equations in the following form: 
Pps = a0 +a/+a2 t 2 +a3 t
3 
; mps = Pps ; t = tan-1 (pjm) (6.2-2) 
pfm 
The variable t represents the angle between the horizontal m axis and the line 
representing the load path OA from the origin 0(0, 0) to the applied load point A(m, 
p) on the m-p interaction diagram (Figure 6.2-1). As t varies from zero to n/2, it is a 
preferable regression variable to the p/m ratio which varies from zero to infinity. 
Furthermore, because t is a simple function of the p/m ratio, the plastic strength 
corresponding to any applied loads can be directly evaluated from Equation 6.2-2 
without solving a polynomial equation as is required for alternative functions 
(Equations 2.1-6, 2.1-9) such as those proposed by Duan and Chen (1990) and Attalla 
et al. (1994). 
The constants a0, a1, a2, and a3 were determined from a least squares regression 
analysis of the stub beam-column model results for each section. The plastic strength 
is independent of the section slenderness, therefore the same plastic strength constants 
can be used for benchmark sections 310 UBi 32.0, 310 UBr1 32.0, and 310 UBr2 
32.0. These constants are provided in Table 6.2-1. 
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Figure 6.2-1 m-p interaction diagram 
Table 6.2-1 Plastic strength constants for the 310 UBi 32.0, 310 UBrl 32.0, and 310 
UBr2 32.0 sections 
ao aJ az a3 
plm< 0.2 0.0000 0.9980 0.0766 -1.1950 
0.2<plm <5 -0.0032 1.1095 -0.6814 0.2494 
plm>5 52.2780 -106.9742 73.7485 -16.8247 
The normalised section capacity of members subject to pure bending (i.e., p = 0) or 
pure axial compression (i.e., m = 0), the section capacity can be calculated directly 
from the effective section properties (k1, Z/S) obtained from the stub beam-column 
analyses. 
for p = 0 · m = Z JS 
· sc e (6.2-3) 
for m=O· p =k 
. sc f 
The normalised section capacity of member subject to combined bending and axial 
compression can be defined in similar fashion to the plastic strength: 
Psc=ho+blt+b2t2+b3t3 ;msc= Psc ;t=tan-l(pjm) (6.2-4) 
pjm 
The constants b0, b1, b2, and b3 were determined from a least squares regression 
analysis for each section. These constants are provided in Tables 6.2-2, 6.2-3, and 
6.2-4 for the 310 UBi 32.0, 310 UBr1 32.0, and 310 UBr2 32.0 sections. 
Table 6.2-2 Section capacity constants for the 310 UBi 32.0 section 
bo bl bz b3 
~plm<0.2 0.0000 0.9789 -0.1302 -1.8883 
2<plm <5 0.0186 0.8709 -0.4643 0.1727 
n/m>5 16.0194 -32.5776 22.8440 -5.2423 
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Table 6.2-3 Section capacity constants for the 310 UBr1 32.0 section 
bo bl b2 b3 
plm< 0.2 0.0000 0.9690 -0.6352 -0.3503 
0.2 <plm <5 0.0181 0.8194 -0.4381 0.1571 
plm>5 17.1560 -34.8607 24.3226 -5.5711 
Table 6.2-4 Section capacity constants for the 310 UBr2 32.0 section 
bo h b2 b3 
plm<0.2 0.0000 0.8905 -0.8767 0.6096 
0.2 <plm<5 0.0163 0.7374 -0.4010 0.1421 
plm>5 11.3394 -22.9242 16.0874 -3.6902 
The initial yield of a non-compact section can be defined using a modified linear 
interaction equation: 
(6.2-5) 
Equation 6.2-5 is based on the conventional linear interaction equation (5.1-40) which 
has been used by other researchers (Attalla et al., 1994) for compact sections. The 
effect of section slenderness on the initial yield is accounted for by using the 
analytical form factor (k1) to reduce the normalised axial force axis intercept. 
The approximate plastic strength, section capacity, and initial yield curves obtained 
using Equations 6.2-2, 6.2-4, and 6.2-5 are compared to the analytical results in 
Figures 6.2-2 and 6.2-3 for the 310 UBi 32.0 and 310 UBr2 32.0 sections. These 
figures show that the equation lines provide an accurate approximation of the 
analytical result points. 
0.8 
310 UBi 32.0 
0.6 
" plastic strength 
p Ill section capacity 
• initial yield 
0.4 
m 
Figure 6.2-2 Comparison of PEA and approximate plastic strength, section capacity, 
and initial yield equations for the 310 UBi 32.0 section 
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Figure 6.2-3 Comparison of FEA and approximate plastic strength, section capacity, 
and initial yield equations for the 310 UBr2 32.0 section 
6.2.2 Section tangent moduli 
The normalised axial and flexural tangent modulus functions for the pseudo plastic 
zone formulation are defined using Equation 6.2-6: 
e = 1-c a'cz - (1- c )a'c3 t 1 1 (6.2-6) 
A variety of different equation forms were investigated. Equation 6.2-6 was found to 
be the most appropriate function, with sufficient flexibility to accurately trace all of 
the tangent modulus functions obtained from the stub beam-column analyses. 
Equation 6.2-6 is a simple polynomial decay function, containing a lower order (c2) 
term, a higher order (c3) term, and a weighting parameter (c1) to vary the relative 
significance of the lower order and higher order terms. 
The tangent modulus is conveniently defined as a function of the effective plastic 
force state parameter (a), which can be evaluated using Equation 6.2-7. The 
effective plastic force state parameter varies from zero at the point of initial yield, to 
one when the section capacity is reached. The relationship between the force state 
parameter (a) and the effective force state parameter (a) is illustrated on the m-p 
interaction diagram (Figure 6.2-1). As shown in Figure 6.2-1, a'= WIS, while a= 
OAIOP. 
a'= 0 for a:::; a;y 
a'= (a -aiy) for a> a. 
(asc -aiy) 'Y 
(6.2-7) 
The constants c1, c2, and c3 were determined by a least-squares regression analysis for 
each section and load combination. Tangent moduli for intermediate p/m ratios can 
be evaluated using linear interpolation, using tan-1(p/m) as the interpolation variable. 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 186 
Values of CJ. c21 and c3 for the 310 UB 32.0 sections are provided in Tables 6.2-5, 6.2-
6, and 6.2-7. The approximate flexural and axial tangent modulus curves obtained 
using Equation 6.2-6 are compared to the analytical results in Figures 6.2-4, 6.2-5, 
and 6.2-6 for three different load combinations. 
Table 6.2-5 Tangent modulus constants for the 310 UBi 32.0 section 
Load Flexural Axial 
combination CJ c2 c3 CJ c2 c3 
p = 0.00 0.447 1.023 2.735 0.658 0.328 3.185 
plm= 0.02 0.679 1.379 4.473 0.658 0.328 3.185 
plm=0.05 0.795 1.689 9.063 0.658 0.328 3.185 
plm= 0.10 0.751 1.809 7.800 0.612 0.573 1.082 
plm=0.20 0.528 1.449 6.866 0.322 1.271 1.014 
plm=0.50 0.620 1.560 12.229 0.721 1.277 8.529 
plm = 1.00 0.685 1.624 20.140 0.631 1.711 19.319 
plm=2.00 0.697 1.244 12.868 0.520 1.749 20.906 
plm=5.00 0.847 1.011 11.972 0.557 2.235 40.345 
p/m = 10.0 0.923 0.839 10.784 0.622 2.439 84.784 
plm=20.0 0.976 0.772 307.333 0.656 2.363 88.556 
plm=50.0 0.990 0.745 307.333 0.690 2.341 74.103 
m= 0.00 0.990 0.745 307.333 0.585 1.828 17.028 
Table 6.2-6 Tangent modulus constants for the 310 UBr1 32.0 section 
Load Flexural Axial 
combination CJ c2 c3 CJ c2 c3 
p = 0.00 0.690 1.340 6.756 0.652 0.346 3.891 
plm=0.02 0.742 1.574 12.880 0.652 0.346 3.891 
plm= 0.05 0.754 1.805 17.855 0.652 0.346 3.891 
plm= 0.10 0.727 2.101 30.072 0.863 0.680 6.584 
plm=0.20 0.585 1.821 21.812 0.815 0.940 7.054 
plm= 0.50 0.611 1.891 31.053 0.682 1.438 16.454 
plm= 1.00 0.612 1.665 23.251 0.574 1.752 24.049 
plm=2.00 0.684 1.387 20.298 0.546 2.061 38.594 
plm=5.00 0.824 1.100 17.910 0.484 2.148 37.000 
plm= 10.0 0.872 0.860 10.450 0.511 2.171 36.68 
plm= 20.0 0.724 0.614 2.398 0.569 2.197 46.243 
plm=50.0 0.079 0.007 1.003 0.621 2.333 66.805 
m=O.OO 0.079 0.007 1.003 0.556 1.932 23.794 
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Table 6.2-7 Tangent modulus constants for the 310 UBr2 32.0 section 
Load Flexural Axial 
combination CJ c2 c3 CJ c2 c3 
p = 0.00 0.641 1.657 46.879 0.667 0.464 8.437 
plm=0.02 0.637 1.920 154.331 0.667 0.464 8.437 
plm=0.05 0.606 2.156 108.089 0.667 0.464 8.437 
plm = 0.10 0.561 7.120 134.014 0.935 3.604 240.817 
plm=0.20 0.477 1.953 35.862 0.710 1.090 16.335 
plm=0.50 0.537 1.985 41.088 0.636 1.613 31.797 
plm = 1.00 0.605 1.910 38.058 0.576 1.995 39.236 
plm=2.00 0.718 1.955 43.711 0.548 2.562 52.219 
plm= 5.00 0.831 1.271 26.468 0.515 2.399 40.063 
plm= 10.0 0.865 0.981 9.835 0.542 2.382 
plm=20.0 0.168 0.074 1.316 0.594 2.235 42.617 
plm=50.0 0.049 -0.164 1.123 0.626 2.411 43.539 
m=O.OO 0.049 -0.164 1.123 0.643 2.296 44.077 
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Figure 6.2-4 Comparison of the approximate and FEA tangent modulus curves 
(310 UBi 32.0 section, plm = 0.2) 
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Figure 6.2-6 Comparison of the approximate and FEA tangent modulus curves 
(310 UBi 32.0 section,p/m = 5) 
6.2.3 Hinge softening 
The reduction in the section capacity and stiffness due to hinge softening can be 
approximately modelled by replacing the tangent modulus with a negative softening 
modulus after the formation of a plastic hinge (i.e., etf = es). The normalised flexural 
softening modulus (es) can be determined from the analytical moment-curvature 
curves for each section and load combination. These curves indicate that the initial 
rate of hinge softening is reasonably constant for plastic curvatures within the range 
that may occur in typical steel frame structures. The flexural softening moduli can 
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therefore be conservatively calculated from the slope of lower bound tangent to the 
moment-curvature curves. 
Softening modulus values for the 310 UBi 32.0, 310 UBr1 32.0, and 310 UBr2 32.0 
sections are provided in Table 6.2-8 for each load combination. Softening moduli for 
intermediate p/m ratios can be evaluated using linear interpolation, using tan-1(p/m) as 
the interpolation variable. A comparison of the analytical and approximate softening 
curves for a typical section and p/m ratio is provided in Figure 6.2-7. 
Table 6.2-8 Normalised flexural softening moduli for the 310 UBi 32.0, 310 UBr1 
32.0, and 310 UBr2 32.0 sections 
Load 
combination 
p = 0.00 
plm= 0.02 
plm= 0.05 
plm = 0.10 
plm = 0.20 
I plm= 0.50 
plm = 1.00 
p/m = 2.00 
plm=5.00 
plm= 10.0 
plm=20.0 
plm=50.0 
m=O.OO 
0.9 
~ 0.8 ~ 
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0 0.5 
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Figure 6.2-7 Comparison of analytical and approximate flexural softening curves for 
the 310 UBi 32.0 section with p/m = 1 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 190 
6.2.4 Imperfection reduction factor 
It is desirable to avoid explicit modelling of member out-of-plumbness and out-of-
straightness imperfections in a concentrated plasticity advanced analysis. The refined 
plastic formulation relies on the reduced tangent modulus function to provide the 
necessary stiffness reduction to implicitly account for member imperfections. This 
approach does not allow for the effects of the vertical to horizontal load ratio, initial 
imperfection magnitude, and total deflection on the magnitude of the stiffness 
reduction. The slope-deflection functions and equations of equilibrium can be used to 
derive an improved stiffness reduction function for a sway beam-column member (see 
Appendix F3): 
(6.2-8) 
Although the derivation of Equation 6.2-8 is based on a sway member, the equation 
can also be used for non-sway members, provided a minimum of two elements per 
member are used. The free body diagram of an element defining half the length of a 
non-sway member is in fact identical to that of the sway beam-column member used 
to derive Equation 6.2-8. 
The imperfection stiffness reduction factor ( 0 accounts for the following: 
• The vertical to horizontal load ratio (P/H). In a frame analysis, the stiffness 
reduction factor is calculated for each individual element. The vertical load (P) is 
taken as the magnitude of the element axial compression force, while the 
horizontal load (H) is taken as the magnitude of the element shear force. The 
vertical load is taken as zero for tension members. Elements with zero shear (i.e., 
H = 0) require explicit modelling of member imperfections. Equation 6.2-8 
indicates a decrease in (;with increasing PIH ratios. 
• The initial imperfection magnitude (L1i). The recommended ratio of the initial 
imperfection magnitude to element length (L1/L) is 1/500 for both sway and non-
sway members. Note that the ratio of imperfection magnitude to element length is 
double the ratio of imperfection magnitude to member length for non-sway 
members with at least two elements per member. Equation 6.2-8 indicates a 
decrease in (;with increasing L1/L ratios. 
• The total deflection (L1). The effect of the initial imperfection diminishes as the 
total deflection increases. In a frame analysis, the total deflection is taken as the 
relative deflection of the element nodes at the end of the previous load increment. 
The initial stiffness reduction can be determined by taking L1 = 0. 
The imperfection reduction function is illustrated in Figure 6.2-8 for L1/L = 1/500 and 
three PIH ratios. This figure suggests that the constant 0.877 reduction factor used in 
the AISC LRFD compression member capacity equations is unconservative for 
members with high PIH ratios and smaller total displacements, and conservative for 
members with low PIH ratios. Note that the element axial force to shear force PIH 
ratio is approximately double the applied load PIH ratio for a single storey, single bay 
sway frame. The effects of the initial imperfection magnitude and element PIH ratio 
on the imperfection reduction function are also illustrated in Figure 6.2-9. 
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Figure 6.2-9 Imperfection reduction factor vs. element P/H ratio for various initial 
imperfection magnitudes and L1 = 0 
6.2.5 Second-order effects 
Accurate consideration of the second-order instability of an inelastic beam-column 
member would require the solution of a second-order differential equation with non-
constant coefficients: 
(6.2-9) 
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After the commencement of yielding, the flexural tangent modulus (Etf) will vary 
along the length of the member. It is therefore not possible to obtain a simple closed-
form solution to Equation 6.2-9. An approximate solution can be obtained by using: 
• Inelastic stability functions (s'J. s'2) calculated using the mean flexural tangent 
modulus (E'tf) instead of the elastic modulus (E) in Equations 5.1-9 and 5.1-10. 
• A flexural stiffness reduction function based on the tangent moduli at the element 
ends to account for the longitudinal distribution of plasticity (see Section 6.2-6). 
This approximate solution will converge to the true solution as the number of 
elements per member is increased. Note that the mean flexural tangent modulus can 
be taken as the average of the flexural tangent moduli calculated at the element ends. 
6.2.6 Flexural stiffness reduction parameter 
The flexural stiffness reduction factor ( </>) can be calculated directly from the flexural 
tangent modulus using Equation 6.2-10: 
</> = (0.5 -1/ {3)+}!_~(0.5 -1/ /3)2 + 2etf j f3 for f3 t= 0 
l/31 
</> = etf for f3 = 0 
(6.2-10) 
A derivation of Equation 6.2-10 is provided in Appendix F2. The end moment ratio 
({3) is defined as: 
M f3 =_A ; IM A I < IM B I ; -1 ~ f3 ~ 1 (6.2-11) 
MB 
The effect of the end moment ratio ({3) on the flexural stiffness reduction function is 
illustrated in Figures 6.2-10 and 6.2-11. 
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Figure 6.2-10 Flexural stiffness reduction parameter vs. end moment ratio for various 
flexural tangent moduli 
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Figure 6.2-11 Flexural stiffness reduction parameter vs. force state parameter for 
various end moment ratios and a particular flexural tangent modulus function 
6.3 Verification of the pseudo plastic zone analytical method 
In order to establish the validity, accuracy, and reliability of the pseudo plastic zone 
method for the analysis of steel frames comprising non-compact sections, a selection 
of the benchmark frames presented in Chapter 4 were analysed using the new model. 
In this section, the results of these pseudo plastic zone analyses are compared to the 
finite element benchmark and refined plastic hinge solutions, and the specification 
design capacities. As in Section 5.4, all of the results are compared using tabulated 
summaries of ultimate load capacities, normalised strength curves, and load-
deflection curves. A representative selection of these tables and charts is presented in 
this section, while a more comprehensive presentation of all results and comparisons 
is provided in Appendices B and C. 
As stated in Section 6.1.2, stub beam-column analyses were only conducted for the 
310 UB 32.0 sections. Model parameters (e.g., the section capacity and tangent 
modulus coefficients) were therefore only obtained for these sections (see Section 
6.2). This limited the range of benchmark frames that could be analysed with the 
pseudo plastic zone model. In benchmark series 1, 2, and 3, significant yielding only 
occurred in the 310 UB 32.0 sections. All of the necessary model parameters required 
for the pseudo plastic zone analysis of these frames were therefore available. 
However, the modified Vogel frames and benchmark series 4 and 5 could not be used 
to verify the pseudo plastic zone model. Further research is planned to obtain model 
parameters for the other sections included in these benchmark frames, and all of the 
commonly used Australian sections. 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 194 
6.3.1 Series 1: Fixed base sway portal frames (major axis bending) 
A series of 54 benchmark analyses of single bay, single storey, fixed base sway portal 
frames comprising non-compact !-sections subject to major axis bending was 
presented in Section 4.3.2. The configuration of the frames is illustrated in Figure 
4.3-5, and the section properties are provided in Tables 4.3-4 and 4.3-5. In this 
section, the accuracy of the pseudo plastic zone method is tested by comparison with 
the results of the benchmark series 1 finite element analyses and specification designs 
to the AS4100 and AISC LRFD standards. 
The pseudo plastic zone sway load-deflection curves for three of the series 1 portal 
frames are illustrated in Figures 6.3-1 to 6.3-3, and compared to the finite element 
benchmark and refined plastic hinge solutions. 
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Figure 6.3-4 Vertical load-deflection curves for benchmark frame 1-2111 
A more comprehensive selection of the sway load-deflection curves for series 1 is 
also provided in Appendix B 1. A typical vertical load-deflection curve for one of the 
series 1 portal frames is shown in Figure 6.3-4. 
Three normalised strength curves are presented in Figures 6.3-5 to 6.3-7. All other 
normalised strength curves for series 1 are provided in Appendix C1. 
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Figure 6.3-6 Comparison of strength curves for frames 1-21X1 
A comparison between the benchmark series 1 ultimate loads obtained from the 
pseudo plastic zone (PPZ) analyses, finite element analyses (PEA), refined plastic 
hinge (RPH) analyses, and specification design calculations is presented in Table 6.3-
1. A statistical evaluation of the comparative results is provided in Table 6.3-2. 
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Table 6.3-1 Comparison ofPPZ, FEA, RPH, and design ultimate capacities for 
benchmark series 1 
Frame PPZ/FEA PPZ/RPH PPZ/RPH PPZ/Design PPZ/Design 
(AS4100) (AISC) (AS4100) (AISC) 
1-1111 0.992 1.063 1.022 1.049 1.050 
1-1121 0.984 1.061 1.003 1.144 1.101 
1-1131 0.996 1.043 0.966 1.246 1.137 
1-2111 0.975 1.091 1.036 1.082 1.096 
1-2121 1.011 1.065 1.011 1.168 1.119 
1-2131 1.010 1.052 0.998 1.212 1.099 
1-3111 0.988 1.100 1.039 1.088 1.127 
1-3121 1.017 1.066 1.034 1.167 1.133 
1-3131 0.992 1.049 1.033 1.190 1.086 
1-1211 0.993 1.063 1.021 1.043 1.030 
1-1221 0.973 1.073 1.011 1.142 1.095 
1-1231 0.988 1.091 1.026 1.271 1.160 
1-2211 0.962 1.086 1.030 1.077 1.051 
1-2221 1.000 1.012 1.084 1.176 1.106 
1-2231 1.006 1.062 1.021 1.239 1.117 
1-3211 0.958 1.109 1.036 1.110 1.079 
1-3221 1.011 1.092 1.034 1.194 1.117 
1-3231 1.011 1.043 1.029 1.218 1.095 
1-1112 1.003 1.053 0.998 1.038 1.031 
1-1122 0.977 1.052 0.972 1.116 1.067 
1-1132 0.991 1.078 0.947 1.214 1.105 
1-2112 0.981 1.082 1.014 1.069 1.079 
1-2122 1.009 1.066 0.987 1.147 1.099 
1-2132 0.999 1.052 0.974 1.176 1.068 
1-3112 0.992 1.102 1.027 1.080 1.118 
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Frame PPZIFEA PPZIRPH PPZIRPH PPZIDesign PPZIDesign 
(AS4100) (AISC) (AS4100) (AISC) 
1-3122 1.019 1.079 1.018 1.157 1.125 
1-3132 0.983 1.051 1.024 1.169 1.071 
1-1212 0.990 1.039 0.984 1.018 0.991 
1-1222 0.967 1.059 0.976 1.113 1.058 
1-1232 0.987 1.099 0.985 1.236 1.126 
1-2212 0.966 1.075 1.006 1.064 1.030 
1-2222 1.000 1.083 0.985 1.155 1.080 
1-2232 1.000 1.074 0.989 1.206 1.087 
1-3212 0.962 1.107 1.017 1.106 1.066 
1-3222 1.015 1.102 1.011 1.185 1.106 
1-3232 1.006 1.063 1.010 1.193 1.073 
1-1113 0.990 0.975 0.921 0.966 0.954 
1-1123 0.980 1.019 0.918 1.061 1.012 
1-1133 0.983 1.077 0.906 1.151 1.047 
1-2113 0.993 1.036 0.964 1.022 1.030 
1-2123 1.010 1.041 0.940 1.095 1.049 
1-2133 0.990 1.052 0.937 1.118 1.015 
1-3113 1.012 1.076 1.001 1.054 1.093 
1-3123 1.023 1.063 0.978 1.115 1.088 
1-3133 0.976 1.048 0.973 1.115 1.021 
1-1213 0.989 0.979 0.917 0.958 0.930 
1-1223 0.962 1.013 0.914 1.048 0.991~ 
1-1233 0.969 1.084 0.927 1.166 1.060 
= 
1-2213 0.978 1.028 0.951 1.015 0.979 
1-2223 1.001 1.052 0.935 1.099 1.026 
1-2233 0.990 1.061 0.931 1.143 1.028 
1-3213 0.982 1.072 0.976 1.073 1.029 
1-3223 1.016 1.081 0.969 1.139 1.061 
1-3233 1.001 1.063 0.963 1.139 1.023 
Table 6.3-2 Statistical analysis of benchmark series 1 results 
Mean Coefficient of Maximum Minimum 
variation 
PPZIFEA 0.992 0.017 1.023 0.958 
PPZ I RPH (AS41 00) 
= 
1.062 0.027 1.109 0.975 
PPZ I RPH (AISC) 0.988 0.041 1.084 0.906 
PPZ I Design (AS4100) 1.125 0.063 1.271 0.958 
PPZ I Design (AISC) 1.067 0.045 1.160 0.930 
The pseudo plastic zone model is, on average, less than 1.0 percent conservative 
compared to the finite element benchmark model for series 1 frames. The maximum 
unconservative error is an acceptable 2.3 percent. The pseudo plastic zone model 
provides a mean capacity increase of 12.5 percent compared to the conventional 
elastic analysis design procedure using AS4100 specification equations, and a 
maximum capacity increase of 27.1 percent. The pseudo plastic zone method is more 
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accurate than the refined plastic hinge method, and significantly more precise as 
indicated by the low coefficient of variation (0.017). This also demonstrates that the 
pseudo plastic zone model provides a significantly more uniform safety compared to 
the AS4100 and AISC LRFD design specification equations. These results indicate 
that the pseudo plastic zone model is remarkably accurate and precise for fixed base 
sway frames comprising non-compact !-sections with major axis bending. 
The influence of the frame parameters (column section slenderness, column member 
slenderness, vertical to horizontal load ratio, and column to beam stiffness ratio) on 
the mean ultimate capacity is summarised in Table 6.3-3. This table demonstrates 
that the accuracy of the pseudo plastic zone model is not sensitive to parametric 
variation for series 1 frames. However, the model does appear to be slightly more 
conservative for frames with low column member slendernesses and high PIH ratios. 
Table 6.3-3 Effect of parametric variation on the accuracy of the pseudo plastic zone 
model for benchmark series 1 
Mean PPZ I FEA 
i sections (k1 = 0.902, Z/S = 0.976) 0.993 
r1 sections (k1 = 0.851, Z/S = 0.939) 0.991 
r2 sections (k1 = 0.802, Z/S = 0.887) 0.991 
PIH= 100 0.984 
PIH= 15 0.999 
PIH=3 0.993 
L!r = 24.2 to 24.4 0.984 
L!r = 40.3 to 40.7 0.993 
L/r = 56.4 to 56.9 0.998 
r= 2.29 to 2.31 0.995 
i r= 0.54 to 0.57 0.988 
Based on the results of the benchmark series 1 analyses, the following observations 
can be made regarding the performance of the pseudo plastic zone model: 
1. The initial flexural stiffness is more accurately modelled in the pseudo plastic 
zone method compared to the refined plastic hinge methods, justifying the 
applicability of Equation 6.2-8 (see Figures 6.3-1 to 6.3-3, and Appendix B1). 
The initial stiffness is still slightly overestimated for frames with high P/H ratios, 
but this does not appear to adversely influence the accuracy of the model. 
2. The rate of stiffness reduction is more accurately modelled in the pseudo plastic 
zone method compared to the refined plastic hinge methods, evidenced by the 
close agreement between the pseudo plastic zone and finite element benchmark 
load-deflection curves and ultimate loads (Figures 6.3-1 to 6.3-4, and Appendix 
B1). This justifies the use of the section tangent moduli (Equation 6.2-6), flexural 
stiffness reduction function (Equation 6.2-1 0), and inelastic stability functions to 
model the gradual stiffness reduction due to yielding and the associated second-
order effects. 
3. The load-deflection curves (Figures 6.3-1 to 6.3-4, and Appendix B 1) indicate that 
the initial yield point is accurately modelled, justifying the applicability of the 
pseudo plastic zone method's initial yield function (Equation 6.2-5). 
4. The pseudo plastic hinge model does not appear to overestimate the inelastic 
redistribution ductility, as occurred in the refined plastic hinge model. This 
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suggests that the simplified constant hinge softening modulus approach is suitably 
accurate if the appropriate modulus is used (Table 6.2-8). 
5. The consistent accuracy of the pseudo plastic zone method also demonstrates the 
accuracy of the section capacity equation (Equation 6.2-4) derived from the stub 
beam-column models. 
6. The axial stiffness is more accurately modelled in the pseudo plastic zone method 
compared to the refined plastic hinge method (see Figure 6.3-4) due to the use of 
separate flexural and axial tangent moduli. 
6.3.2 Series 2: Pinned base sway portal frames (major axis bending) 
A series of 12 benchmark analyses of single bay, single storey, pinned base sway 
portal frames comprising non-compact !-sections subject to major axis bending was 
presented in Section 4.3.3. The configuration of the frames is illustrated in Figure 
4.3-16, and the section properties are provided in Tables 4.3-4 and 4.3-5. In this 
section, the accuracy of the pseudo plastic zone method is tested by comparison with 
the results of the benchmark series 2 finite element analyses and specification designs 
to the AS41 00 and AISC LRFD standards. 
The pseudo plastic zone sway load-deflection curves for all of the series 2 portal 
frames are provided in Appendix B2, and compared to the finite element benchmark 
and refined plastic hinge solutions. Typical normalised strength curves for a series 2 
benchmark frame are presented in Figure 6.3-8. All other normalised strength curves 
for series 2 are provided in Appendix C2. 
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Figure 6.3-8 Comparison of strength curves for frames 2-21X1 
A comparison between the benchmark series 2 ultimate loads obtained from the 
pseudo plastic zone (PPZ) analyses, finite element analyses (PEA), refined plastic 
hinge (RPH) analyses, and specification design calculations is presented in Table 6.3-
4. A statistical evaluation of the comparative results is provided in Table 6.3-5. 
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Table 6.3-4 Comparison of PPZ, FEA, RPH, and design ultimate capacities for 
benchmark series 2 
Frame PPZ/FEA PPZ/RPH PPZ/RPH PPZ/Design PPZ/Design 
(AS4100) (AISC) (AS4100) (AISC) 
2-1111 0.962 1.084 1.028 1.040 1.114 
2-1121 0.970 1.076 1.032 1.102 1.137 
2-1131 0.983 1.113 1.119 1.106 1.068 
2-2111 0.942 1.058 1.055 1.047 1.144 
2-2121 0.967 1.070 1.097 1.032 1.161 
2-2131 0.974 1.068 1.080 1.041 1.013 
2-1113 0.982 1.051 0.978 1.017 1.072 
2-1123 0.962 1.063 0.977 1.041 1.086 
2-1133 0.982 1.094 1.106 1.078 1.050 
2-2113 0.941 1.054 1.059 1.056 1.164 
2-2123 0.981 1.085 1.112 1.024 1.194 
2-2133 0.947 1.072 1.090 1.038 1.017 
Table 6.3-5 Statistical analysis of benchmark series 2 results 
I Mean Coefficient of Maximum Minimum~ 
variation 
PPZIFEA 0.966 0.016 0.983 0.941 
PPZ I RPH (AS41 00) 1.074 0.017 1.113 1.051 
PPZ I RPH (AISC) 1.061 0.046 1.119 0.977 
PPZ I Design (AS4100) 1.052 0.027 1.106 1.017 
PPZ I Design (AISC) 1.102 0.054 1.194 1.013 
The series 2 results indicate that the pseudo plastic zone model is suitably accurate 
and precise for pinned base sway frames comprising non-compact !-sections with 
major axis bending. The pseudo plastic zone model appears to be slightly more 
conservative for pinned base frames than for fixed base frames. The influence of the 
frame parameters is summarised in Table 6.3-6, demonstrating that the accuracy of 
the pseudo plastic zone hinge model is not particularly sensitive to parametric 
variation for series 2 frames. However, the model is slightly more conservative for 
frames with high PIH ratios. 
Table 6.3-6 Effect of parametric variation on the accuracy of the pseudo plastic zone 
model for benchmark series 2 
Mean 
PPZ/FEA 
i sections Ckt= 0.902, z;s = 0.976) 0.966 
r2 sections (k1= 0.802, Z/S = 0.887) 0.966 
= 100 0.957 
PIH= 15 0.970 
PIH=3 0.972 
L/r = 24.2 to 24.4 0.974 
L/r = 40.3 to 40.7 0.959 
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6.3.3 Series 3: Leaned column sway portal frames (major axis 
bending) 
A series of 36 benchmark analyses of single bay, single storey, leaned column (one 
column pinned and one fixed), sway portal frames comprising non-compact !-sections 
subject to major axis bending was presented in Section 4.3.4. The configuration of 
the frames is illustrated in Figure 4.3-17, and the section properties are provided in 
Tables 4.3-4 and 4.3-5. In this section, the accuracy of the pseudo plastic zone 
method is tested by comparison with the results of the benchmark series 3 finite 
element analyses and specification designs to the AS4100 and AISC LRFD standards. 
The pseudo plastic zone sway load-deflection curves for a typical series 3 portal 
frame (with Pill = 3) are illustrated in Figure 6.3-9, and compared to the finite 
element benchmark and refined plastic hinge solutions. A selection of 12 load-
deflection curves for series 3 are also provided in Appendix B3. 
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Figure 6.3-9 Sway load-deflection curves for benchmark frame 3-2131 
Two normalised strength curves are presented in Figures 6.3-10 and 6.3-11. All other 
normalised strength curves for series 3 are provided in Appendix C3. 
A comparison between the benchmark series 3 ultimate loads obtained from the 
pseudo plastic zone (PPZ) analyses, finite element analyses (FEA), refined plastic 
hinge (RPH) analyses, and specification design calculations is presented in Table 6.3-
7. A statistical evaluation of the comparative results is provided in Table 6.3-8. 
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Table 6.3-7 Comparison of PPZ, FEA, RPH, and design ultimate capacities for 
benchmark series 3 
Frame PPZ/FEA PPZ/RPH PPZ/RPH PPZ/Design PPZ/Design 
(AS4100) (AISC) (AS4100) (AISC) 
3-1111 0.978 1.064 1.019 1.050 1.076 
3-1121 0.949 1.027 0.947 1.158 1.116 
3-1131 0.997 0.966 0.917 1.290 1.171 
3-2111 0.971 1.084 1.023 1.051 1.122 
3-2121 1.004 1.035 0.991 1.150 1.127 
3-2131 1.033 0.991 0.970 1.260 1.162 
3-1113 0.988 0.997 0.931 0.975 0.991 
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Frame PPZ/FEA PPZ/RPH PPZ/RPH PPZ/Design PPZ/Design 
(AS4100) (AISC) (AS4100) (AISC) 
3-1123 0.941 1.031 0.899 1.076 1.034 
3-1133 0.954 0.990 0.836 1.141 1.036 
3-2113 0.981 1.055 0.978 1.004 1.079 
3-2123 1.001 1.035 0.942 1.083 1.069 
3-2133 0.969 0.985 0.883 1.101 1.017 
3-lllla 0.994 1.023 0.987 1.017 1.007 
3-1121a 1.026 1.039 1.002 1.075 1.076 
3-1131a 0.980 1.071 1.071 1.236 1.148 
3-2111a 0.960 1.049 1.005 1.096 1.080 
3-2121a 1.049 1.066 1.022 1.146 1.163 
3-2131a 1.006 1.020 1.011 1.195 1.147 
3-1113a 0.992 0.944 0.893 0.944 0.920 
3-1123a 1.025 0.961 0.902 0.992 0.981 
3-1133a 0.960 1.078 0.936 1.141 1.064 
3-2113a 0.945 0.970 0.911 1.034 1.000 
3-2123a 1.045 1.015 0.948 1.072 1.085 
3-2133a 0.976 1.035 0.959 1.091 1.065 
3-1111b 1.015 1.041 1.008 1.037 1.046 
3-1121b 0.969 1.032 0.978 1.096 1.081 
3-1131b 0.999 0.969 0.891 1.209 1.126 
3-2111b 0.980 1.065 1.023 1.064 1.091 
3-2121b 1.022 1.043 1.005 1.138 1.126 
3-2131b 1.012 0.971 0.921 1.202 1.118 
3-1113b 1.007 0.957 0.903 0.950 0.947 
3-1123b 1.021 0.979 0.905 1.008 0.981 
3-1133b 0.971 0.987 0.833 1.099 1.020 
3-2113b 0.983 1.012 0.951 1.014 1.022 
3-2123b 1.022 1.012 0.935 1.067 1.054 
3-2133b 0.987 1.003 0.868 1.098 1.022 
Table 6.3-8 Statistical analysis of benchmark series 3 results 
Mean Coefficient of Maximum Minimum 
variation 
PPZIFEA 0.992 0.028 1.049 0.941 
PPZ I RPH (AS41 00) 1.017 0.037 1.084 0.944 
Z I RPH (AISC) 0.950 0.060 1.071 0.833 
I Design (AS4100) 1.093 0.077 1.290 0.944 
Z I Design (AISC) 1.066 0.059 1.171 0.920 
The pseudo plastic zone model is, on average, less than one percent conservative 
compared to the finite element benchmark model for series 3 frames. The maximum 
unconservative error is 4.9 percent, less than the recommended five percent limit. 
The pseudo plastic zone model provides a mean capacity increase of 9.3 percent 
compared with the conventional elastic analysis design procedure using AS4100 
specification equations, and a maximum capacity increase of 29.0 percent. These 
results indicate that the pseudo plastic zone model is accurate and precise for leaned 
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column sway frames comprising non-compact !-sections with major axis bending and 
non-uniform column loading. The influence of the frame parameters is summarised 
in Table 6.3-9, demonstrating that the accuracy of the pseudo plastic zone model is 
not particularly sensitive to parametric variation for series 3 frames. 
Table 6.3-9 Effect of parametric variation on the accuracy of the pseudo plastic zone 
model for benchmark series 3 
Mean 
PPZIFEA 
i sections (k1= 0.902, Z/S = 0.976) 0.997 
r2 sections (k1= 0.802, Z/S = 0.887) 0.987 
PIH = 100 0.983 
PIH= 15.0 1.006 
PIH= 3.00 0.987 
L/r = 24.2 to 24.4 0.987 
L/r= 40.3 to 40.7 0.997 
P/P2 = 1.00 0.981 
P/P2 = 3.00 0.996 
P/P2 = 0.333 0.999 
6.4 Summary 
A concentrated plasticity model for the advanced analysis of steel frame structures has 
been presented in this chapter. The pseudo plastic zone model accounts for the effects 
of local buckling using tangent modulus, section capacity, and initial yield equations 
derived from distributed plasticity finite element analysis of a stub beam-column 
model. The accuracy and precision of the new model has been extensively tested 
using the analytical benchmarks presented in Chapter 4. A statistical analysis of the 
combined results of benchmark series 1, 2, and 3 (a total of 102 analyses) is provided 
in Table 6.4-1. The accuracy of the pseudo plastic zone model for each series is 
summarised in Table 6.4-2 and compared with the refined plastic hinge method. 
Table 6.4-1 Statistical analysis of combined benchmark series 1-3 results 
Mean Coefficient of Maximum ....... 
variation 
PPZIFEA 0.990 0.023 1.049 0.941 
RPH (AS4100) IFEA 0.945 0.047 1.066 0.864 
RPH (AISC) I FEA 1.009 0.064 1.165 0.869 
PPZ I RPH (AS4100) 1.048 0.037 1.113 0.944 
PPZ I RPH (AISC) 0.983 0.059 1.119 0.833 
PPZIDesign (AS4100) 1.105 0.069 1.290 0.944 
PPZ I Design (AISC) 1.071 0.052 1.194 0.920 
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Table 6.4-2 Summary of the pseudo plastic zone model accuracy for each series 
Mean Mean Mean 
PPZ/FEA RPH (AS4100) RPH (AISC) 
/FEA /FEA 
Series 1: fixed base, sway, major axis 0.992 0.934 1.005 
Series 2: pinned base, sway, major axis 0.966 0.900 0.912 
Series 3: leaned column, sway, major axis 0.992 0.977 1.047 
The pseudo plastic zone method is suitable for all of the frame types investigated in 
benchmark series 1, 2, and 3. The method is significantly more accurate and precise 
than both the conventional individual member design methods based on elastic 
analysis and specification equations, and the refined plastic hinge methods. On 
average, the pseudo plastic zone model is one percent conservative, with an 
acceptable maximum unconservative error of 4.9 percent. The pseudo plastic zone 
model can allow the design capacity to be increased by up to 29.0 percent for simple 
frames, mainly due to the consideration of inelastic redistribution. 
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Chapter 7. Conclusions 
I t is well established that advanced analysis can provide a practical and efficient alternative to the traditional design methods based on simplified elastic analysis and semi-empirical specification equations. However, before advanced analysis 
can realise its potential as a tool for practical design, a number of significant 
limitations must be overcome. In particular, as more than 50 percent of the most 
commonly used Australian steel sections are non-compact, the applicability of 
advanced analysis will be severely restricted unless practical advanced analysis 
methods are provided which account for the effects of local buckling. 
This thesis has presented a methodical and comprehensive investigation aimed at 
widening the scope of advanced analysis to encompass the design of steel frames 
compnsmg non-compact sections. Two alternative concentrated plasticity 
formulations have been developed and verified using a comprehensive new series of 
analytical benchmark solutions and large scale experimental tests. The following is a 
summary of the most significant findings arising from the research project: 
1. The distributed plasticity shell finite element model described in Section 4.1 is 
suitable for advanced analysis of steel frames comprising non-compact sections. 
The model accurately predicts the ultimate load and traces the load-deflection 
response of three analytical benchmark frames (Vogel, 1985) and three 
experimental frames comprising non-compact hot-rolled !-sections, cold-formed 
rectangular hollow sections, and welded !-sections. Initial member and local 
section imperfections, membrane and flexural residual stresses, gradual section 
yielding, spread of plasticity, second-order instability, and local buckling 
deformations are explicitly and accurately modelled. 
2. Distributed plasticity analysis of steel frames comprising non-compact sections 
using shell finite elements is not suitable for practical design due to its 
complexity, expense, and excessive computational resource requirements. 
Simplified concentrated plasticity methods are required for practical design of 
steel frames comprising non-compact sections. 
3. The 120 distributed plasticity analytical results (from benchmark series 1, 2, 3, 4, 
and 5) presented in Section 4.3 and Appendix A form a comprehensive range of 
benchmark solutions suitable for verification and calibration of simplified 
concentrated plasticity models for the advanced analysis of steel frame structures 
comprising non-compact cross-sections. 
4. The concentrated plasticity refined plastic hinge model presented in Section 5.1 
provides a simple and practical method for the advanced analysis of steel frame 
structures comprising non-compact sections. The model is based on a method 
proposed by Liew (1992), modified to account for the effects of local buckling 
using simple equations derived from either the AS4100 or AISC LRFD 
specifications. The accuracy and precision of the new model has been extensively 
tested using the distributed plasticity analytical benchmarks presented in Section 
4.3 and Appendix A. 
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5. The refined plastic hinge model based on the AS41 00 specifications is suitable for 
all of the frame types investigated in benchmark series 1, 2, 3, 4, and 5. The 
method is significantly more accurate and precise than the conventional individual 
member design method based on elastic analysis and specification equations. On 
average, the refined plastic hinge model with AS4100 parameters is five percent 
conservative. The maximum unconservative error is 6.9 percent, slightly greater 
than the five percent recommended maximum error but still reasonable if a 0.9 
capacity reduction factor is used. The refined plastic hinge model can allow the 
design capacity to be increased by up to 33.5 percent for frames of the type 
considered in this investigation, mainly due to the consideration of inelastic 
redistribution. The refined plastic hinge model based on the AISC LRFD 
specifications is too unconservative in some situations (up to 17.4 percent), and 
therefore is not recommended for general use. 
6. Although the refined plastic hinge model performs reasonably well in most 
situations, it does contain a number of inherent approximations and 
simplifications. The concentrated plasticity pseudo plastic zone model described 
in Section 6.2 eliminates these sources of error, and is therefore a more accurate 
and precise method of advanced analysis for steel frame structures comprising 
non-compact sections. The pseudo plastic zone model accounts for the effects of 
local buckling using tangent modulus, section capacity, and initial yield equations 
derived from distributed plasticity shell finite element analysis of a stub beam-
column model. The accuracy and precision of the new model has been 
extensively tested using the analytical benchmarks presented in Section 4.3 and 
Appendix A. 
7. The pseudo plastic zone method is suitable for all of the frame types investigated 
in benchmark series 1, 2, and 3. The method is significantly more accurate and 
precise than the both the conventional individual member design methods based 
on elastic analysis and specification equations, and the refined plastic hinge 
methods. On average, the pseudo plastic zone model is less than one percent 
conservative, with an acceptable maximum unconservative error of less than five 
percent. The pseudo plastic zone model can allow the design capacity to be 
increased by up to 30 percent for simple frames, mainly due to the consideration 
of inelastic redistribution. 
8. Two elements per member are recommended for columns and beams without 
transverse loading. A minimum of four elements per member is recommended for 
beam elements with transverse loading. The initial applied load increment should 
be approximately 1/lOOth of the ultimate load capacity. These recommendations 
apply to both refined plastic hinge and pseudo plastic zone analyses. 
9. Proportional loading is slightly more conservative than non-proportional loading 
(i.e., vertical load application preceding horizontal load application) for non-
compact frames with typical configurations. The effects of strain hardening can 
also be conservatively ignored, and are less significant in frames with non-
compact sections compared to frames with compact sections. 
Further research is recommended to investigate the effects of shear on the capacity of 
sections with slender webs. A significant research effort is still required to quantify 
the effects of lateral (i.e., out-of-plane) buckling on the ultimate capacity of structural 
systems, and to formulate methods for including these effects in a practical advanced 
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analysis method. The interaction of local and lateral buckling also requires 
investigation. These investigations should include provision of new analytical and 
experimental benchmark frames comprising sections with slender webs and members 
without full lateral restraint. 
It would be useful for additional benchmark frames comprising non-compact welded 
!-sections and cold-formed rectangular hollow sections with full lateral restraint to be 
developed. These frames could be used to further verify the concentrated plasticity 
models for section types other than hot-rolled !-sections. Additional multi-storey 
and/or multi-bay benchmark frame solutions would also be useful to provide greater 
confidence in the ability of the concentrated plasticity models to accurately predict 
inelastic redistribution in redundant frames comprising non-compact sections. 
Additional research is still required to refine the pseudo plastic zone model, and to 
extend its scope. Stub beam-column analyses must be conducted for all of the 
commonly used non-compact sections, and the results used to obtain model 
parameters such as the coefficients used to define the section capacity and tangent 
modulus curves. These coefficients can then be stored in a library file to be used in 
conjunction with an implementation of the pseudo plastic zone formulation. 
Alternatively, accurate generalised functions may be developed to accurately predict 
the model parameters as a direct function of the dependent variables without resort to 
curve fitting. Further research to quantify the effects of non-proportional loading on 
the model parameters would also be useful. 
A computer program, comprising an implementation of the refined plastic hinge and 
pseudo plastic zone formulations, with a Microsoft Windows graphical user interface 
has been developed. The program also allows conventional first-order elastic, 
second-order elastic, first-order elastic-plastic hinge, and second-order elastic plastic 
hinge analyses to be performed. This program enables the use of advanced analysis 
for practical design applications, without resort to complicated text files for data 
input. The graphical interface allows definition of geometry, loads, and boundary 
conditions, and provides bending moment diagrams, the hinge locations and 
formation sequence, deformed geometry, and load-deflection plots. The program also 
contains a feature that permits automatic subdivision of members into a specified 
number of elements. It is therefore no more difficult to model structures with 
multiple elements per member, than it is with one element per member. Further 
development of this program is planned to include semi-rigid connections, distributed 
member loading, and three dimensional effects. 
The new computer program can be used to conduct research with the aim of 
investigating the relative cost efficiency of compact and non-compact sections for 
various types of steel frame structures. It may also be used to produce useful design 
charts for standard steel frame structures. 
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Appendix A. Benchmark Load-
Deflection Results 
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Al. Benchmark series lload-deflection results 
Note: P shown in kN units, L1 shown in mm units. 
bm1-1111 (PIH = 100) bm1-1121 (PIH = 15) bm1-1131 (PIH = 3) 
p 
..ivi ~I p ..1Vl ~I p ..1Vl ~I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.005 0.000 
91.1 0.349 0.225 63.7 0.243 0.781 27.1 0.099 1.551 
182.3 0.688 0.447 127.5 0.476 1.561 54.3 0.194 3.113 
273.4 1.028 0.674 191.2 0.710 2.355 81.4 0.290 4.686 
364.5 1.371 0.907 254.9 0.945 3.162 108.5 0.388 6.271 
455.7 1.716 1.146 318.7 1.181 3.984 135.7 0.486 7.867 
546.8 2.065 1.391 382.4 1.419 4.820 162.8 0.585 9.474 
637.9 2.417 1.643 446.1 1.658 5.671 189.9 0.685 11.094 
729.1 2.775 1.904 509.9 1.898 6.539 217.1 0.787 12.725 
820.2 3.145 2.196 573.6 2.141 7.430 244.2 0.890 14.375 
911.3 3.552 2.591 637.3 2.389 8.385 271.3 0.995 16.060 
1002.5 4.038 3.224 701.1 2.646 9.455 298.5 1.104 17.813 
1025.3 4.185 3.465 764.8 2.922 10.744 325.6 1.222 19.689 
1059.4 4.449 4.036 780.7 2.996 11.133 352.7 1.357 21.885 
1062.6 4.479 4.121 804.6 3.115 11.817 359.5 1.398 22.560 
1067.4 4.527 4.282 813.6 3.164 12.143 369.7 1.472 23.781 
1069.2 4.547 4.367 827.0 3.265 13.193 373.5 1.507 24.353 
1071.9 4.582 4.632 827.9 3.285 13.515 379.2 1.580 25.602 
1072.3 4.589 4.736 382.1 1.658 26.895 
1072.4 4.593 4.797 382.7 1.705 27.639 
I bm1-1211 (P/H = 100) bm1-1221 (PIH = 15) bm1-1231 (PIH = 3) 
p 
..ivi ..1Hl p ..ivi ~I p ..1Vl ~I 
0.0 0.014 0.000 0.0 0.014 0.000 0.0 0.005 0.000 
92.4 0.349 0.149 67.5 0.253 0.553 60.8 0.194 2.373 
184.8 0.685 0.300 135.1 0.493 1.114 121.6 0.386 4.773 
277.2 1.023 0.455 202.6 0.734 1.681 152.0 0.482 5.983 
369.6 1.364 0.612 270.1 0.976 2.256 212.8 0.677 8.424 
462.0 1.707 0.772 337.7 1.219 2.839 243.2 0.775 9.656 
554.4 2.054 0.935 405.2 1.464 3.430 273.6 0.874 10.900 
646.8 2.404 1.102 472.7 1.710 4.030 304.0 0.975 12.170 
739.2 2.761 1.274 540.3 1.958 4.639 334.4 1.078 13.493 
831.6 3.133 1.473 607.8 2.208 5.261 364.8 1.188 14.917 
924.0 3.543 1.761 675.3 2.463 5.932 395.2 1.309 16.604 
1016.4 4.044 2.270 742.9 2.729 6.711 402.8 1.344 17.123 
1039.5 4.198 2.483 810.4 3.018 7.706 414.2 1.407 18.079 
1074.2 4.497 3.148 827.3 3.096 8.018 418.5 1.435 18.525 
1074.7 4.503 3.176 852.6 3.222 8.585 424.9 1.489 19.462 
1075.2 4.510 3.211 865.7 3.294 8.994 427.3 1.518 19.995 
1076.5 4.528 3.380 873.0 3.342 9.404 429.7 1.564 20.829 
876.0 3.369 9.756 430.9 1.602 21.491 
876.9 3.383 9.999 431.2 1.624 21.853 
877.2 3.394 10.199 431.5 1.657 22.384 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 212 
bm1-2111 (PIH = 100) bm1-2121 (PIH = 15) bm1-2131 (PIH = 3) 
p Liv1 .4IJ p Liv1 .4IJ p Liv1 .4IJ 
0.0 0.021 0.000 0.0 0.016 0.000 0.0 0.003 0.000 
79.5 0.521 0.870 47.8 0.315 2.618 17.8 0.115 4.597 
159.1 1.023 1.790 95.6 0.616 5.325 35.6 0.232 9.253 
238.6 1.527 2.766 143.4 0.920 8.126 53.4 0.354 13.968 
318.1 2.035 3.802 191.2 1.226 11.026 71.2 0.481 18.743 
397.7 2.545 4.904 239.0 1.535 14.030 89.0 0.614 23.580 
477.2 3.060 6.079 286.8 1.847 17.146 106.8 0.752 28.480 
556.7 3.579 7.336 334.6 2.163 20.379 124.6 0.896 33.445 
636.3 4.104 8.684 382.4 2.483 23.737 142.4 1.047 38.476 
715.8 4.638 10.157 430.2 2.808 27.239 160.2 1.204 43.588 
795.3 5.194 11.950 478.0 3.142 30.982 178.0 1.372 48.842 
874.9 5.800 14.455 525.8 3.491 35.119 195.8 1.553 54.337 
954.4 6.530 18.817 573.6 3.870 39.987 213.6 1.759= 60.268 
974.3 6.771 21.013 585.6 3.974 41.420 231.4 2.025 67.499 
976.1 6.798 21.335 603.5 4.143 43.888 235.9 2.121 69.966 
978.9 6.844 22.010 610.2 4.219 45.165 237.5 2.165 71.064 
979.2 6.850 22.109 612.7 4.253 45.806 240.0 2.253 73.271 
979.6 6.859 22.305 616.5 4.330 47.429 241.0 2.316 74.839 
979.7 6.863 22.401 617.2 4.360 48.122 241.1 2.329 75.155 
980.0 6.872 22.621 617.3 4.376 48.543 241.2 2.362 75.941 
bm1-2211 (PIH = 100) bm1-2221 (PIH = 15) bm1-2231 (PIH = 3) 
p Liv1 Lim p Liv1 Lim p Liv1 .4IJ 
0.0 0.023 0.000 0.0 0.016 0.000 0.0 0.004 0.000 
82.1 0.532 0.601 52.7 0.335 1.943 20.5 0.118 3.571 
164.3 1.044 1.227 105.5 0.655 3.936 41.1 0.235 7.178 
246.4 1.557 1.879 158.2 0.977 5.982 61.6 0.355 10.820 
328.5 2.074 2.560 210.9 1.300 8.083 82.1 0.478 14.498 
410.7 2.594 3.270 263.7 1.626 10.241 102.7 0.605 18.214 
492.8 3.118 4.013 316.4 1.953 12.459 123.2 0.734 21.967 
574.9 3.647 4.792 369.1 2.282 14.741 143.7 0.867 25.758 
657.1 4.182 5.608 421.9 2.614 17.089 164.3 1.004 29.589 
739.2 4.727 6.482 474.6 2.949 19.518 184.8 1.144 33.472 
821.3 5.296 7.566 527.3 3.291 22.112 205.3 1.291 37.453 
903.5 5.925 9.180 580.1 3.647 25.026 225.9 1.447 41.624 
985.6 6.692 12.184 632.8 4.032 28.561 246.4 1.622 46.154 
1006.1 6.940 13.679 646.0 4.137 29.628 266.9 1.842 51.738 
1013.8 7.054 14.580 665.8 4.308 31.506 272.1 1.918 53.636 
1016.7 7.105 15.112 673.2 4.381 32.519 274.0 1.952 54.493 
1017.8 7.131 15.487 676.0 4.412 33.022 276.9 2.021 56.268 
1017.9 7.134 15.552 680.1 4.474 34.206 278.0 2.063 57.387 
1018.1 7.140 15.672 681.1 4.499 34.763 278.4 2.089 58.066 
1018.1 7.145 15.778 681.5 4.519 35.260 278.6 2.124 59.028 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 213 
bm1-3111 (PIH = 100) bm1-3121 (PIH = 15) bm1-3131 (PIH = 3) 
p LiVI Lim p Llvi ~I p LiVI Lim 
0.0 0.025 0.000 0.0 0.011 0.000 0.0 0.000 0.000 
66.0 0.609 2.022 36.4 0.336 5.503 15.0 0.149 10.653 
132.0 1.196 4.242 72.8 0.667 11.291 30.0 0.316 21.530 
198.0 1.785 6.691 109.2 1.005 17.384 45.0 0.504 32.638 
264.0 2.379 9.406 145.6 1.350 23.810 60.0 0.714 43.985 
330.0 2.977 12.435 182.0 1.705 30.597 75.0 0.948 55.579 
396.0 3.580 15.835 218.4 2.070 37.775 90.0 1.205 67.428 
462.0 4.190 19.681 254.8 2.448 45.381 105.0 1.489 79.541 
528.0 4.808 24.069 291.2 2.839 53.455 120.0 1.803 91.962 
594.0 5.438 29.139 327.6 3.248 62.052 135.0 2.155 104.905 
660.0 6.089 35.328 364.0 3.681 71.358 150.0 2.566 118.805 
726.0 6.795 43.805 400.4 4.153 81.773 165.0 3.093 135.203 
0 7.674 58.854 436.8 4.701 94.233 168.8 3.271 140.401 
796.1 7.751 60.564 445.9 4.861 97.936 172.5 3.491 146.661 
802.3 7.883 63.732 459.6 5.143 104.689 173.9 3.594 149.534 
804.6 7.953 65.727 464.7 5.311 108.994 176.0 3.815 155.595 
804.9 7.963 66.046 465.1 5.335 109.623 176.1 3.837 156.220 
804.9 7.968 66.201 465.6 5.364 110.395 176.3 3.874 157.274 
805.1 7.976 66.498 466.1 5.410 111.673 176.3 3.885 157.581 
805.2 7.991 67.014 466.2 5.428 112.188 176.3 3.888 157.668 
bm1-3211 (PIH = 100) bm1-3221 (PIH = 15) bm1-3231 (PIH = 3) 
p Llvi ~I p LiVI ~I p LiVI Lim 
0.0 0.000 0.000 0.0 0.011 0.000 0.0 0.000 0.000 
70.7 0.621 1.445 41.5 0.369 4.221 15.3 0.131 7.334 
141.5 1.245 2.992 83.1 0.730 8.611 30.7 0.270 14.774 
212.2 1.872 4.653 124.6 1.094 13.181 46.0 0.419 22.323 
282.9 2.502 6.441 166.1 1.463 17.942 61.3 0.578 29.982 
353.7 3.137 8.371 207.7 1.837 22.907 76.7 0.747 37.754 
424.4 3.775 10.463 249.2 2.216 28.091 92.0 0.927 45.642 
495.1 4.419 12.737 290.7 2.601 33.507 107.3 1.119 53.648 
565.9 5.070 15.219 332.3 2.993 39.173 122.7 1.322 61.777 
636.6 5.727 17.947 373.8 3.393 45.117 138.0 1.538 70.057 
707.3 6.400 21.077 415.3 3.805 51.472 153.3 1.771 78.592 
778.1 7.110 25.242 456.9 4.242 58.551 168.7 2.032 87.596 
848.8 7.911 31.814 498.4 4.730 67.012 184.0 2.337 97.506 
866.5 8.143 34.313 508.8 4.866 69.529 199.3 2.787 110.979 
893.0 8.558 39.954 524.4 5.093 73.894 200.3 2.832 112.288 
895.5 8.607 40.764 530.2 5.194 76.080 201.3 2.891 113.954 
899.2 8.691 42.406 532.4 5.239 77.132 201.5 2.909 114.473 
899.6 8.7082.625 535.7 5.331 79.503 201.8 2.939 115.365 
900.1 8.717 43.024 536.0 5.345 79.870 202.0 2.965 116.119 
900.6 8.741 43.724 536.4 5.376 80.815 202.1 2.989 116.851 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 214 
bm1-1112 (PIH = 100) bm1-1122 (P/H = 15) bm1-1132 (PIH = 3) 
p 
.Llvi An p .Llvi ~I p .Llvi ~I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.008 0.000 
88.0 0.390 0.226 61.7 0.272 0.840 26.4 0.112 1.712 
176.0 0.763 0.470 123.5 0.529 1.701 52.8 0.217 3.438 
264.0 1.141 0.721 185.2 0.788 2.579 79.2 0.324 5.179 
352.0 1.523 0.979 246.9 1.049 3.474 105.6 0.431 6.933 
440.0 1.910 1.245 308.7 1.312 4.388 132.0 0.540 8.702 
528.0 2.305 1.520 370.4 1.577 5.321 158.4 0.651 10.485 
616.0 2.708 1.805 432.1 1.846 6.275 184.8 0.763 12.284 
704.0 3.122 2.104 493.9 2.118 7.252 211.2 0.876 14.099 
792.0 3.559 2.446 555.6 2.395 8.261 237.6 0.991 15.934 
880.0 4.043 2.895 617.3 2.679 9.341 264.0 1.109 17.805 
968.0 4.633 3.628 679.1 2.977 10.547 290.4 1.232 19.739 
990.0 4.814 3.939 740.8 3.299 12.002 316.8 1.362 21.785 
998.3 4.891 4.098 756.2 3.387 12.450 343.2 1.506 24.067 
1010.6 5.022 4.488 779.4 3.532 13.315 349.8 1.548 24.735 
1011.8 5.036 4.557 781.6 3.547 13.439 359.7 1.622 25.998 
1012.2 5.042 4.590 784.8 3.573 13.690 363.4 1.661 26.719 
1012.9 5.051 4.666 786.0 3.584 13.833 364.8 1.687 27.260 
1013.1 5.055 4.713 786.5 3.589 13.899 364.9 1.691 27.345 
1013.3 5.058 4.770 788.0 3.615 14.357 365.2 1.704 27.630 
bm1-1212 (PIH = 100) bm1-1222 (PIH = 15) bm1-1232 (PIH = 3) 
p 
.Llvi ~I p .Llvi ~I p .Llvi ~I 
0.0 0.019 0.000 0.0 0.019 0.000 0.0 0.006 0.000 
89.3 0.387 0.163 65.5 0.283 0.606 29.7 0.110 1.304 
178.7 0.759 0.328 131.1 0.549 1.221 59.5 0.215 2.617 
268.0 1.134 0.498 196.6 0.816 1.846 89.2 0.321 3.938 
357.3 1.515 0.671 262.1 1.086 2.480 118.9 0.427 5.268 
446.7 1.902 0.848 327.7 1.359 3.125 148.7 0.535 6.608 
536.0 2.296 1.030 393.2 1.634 3.782 178.4 0.643 7.956 
625.3 2.698 1.218 458.7 1.913 4.451 208.1 0.752 9.315 
714.7 3.113 1.415 524.3 2.196 5.134 237.9 0.863 10.683 
804.0 3.553 1.649 589.8 2.484 5.837 267.6 0.974 12.066 
893.3 4.045 1.979 655.3 2.779 6.595 297.3 1.087 13.476 
982.7 4.656 2.574 720.9 3.091 7.472 327.1 1.203 14.938 
1005.0 4.853 2.895 786.4 3.431 8.597 356.8 1.325 16.495 
1013.4 4.941 3.095 802.8 3.525 8.961 386.5 1.458 18.269 
1016.5 4.978 3.213 827.4 3.678 9.706 394.0 1.495 18.798 
1017.7 4.993 3.279 829.7 3.695 9.832 405.1 1.559 19.845 
1018.1 4.999 3.315 833.1 3.726 10.239 407.2 1.574 20.135 
018.3 5.001 3.331 833.4 3.729 10.305 408.6 1.586 20.395 
18.5 5.005 3.367 834.1 3.740 10.536 409.5 1.595 20.609 
18.6 5.007 3.391 834.3 3.746 10.698 410.3 1.612 21.117 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 215 
bm1-2112 (PIH = 100) bm1-2122 (P/H = 15) bm1-2132 (PIH = 3) 
p 
.dVJ ..inJ p .dv1 ..in I p .dVJ ..in I 
0.0 0.034 0.000 0.0 0.025 0.000 0.0 0.007 0.000 
76.2 0.578 0.950 46.0 0.352 2.868 17.3 0.130 5.087 
152.4 1.127 1.961 92.0 0.681 5.844 34.7 0.259 10.246 
228.6 1.680 3.039 138.0 1.014 8.935 52.0 0.395 15.478 
304.8 2.240 4.192 184.0 1.351 12.148 69.3 0.538 20.786 
381.0 2.807 5.428 230.0 1.692 15.491 86.7 0.687 26.170 
457.2 3.382 6.759 276.0 2.038 18.974 104.0 0.843 31.633 
533.4 3.967 8.197 322.0 2.389 22.605 121.3 1.007 37.177 
609.6 4.564 9.757 368.0 2.746 26.396 138.7 1.179 42.805 
685.8 5.177 11.497 414.0 3.111 30.372 156.0 1.360 48.528 
762.0 5.824 13.628 460.0 3.487 34.625 173.3 1.552 54.401 
838.2 6.535 16.590 506.0 3.882 39.310 190.7 1.760 60.504 
914.4 7.416 22.176 552.0 4.313 44.783 208.0 1.992 67.022 
919.2 7.489 22.900 563.5 4.431 46.403 225.3 2.281 74.659 
920.9 7.519 23.257 580.8 4.634 49.452 229.7 2.400 77.766 
921.6 7.530 23.417 582.4 4.658 49.922 229.9 2.414 78.122 
922.6 7.550 23.745 583.0 4.668 50.139 230.2 2.433 78.653 
923.0 7.560 23.963 583.9 4.689 50.631 
923.1 7.564 24.075 584.2 4.702 50.995 
584.3 4.705 51.089 
bm1-2212 (PIH = 100) bm1-2222 (PIH = 15) bm1-2232 (PIH = 3) 
p 
.dv1 ..in I p .dv1 _dHI p .dv1 ..in I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.003 0.000 
78.9 0.588 0.654 50.8 0.369 2.118 20.0 0.128 3.928 
157.9 1.149 1.338 101.6 0.719 4.298 40.0 0.258 7.899 
236.8 1.715 2.055 152.4 1.072 6.542 60.0 0.390 11.914 
315.7 2.288 2.806 203.2 1.428 8.854 80.0 0.527 15.974 
394.7 2.868 3.595 254.0 1.786 11.239 100.0 0.668 20.080 
473.6 3.456 4.427 304.8 2.148 13.699 120.0 0.813 24.233 
552.5 4.055 5.305 355.6 2.514 16.240 140.0 0.962 28.434 
631.5 4.667 6.236 406.4 2.884 18.869 160.0 1.116 32.684 
710.4 5.297 7.254 457.2 3.260 21.602 180.0 1.275 36.995 
789.3 5.965 8.527 508.0 3.645 24.523 200.0 1.440 41.405 
868.3 6.708 10.381 558.8 4.047 27.781 220.0 1.616 45.990 
947.2 7.633 14.123 609.6 4.484 31.694 240.0 1.809 50.902 
952.1 7.707 14.589 622.3 4.603 32.880 260.0 2.041 56.689 
959.5 7.831 15.557 641.4 4.801 35.128 265.0 2.126 58.990 
960.2 7.845 15.688 643.1 4.824 35.476 265.3 2.134 59.223 
961.3 7.866 15.939 643.8 4.833 35.631 265.6 2.144 59.512 
961.7 7.876 16.071 644.8 4.848 35.934 265.7 2.148 59.659 
961.8 7.880 16.138 645.8 4.865 36.378 265.8 2.150 59.725 
962.0 7.888 16.302 646.0 4.874 36.673 265.9 2.159 60.038 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 216 
bm1-3112 (PIH = 100) bm1-3122 (P/H = 15) bm1-3132 (PIH = 3) 
p 
..:iv1 Lin I p ..:iv1 ..1m p ..:iv1 Lin I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
62.3 0.664 2.182 34.8 0.369 5.993 15.0 0.169 12.115 
124.7 1.295 4.595 69.6 0.727 12.324 30.0 0.363 24.522 
187.0 1.930 7.281 104.4 1.094 19.024 45.0 0.584 37.230 
249.3 2.571 10.289 139.2 1.471 26.126 60.0 0.833 50.251 
311.7 3.220 13.682 174.0 1.860 33.668 75.0 1.114 63.597 
374.0 3.879 17.542 208.8 2.262 41.694 90.0 1.428 77.280 
436.3 4.549 21.976 243.6 2.681 50.253 105.0 1.777 91.315 
498.7 5.233 27.125 278.4 3.118 59.402 120.0 2.167 105.761 
561.0 5.938 33.209 313.2 3.579 69.215 135.0 2.608 120.840 
623.3 6.676 40.780 348.0 4.071 79.882 150.0 3.127 137.066 
685.7 7.490 51.287 382.8 4.610 91.794 165.0 3.806 156.476 
748.0 8.591 71.972 417.6 5.238 105.922 165.9 3.863 158.018 
749.0 8.622 72.809 426.3 5.422 110.150 166.9 3.924 159.659 
749.9 8.662 73.971 429.6 5.497 111.865 167.8 3.992 161.461 
750.0 8.667 74.151 434.5 5.618 114.684 168.2 4.019 162.184 
750.2 8.685 74.753 436.3 5.669 115.928 168.7 4.066 163.395 
439.0 5.777 118.764 168.9 4.086 163.912 
439.2 5.792 119.204 169.2 4.120 164.821 
439.3 5.804 119.586 169.4 4.160 165.883 
bm1-3212 (PIH = 100) bm1-3222 (PIH = 15) bm1-3232 (PIH = 3) 
p 
..:iv1 ..:1111 p ..:iv1 Lin I p ..:iv1 Lin I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.002 0.000 
67.1 0.671 1.556 39.7 0.398 4.572 14.8 0.144 8.000 
134.3 1.346 3.232 79.5 0.789 9.344 29.6 0.298 16.126 
201.4 2.027 5.042 119.2 1.184 14.330 44.4 0.463 24.383 
268.5 2.714 7.005 158.9 1.585 19.545 59.2 0.640 32.773 
335.7 3.410 9.142 198.7 1.993 25.008 74.0 0.829 41.299 
402.8 4.114 11.479 238.4 2.407 30.737 88.8 1.032 49.967 
469.9 4.829 14.048 278.1 2.829 36.753 103.6 1.248 58.779 
537.1 5.556 16.888 317.9 3.261 43.080 118.4 1.479 67.741 
604.2 6.298 20.058 357.6 3.704 49.754 133.2 1.726 76.873 
671.3 7.063 23.740 397.3 4.162 56.899 148.0 1.993 86.257 
738.5 7.877 28.566 437.1 4.648 64.806 162.8 2.286 96.056 
805.6 8.800 36.136 476.8 5.187 74.093 177.6 2.624 106.613 
822.4 9.068 39.027 486.7 5.337 76.809 181.3 2.719 109.462 
828.7 9.177 40.354 501.6 5.587 81.573 186.9 2.875 114.061 
838.1 9.357 42.817 507.2 5.714 84.618 188.9 2.941 115.981 
841.7 9.432 43.951 507.3 5.717 84.725 192.1 3.059 119.420 
847.0 9.562 46.244 507.4 5.721 84.844 193.2 3.133 121.658 
847.7 9.585 46.765 507.5 5.728 85.093 193.3 3.145 122.045 
848.0 9.605 47.371 507.6 5.733 85.254 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 217 
bm1-1113 (PIH = 100) bm1-1123 (PIH = 15) bm1-1133 (PIH = 3) 
p L1vz Aiz p L1vz Aiz p L1vz Aiz 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
82.0 0.433 0.225 57.3 0.301 0.889 24.6 0.112 1.845 
164.0 0.841 0.490 114.7 0.579 1.818 49.2 0.225 3.706 
246.0 1.258 0.764 172.0 0.861 2.769 73.8 0.340 5.585 
328.0 1.686 1.047 229.3 1.147 3.743 98.4 0.457 7.481 
410.0 2.126 1.343 286.7 1.439 4.742 123.0 0.576 9.396 
492.0 2.582 1.651 344.0 1.736 5.769 147.6 0.696 11.331 
574.0 3.054 1.977 401.3 2.039 6.827 172.2 0.819 13.285 
656.0 3.551 2.335 458.7 2.351 7.922 196.8 0.944 15.262 
738.0 4.090 2.785 516.0 2.673 9.077 221.4 1.072 17.266 
820.0 4.721 3.457 573.3 3.011 10.347 246.0 1.204 19.316 
840.5 4.913 3.723 630.7 3.373 11.823 270.6 1.342 21.440 
871.3 5.240 A '1<;:1 688.0 3.797 14.036 295.2 1.490 23.692 
882.8 5.383 4.620 691.6 3.834 14.412 319.8 1.661 26.372 
887.1 5.447 4.884 692.5 3.847 14.591 321.3 1.675 26.628 
888.7 5.477 5.112 692.7 3.850 14.650 323.6 1.702 27.266 
888.9 5.481 5.161 693.0 3.857 14.761 323.9 1.706 27.370 
888.9 5.483 5.182 693.2 3.860 14.808 324.2 1.718 27.691 
889.0 5.486 5.225 693.6 3.878 15.141 
889.1 5.491 5.312 
bm1-1213 (P/H = 100) bm1-1223 (PIH = 15) bm1-1233 (PIH = 3) 
p L1vz Aiz p L1vz L1m p L1vz Aiz 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
83.2 0.400 0.174 61.0 0.286 0.649 27.6 0.112 1.389 
166.4 0.807 0.352 122.0 0.576 1.309 55.2 0.224 2.788 
249.6 1.223 0.536 183.0 0.870 1.982 82.8 0.338 4.198 
332.8 1.650 0.724 244.0 1.168 2.669 110.4 0.453 5.619 
416.0 2.090 0.920 305.0 1.473 3.372 138.0 0.569 7.053 
499.2 2.545 1.124 366.0 1.784 4.094 165.6 0.687 8.500 
582.4 3.018 1.339 427.0 2.102 4.836 193.2 0.806 9.961 
665.6 3.517 1.578 488.0 2.429 5.605 220.8 0.926 11.438 
748.8 4.063 1.899 549.0 2.766 6.418 248.4 1.049 12.936 
832.0 4.714 2.433 610.0 3.120 7.332 276.0 1.174 14.470 
852.8 4.915 2.655 671.0 3.502 8.453 303.6 1.304 16.067 
884.0 5.262 3.170 686.3 3.605 8.799 331.2 1.442 17.778 
886.9 5.301 3.264 709.1 3.769 9.411 358.8 1.595 19.859 
891.3 5.365 3.481 717.7 3.835 9.686 360.5 1.607 20.068 
893.0 5.394 3.621 730.6 3.944 10.331 363.1 1.628 20.561 
893.6 5.406 3.710 731.8 3.956 10.456 365.0 1.668 22.079 
893.8 5.413 3.771 734.0 3.989 10.985 365.4 1.678 22.341 
893.9 5.416 3.808 734.5 4.007 11.399 366.4 1.705 23.013 
366.9 1.742 23.678 
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bm1-2113 (PIH = 100) bm1-2123 (PIH = 15) bm1-2133 (P/H = 3) 
p Llv1 ~1 p .dv1 ~1 p .dVl ~1 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
70.4 0.586 1.020 42.5 0.350 3.078 16.0 0.131 5.333 
140.8 1.180 2.112 85.1 0.704 6.284 32.0 0.270 10.667 
211.2 1.785 3.285 127.6 1.064 9.626 48.0 0.415 16.000 
281.6 2.402 4.550 170.1 1.429 13.115 64.0 0.569 21.333 
352.0 3.035 5.922 212.7 1.801 16.764 80.0 0.731 26.667 
422.4 3.686 7.420 255.2 2.181 20.586 96.0 0.901 32.000 
492.8 4.358 9.067 297.7 2.569 24.598 112.0 1.081 37.333 
563.2 5.054 10.908 340.3 2.968 28.821 128.0 1.270 42.667 
633.6 5.785 13.072 382.8 3.380 33.305 144.0 1.470 48.000 
704.0 6.578 15.954 425.3 3.812 38.181 160.0 1.684 53.333 
774.4 7.506 20.763 467.9 4.276 43.690 176.0 1.915 58.667 
792.0 7.788 22.792 510.4 4.825 51.043 192.0 2.175 64.000 
798.6 7.907 23.832 511.1 4.837 51.241 196.0 2.247 65.333 
801.1 7.956 24.335 511.7 4.849 51.469 202.0 2.368 67.333 
802.0 7.975 24.558 512.7 4.871 51.954 204.2 2.434 68.083 
803.4 8.007 24.970 513.1 4.885 52.318 204.4 2.446 68.142 
803.9 8.019 25.162 513.2 4.891 52.497 204.5 2.451 68.159 
804.7 8.042 25.572 
805.0 8.055 25.896 
bm1-2213 (PIH = 100) bm1-2223 (P/H = 15) bm1-2233 (PIH = 3) 
p Llv1 ~1 p .dVl ~1 p Llv1 ~1 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
73.1 0.601 0.699 47.0 0.373 2.260 18.6 0.134 4.197 
146.3 1.211 1.434 94.0 0.750 4.593 37.2 0.273 8.445 
219.4 1.832 2.208 141.0 1.131 7.004 55.8 0.416 12.745 
292.5 2.467 3.026 188.0 1.517 9.499 74.4 0.564 17.099 
365.7 3.118 3.895 235.0 1.909 12.086 93.0 0.716 21.508 
438.8 3.789 4.823 282.0 2.307 14.772 111.6 0.874 25.975 
511.9 4.481 5.821 329.0 2.713 17.569 130.2 1.037 30.502 
585.1 5.199 6.914 376.0 3.127 20.491 148.8 1.206 35.093 
658.2 5.956 8.192 423.0 3.554 23.580 167.4 1.382 39.761 
731.3 6.783 9.988 470.0 4.000 26.959 186.0 1.566 44.546 
804.5 7.764 13.221 517.0 4.479 30.859 204.6 1.762 49.526 
822.8 8.069 14.693 564.0 5.038 36.289 223.2 1.979 54.874 
829.6 8.197 15.436 566.9 5.085 37.003 227.9 2.039 56.324 
832.2 8.248 15.772 567.7 5.100 37.318 234.8 2.140 58.873 
836.0 8.330 16.425 567.9 5.104 37.420 235.5 2.152 59.215 
837.5 8.365 16.777 568.1 5.115 37.753 235.7 2.157 59.362 
838.0 8.380 16.950 236.1 2.166 59.672 
838.8 8.408 17.394 236.3 2.172 59.884 
236.5 2.182 60.27 
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bm1-3113 (PIH = 100) bm1-3123 (P/H = 15) bm1-3133 (P/H = 3) 
p 
..dv1 ..dHJ p ..dVJ ,dH1 p ..dv1 ~1 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
56.7 0.661 2.313 33.5 0.398 6.411 15.0 0.196 14.045 
113.5 1.330 4.891 67.1 0.777 13.238 30.0 0.426 28.484 
170.2 2.008 7.785 100.6 1.166 20.526 45.0 0.693 43.334 
226.9 2.697 11.059 134.2 1.569 28.324 60.0 1.000 58.614 
283.7 3.400 14.799 167.7 1.986 36.691 75.0 1.350 74.345 
340.4 4.121 19.118 201.2 2.423 45.697 90.0 1.749 90.552 
397.1 4.864 24.173 234.8 2.881 55.422 105.0 2.199 107.269 
453.9 5.635 30.187 268.3 3.368 65.968 120.0 2.713 124.656 
510.6 6.445 37.569 301.9 3.890 77.504 135.0 3.311 143.093 
567.3 7.321 47.312 335.4 4.463 90.410 138.8 3.479 147.968 
624.1 8.352 62.418 369.0 5.124 105.605 144.4 3.754 155.660 
638.3 8.681 68.535 377.3 5.317 110.133 146.5 3.868 158.748 
643.6 8.823 71.475 380.5 5.394 111.991 147.3 3.913 159.963 
645.6 8.883 72.794 381.7 5.425 112.757 148.5 3.985 161.890 
648.6 8.984 75.106 383.4 5.474 114.033 148.9 4.014 162.679 
649.7 9.027 76.137 384.1 5.495 114.589 149.6 4.073 164.262 
651.4 9.107 78.301 384.3 5.503 114.823 149.7 4.083 164.517 
651.5 9.119 78.656 385.1 5.535 115.800 149.8 4.095 164.849 
651.8 9.146 79.528 385.2 5.545 116.174 149.9 4.106 165.170 
bm1-3213 (PIH = 100) bm1-3223 (PIH = 15) bm1-3233 (PIH = 3) 
p 
..dv1 ~1 p ..dv1 ~1 p ..dVJ ~1 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
61.5 0.716 1.648 36.5 0.409 4.845 13.7 0.153 8.535 
123.1 1.441 3.434 73.1 0.824 9.918 27.5 0.318 17.216 
184.6 2.178 5.377 109.6 1.244 15.238 41.2 0.496 26.049 
246.1 2.927 7.502 146.1 1.672 20.826 54.9 0.688 35.037 
307.7 3.693 9.840 182.7 2.108 26.705 68.7 0.896 44.186 
369.2 4.477 12.431 219.2 2.554 32.902 82.4 1.118 53.503 
430.7 5.283 15.328 255.7 3.011 39.451 96.1 1.358 62.994 
492.3 6.113 18.600 292.3 3.482 46.389 109.9 1.615 72.668 
553.8 6.973 22.390 328.8 3.969 53.781 123.6 1.891 82.549 
615.3 7.878 27.083 365.3 4.481 61.807 137.3 2.191 92.721 
676.9 8.874 33.860 401.9 5.034 70.857 151.1 2.523 103.341 
692.3 9.150 36.215 438.4 5.677 82.107 164.8 2.905 114.795 
715.3 9.609 40.971 440.7 5.724 82.978 168.2 3.015 117.954 
724.0 9.805 43.378 444.1 5.800 84.485 169.5 3.060 119.241 
727.2 9.885 44.466 445.4 5.831 85.147 171.5 3.143 121.727 
732.1 10.016 46.433 445.9 5.844 85.432 171.6 3.151 121.986 
733.9 10.071 47.319 446.6 5.865 85.950 171.7 3.169 122.631 
736.7 10.170 49.262 446.9 5.875 86.215 
737.1 10.199 50.014 447.2 5.891 86.744 
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A2. Benchmark series 2 load-deflection results 
Note: P shown in kN units, .1 shown in mm units. 
bm2-1111 (PIH = 100) bm2-1121 (P/H = 15) bm2-1131 (PIH = 3) 
p 
..dvi ..dHI p ..dvi Ali p ..dvi Ali 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
91.1 0.337 0.956 63.7 0.234 3.337 13.6 0.050 3.298 
182.3 0.675 1.984 127.5 0.471 6.843 27.1 0.100 6.596 
227.8 0.845 2.537 159.3 0.592 8.687 40.7 0.153 9.939 
273.4 1.015 3.120 191.2 0.714 10.596 54.3 0.211 13.329 
319.0 1.187 3.734 223.1 0.838 12.574 67.8 0.273 16.766 
364.5 1.358 4.383 254.9 0.964 14.624 81.4 0.340 20.252 
410.1 1.531 5.069 286.8 1.092 16.750 95.0 0.411 23.788 
455.7 1.705 5.796 318.7 1.222 18.958 108.5 0.486 27.373 
501.2 1.879 6.568 350.5 1.355 21.251 122.1 0.567 31.011 
546.8 2.055 7.389 382.4 1.490 23.635 135.7 0.654 34.701 
592.4 2.232 8.264 414.3 1.629 26.118 149.2 0.745 38.457 
637.9 2.410 9.200 446.1 1.771 28.724 162.8 0.843 42.312 
683.5 2.590 10.214 478.0 1.920 31.522 176.4 0.951 46.378 
729.1 2.775 11.360 509.9 2.080 34.585 189.9 1.071 50.768 
774.6 2.967 12.712 541.7 2.254 38.054 203.5 1.213 55.776 
820.2 3.170 14.385 573.6 2.458 42.259 217.1 1.438 63.867 
865.8 3.394 16.650 584.6 2.544 44.213 217.9 1.479 65.480 
911.3 3.683 20.962 589.0 2.594 45.602 218.4 1.524 67.264 
912.5 3.699 21.450 589.9 2.615 46.380 218.6 1.563 68.842 
bm2-2111 (PIH = 100) bm2-2121 (P/H = 15) bm2-2131 (PIH = 3) 
p 
..dvi ..dHI p ..dVI Ali p ..dvi Ali 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
59.7 0.375 2.989 23.9 0.154 5.872 8.9 0.071 10.251 
119.3 0.755 6.588 47.8 0.317 12.173 17.8 0.166 20.771 
179.0 1.140 11.006 71.7 0.490 18.950 26.7 0.285 31.568 
238.6 1.535 16.562 95.6 0.676 26.262 35.6 0.432 42.656 
298.3 1.947 23.760 119.5 0.878 34.172 44.5 0.609 54.045 
357.9 2.390 33.461 143.4 1.100 42.760 53.4 0.817 65.747 
417.6 2.896 47.249 167.3 1.346 52.115 62.3 1.060 77.776 
477.2 3.550 68.429 191.2 1.623 62.347 71.2 1.339 90.146 
507.0 4.085 88.309 215.1 1.938 73.585 80.1 1.659 102.880 
536.9 5.037 118.719 239.0 2.302 85.986 89.0 2.025 116.094 
537.8 5.123 121.440 262.9 2.729 99.763 97.9 2.454 130.215 
538.7 5.252 125.469 286.8 3.246 115.482 106.8 2.976 145.982 
539.1 5.385 129.519 310.7 3.944 135.280 115.7 3.717 166.446 
316.7 4.177 141.563 116.3 3.792 168.430 
325.6 4.625 153.248 116.8 3.891 171.087 
329.0 4.856 159.090 117.4 4.038 174.986 
330.3 4.971 161.988 117.6 4.126 177.309 
331.4 5.123 165.809 117.7 4.190 178.980 
332.0 5.293 170.142 117.8 4.270 181.080 
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bm2-1113 (PIH = 100) bm2-1123 (P!H = 15) bm2-1133 (P/H = 3) 
p 
.1V1 .1Hl p .::iv1 .::ia-J p .::iv1 .::ia-J 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
82.0 0.403 1.144 28.7 0.140 1.992 11.2 0.060 3.941 
123.0 0.606 1.750 57.3 0.279 3.984 22.5 0.119 7.881 
164.0 0.811 2.393 86.0 0.421 6.057 33.7 0.185 11.887 
205.0 1.018 3.078 114.7 0.565 8.216 44.9 0.256 15.960 
246.0 1.228 3.809 143.3 0.712 10.468 56.2 0.334 20.101 
287.0 1.440 4.592 172.0 0.862 12.817 67.4 0.418 24.312 
328.0 1.656 5.431 200.7 1.015 15.273 78.7 0.509 28.594 
369.0 1.875 6.336 229.3 1.172 17.842 89.9 0.607 32.951 
410.0 2.098 7.313 258.0 1.334 20.535 101.1 0.713 37.383 
451.0 2.325 8.375 286.7 1.500 23.361 112.4 0.826 41.893 
492.0 2.557 9.534 315.3 1.672 26.332 123.6 0.948 46.484 
533.0 2.794 10.810 344.0 1.850 29.462 134.8 1.079 51.173 
574.0 3.037 12.246 372.7 2.036 32.776 146.1 1.221 56.018 
615.0 3.290 13.904 401.3 2.231 36.324 157.3 1.378 61.149 
656.0 3.557 15.951 430.0 2.441 40.210 168.6 1.555 66.713 
697.0 3.846 18.602 458.7 2.674 44.594 179.8 1.767 73.070 
738.0 4.203 23.171 489.1 2.971 50.454 191.0 2.114 83.465 
745.3 4.288 24.806 492.8 3.017 51.495 191.9 2.221 86.838 
745.9 4.304 25.400 493.8 3.036 52.018 192.1 2.294 89.153 
bm2-2113 (PIH = 100) bm2-2123 (PIH = 15) bm2-2133 (P/H = 3) 
p 
.1V1 .::ia-J p .::iv1 .::ia-J p .::iv1 .::ia-I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
52.8 0.437 3.501 23.9 0.201 7.810 8.9 0.096 13.542 
105.6 0.882 7.869 47.8 0.417 16.390 17.8 0.233 27.555 
158.4 1.339 13.474 71.7 0.655 25.861 26.7 0.417 42.065 
211.2 1.817 20.934 95.6 0.921 36.373 35.6 0.651 57.100 
264.0 2.332 31.364 119.5 1.223 48.109 44.5 0.942 72.689 
316.8 2.929 47.005 143.4 1.575 61.301 53.4 1.295 88.864 
369.6 3.744 73.138 167.3 1.993 76.242 62.3 1.717 105.662 
396.0 4.461 96.758 191.2 2.502 93.317 71.2 2.216 123.124 
422.4 5.568 131.722 215.1 3.139 113.045 80.1 2.804 141.374 
425.7 5.867 140.203 239.0 3.966 136.353 89.0 3.501 160.755 
429.0 6.362 153.628 262.9 5.157 166.214 97.9 4.364 182.362 
429.3 6.479 156.702 268.9 5.584 176.100 100.1 4.619 188.352 
429.3 6.496 157.160 271.1 5.775 180.417 103.5 5.047 198.090 
429.4 6.528 157.998 272.0 5.853 182.155 104.7 5.228 202.091 
429.4 6.544 158.420 273.2 5.985 185.086 106.6 5.562 209.369 
429.4 6.566 158.976 273.7 6.045 186.413 106.8 5.604 210.286 
273.9 6.073 187.059 106.9 5.655 211.390 
273.9 6.086 187.348 107.1 5.756 213.629 
274.0 6.125 188.249 
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A3. Benchmark series 3 load-deflection results 
Note: P shown in kN units, L1 shown in mm units. 
bm3-1111 (PIH = 100) bm3-1121 (PIH = 15) bm3-1131 (P/H = 3) 
p 
_.1VI Ali p _.1VI Ali p ..1vi Ali 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
91.1 0.337 0.363 63.7 0.233 1.281 27.1 0.094 2.577 
182.3 0.676 0.736 127.5 0.468 2.587 40.7 0.141 3.873 
273.4 1.016 1.125 191.2 0.703 3.930 67.8 0.238 6.487 
364.5 1.359 1.529 254.9 0.940 5.309 95.0 0.337 9.131 
455.7 1.704 1.950 318.7 1.179 6.728 122.1 0.439 11.807 
546.8 2.052 2.390 382.4 1.420 8.187 149.2 0.543 14.515 
637.9 2.404 2.849 446.1 1.663 9.691 176.4 0.651 17.267 
729.1 2.762 3.337 509.9 1.908 11.266 189.9 0.706 18.677 
774.6 2.945 3.610 541.7 2.031 12.109 203.5 0.761 20.124 
820.2 3.133 3.921 573.6 2.156 12.999 217.1 0.818 21.625 
865.8 3.330 4.291 605.5 2.282 13.963 230.6 0.877 23.218 
911.3 3.539 4.744 637.3 2.409 15.020 244.2 0.938 25.034 
956.9 3.768 5.346 669.2 2.541 16.305 257.8 1.004 27.282 
1002.5 4.031 6.269 677.2 2.575 16.714 261.2 1.022 27.977 
1013.9 4.107 6.631 689.1 2.628 17.494 266.2 1.051 29.251 
1018.1 4.137 6.799 693.6 2.648 17.885 268.9 1.069 30.184 
1024.5 4.186 7.167 70l.H 2.685 18.791 270.6 1.084 31.113 1026.9 4.208 7.543 702.3 2.692 19.043 271.7 1.102 32.427 
1027.4 4.215 7.798 702.9 2.697 19.374 271.9 1.115 33.601 
bm3-2111 (PIH = 100) bm3-2121 (PIH = 15) bm3-2131 (PIH = 3) 
p 
_.1VI Ali p ..1vi Ali p _.1VI Ali 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
59.7 0.374 1.085 35.9 0.224 3.286 13.4 0.088 5.773 
119.3 0.749 2.248 71.7 0.450 6.709 26.7 0.183 11.637 
179.0 1.126 3.497 107.6 0.680 10.280 40.1 0.286 17.594 
238.6 1.504 4.842 143.4 0.913 14.008 53.4 0.397 23.646 
298.3 1.884 6.296 179.3 1.150 17.904 66.8 0.516 29.796 
357.9 2.266 7.872 215.1 1.392 21.980 80.1 0.645 36.047 
417.6 2.651 9.587 251.0 1.638 26.249 93.5 0.783 42.401 
477.2 3.039 11.460 286.8 1.890 30.726 106.8 0.931 48.880 
536.9 3.430 13.515 322.7 2.149 35.443 120.2 1.091 55.563 
596.5 3.825 15.782 358.5 2.416 40.498 133.5 1.265 62.599 
656.2 4.225 18.348 394.4 2.695 46.080 146.9 1.463 70.455 
715.8 4.635 21.517 430.2 2.991 52.618 150.2 1.519 72.715 
775.5 5.065 25.796 439.2 3.071 54.573 155.2 1.614 76.594 
835.1 5.559 33.453 452.6 3.209 58.747 157.1 1.654 78.275 
838.8 5.601 34.802 453.9 3.225 59.406 159.9 1.724 81.258 
839.1 5.605 34.981 454.3 3.232 59.692 160.9 1.757 82.734 
839.3 5.609 35.244 455.0 3.245 60.291 161.5 1.779 83.739 
839.4 5.614 35.563 455.3 3.252 60.699 162.0 1.809 85.168 
455.4 3.256 60.967 162.1 1.826 86.046 
P. Avery: Advanced analysis of steel frame structures comprising non-compact sections • 223 
bm3-1113 (PIH = 100) bm3-1123 (PIH = 15) bm3-1133 (P/H = 3) 
p Livi ~I p Livi ~I p LiVI ~I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
82.0 0.403 0.431 57.3 0.278 1.518 24.6 0.110 3.067 
164.0 0.812 0.878 114.7 0.559 3.073 36.9 0.166 4.611 
246.0 1.229 1.348 172.0 0.845 4.682 49.2 0.223 6.167 
328.0 1.656 1.844 229.3 1.135 6.350 61.5 0.281 7.733 
410.0 2.096 2.371 258.0 1.282 7.207 73.8 0.340 9.312 
492.0 2.552 2.934 286.7 1.431 8.081 86.1 0.399 10.902 
574.0 3.024 3.543 315.3 1.582 8.973 98.4 0.460 12.503 
615.0 3.269 3.877 344.0 1.734 9.883 110.7 0.521 14.118 
656.0 3.521 4.241 372.7 1.889 10.813 123.0 0.584 15.745 
697.0 3.783 4.665 401.3 2.045 11.765 135.3 0.648 17.385 
738.0 4.060 5.168 430.0 2.204 12.745 147.6 0.712 19.040 
779.0 4.359 5.815 458.7 2.364 13.764 159.9 0.778 20.716 
820.0 4.702 6.800 487.3 2.528 14.840 172.2 0.845 22.420 
830.3 4.797 7.150 516.0 2.695 15.991 184.5 0.913 24.162 
845.6 4.950 8.076 544.7 2.866 17.253 196.8 0.983 25.960 
846.0 4.954 8.134 573.3 3.043 18.729 209.1 1.055 27.841 
846.5 4.960 8.240 580.5 3.089 19.169 221.4 1.130 29.919 
846.7 4.963 8.300 587.2 3.133 19.668 226.1 1.162 30.990 
847.1 4.968 8.462 590.5 3.156 20.136 227.5 1.176 31.744 
bm3-2113 (PIH = 100) bm3-2123 (PIH = 15) bm3-2133 (PIH = 3) 
p LiVI ~I p Livi LiHI p Livi ~I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
52.8 0.436 1.266 31.9 0.259 3.861 12.0 0.103 6.834 
105.6 0.876 2.641 63.8 0.523 7.917 24.0 0.217 13.797 
158.4 1.321 4.138 95.7 0.792 12.182 36.0 0.342 20.895 
211.2 1.771 5.777 127.6 1.066 16.676 48.0 0.479 28.133 
264.0 2.228 7.579 159.5 1.347 21.418 60.0 0.629 35.516 
316.8 2.693 9.573 191.4 1.635 26.433 72.0 0.792 43.051 
369.6 3.168 11.793 223.3 1.932 31.748 84.0 0.969 50.745 
422.4 3.652 14.286 255.2 2.240 37.397 96.0 1.161 58.621 
475.2 4.150 17.110 287.1 2.560 43.442 108.0 1.371 66.753 
528.0 4.661 20.361 319.0 2.896 50.020 120.0 1.602 75.269 
580.8 5.192 24.286 350.9 3.253 57.408 132.0 1.864 84.619 
633.6 5.753 29.483 358.9 3.348 59.454 135.0 1.949 87.798 
686.4 6.395 38.602 370.8 3.496 62.854 135.2 1.956 88.091 
689.7 6.445 39.853 375.3 3.557 64.424 135.4 1.965 88.479 
689.9 6.449 39.984 377.0 3.583 65.203 135.5 1.976 88.990 
690.1 6.453 40.142 377.6 3.594 65.588 135.6 1.985 89.400 
690.4 6.460 40.453 378.2 3.606 66.062 
690.5 6.461 40.545 378.6 3.615 66.494 
378.7 3.621 66.797 
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bm3-lllla bm3-1121a bm3-1131a 
(PI/P2 = 3, P~H = 100) (PIIP2 = 3, P~H = 15) (PIIP2 = 3, P~H = 3) 
PI A vi Ani PI AVI Ani PI A vi Ani 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
136.7 0.507 0.112 95.6 0.353 0.593 81.4 0.291 2.548 
273.4 1.017 0.228 191.2 0.707 1.197 162.8 0.584 5.151 
341.8 1.274 0.287 286.8 1.063 1.817 244.2 0.879 7.814 
410.1 1.532 0.346 382.4 1.422 2.454 325.6 1.177 10.539 
478.5 1.792 0.407 478.0 1.784 3.107 407.0 1.478 13.328 
546.8 2.053 0.468 573.6 2.150 3.779 447.7 1.630 14.749 
615.2 2.317 0.530 621.4 2.334 4.121 488.4 1.783 16.190 
683.5 2.583 0.593 669.2 2.520 4.469 529.1 1.937 17.660 
751.9 2.854 0.656 717.0 2.708 4.822 569.8 2.093 19.174 
820.2 3.134 0.723 764.8 2.900 5.185 610.5 2.251 20.756 
888.6 3.432 0.794 812.6 3.097 5.563 651.2 2.415 22.449 
956.9 3.764 0.875 860.4 3.304 5.961 691.9 2.587 24.380 
1025.3 4.162 0.973 908.2 3.525 6.385 712.3 2.679 25.520 
1042.3 4.281 1.008 956.0 3.771 6.851 732.6 2.777 26.862 
1068.0 4.493 1.094 1003.8 4.061 7.406 753.0 2.885 28.616 
1077.6 4.591 1.144 1015.8 4.150 7.581 758.0 2.915 29.177 
1081.2 4.635 1.174 1033.7 4.334 7.979 765.7 2.969 30.391 
1085.0 4.716 1.276 1034.0 4.343 8.002 768.9 3.009 31.607 
1034.3 4.356 8.038 769.1 3.020 31.976 
bm3-2111a bm3-2121a bm3-2131a 
(P/P2 = 3 P~H = 100) (P/P2 = 3, P~H = 15) (P/P2 = 3, P~H = 3) 
PI AVI Ani PI AVI Ani PI A vi Ani 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
119.3 0.748 0.756 71.7 0.445 2.222 26.7 0.175 3.864 
238.6 1.500 1.585 143.4 0.891 4.568 53.4 0.347 7.806 
357.9 2.258 2.498 215.1 1.340 7.050 80.1 0.521 11.831 
477.2 3.022 3.510 286.8 1.792 9.681 106.8 0.700 15.939 
536.9 3.408 4.057 358.5 2.247 12.475 133.5 0.883 20.135 
596.5 3.796 4.636 430.2 2.705 15.447 160.2 1.071 24.421 
656.2 4.186 5.249 501.9 3.168 18.616 186.9 1.263 28.800 
715.8 4.582 5.899 573.6 3.635 22.002 213.6 1.460 33.275 
775.5 4.982 6.595 645.3 4.110 25.633 240.3 1.662 37.850 
835.1 5.396 7.371 717.0 4.596 29.575 267.0 1.871 42.528 
894.8 5.836 8.265 752.9 4.848 31.702 293.7 2.085 47.323 
954.4 6.325 9.350 788.7 5.108 33.966 320.4 2.306 52.269 
1014.1 6.902 10.790 824.6 5.383 36.417 347.1 2.536 57.419 
1029.0 7.070 11.251 860.4 5.679 39.135 373.8 2.776 62.867 
1051.3 7.367 12.208 896.3 6.021 42.326 400.5 3.031 68.877 
1059.7 7.502 12.718 905.2 6.122 43.278 427.2 3.323 76.447 
1062.9 7.556 12.938 909.8 6.182 43.842 440.6 3.511 82.125 
1067.6 7.661 13.435 911.7 6.215 44.145 443.9 3.585 84.856 
1067.8 7.675 13.529 913.9 6.296 44.888 444.5 3.616 86.237 
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bm3-1113a bm3-1123a bm3-1133a 
(P/P2 = 3, P~H = 100) (PI/P2 = 3, P~H = 15) (PIIP2 = 3, P~H = 3) 
PI ,.dVI Ali PI ..dvi Ali PI ..dvi Ali 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0~ 61.5 0.304 0.065 86.0 0.451 0.700 73.8 0.340 3.0 
123.0 0.609 0.130 172.0 0.879 1.416 147.6 0.685 6.150 
184.5 0.918 0.195 258.0 1.316 2.153 221.4 1.034 9.352 
246.0 1.231 0.261 344.0 1.765 2.913 258.3 1.211 10.988 
307.5 1.551 0.327 430.0 2.229 3.696 295.2 1.390 12.648 
369.0 1.878 0.392 516.0 2.710 4.506 332.1 1.570 14.332 
430.5 2.212 0.457 559.0 2.958 4.922 369.0 1.751 16.041 
492.0 2.555 0.522 602.0 3.212 5.348 405.9 1.935 17.778 
553.5 2.908 0.586 645.0 3.474 5.786 442.8 2.121 19.544 
615.0 3.272 0.650 688.0 3.748 6.245 479.7 2.309 21.349 
676.5 3.654 0.714 731.0 4.037 6.731 516.6 2.500 23.204 
738.0 4.062 0.785 774.0 4.352 7.258 553.5 2.694 25.130 
799.5 4.519 0.859 817.0 4.718 7.876 572.0 2.793 26.125 
861.0 5.086 0.979 827.8 4.818 8.045 590.4 2.893 27.150 
876.4 5.257 1.009 843.9 4.985 8.338 608.9 2.996 28.229 
899.4 5.597 1.188 849.9 5.057 8.471 627.3 3.105 29.391 
901.6 5.651 1.249 859.0 5.215 8.819 645.8 3.235 30.815 
902.4 5.678 1.289 859.3 5.227 8.849 650.8 3.278 31.579 
902.6 5.695 1.320 859.5 5.244 8.897 651.4 3.286 31.862 
bm3-2113a bm3-2123a bm3-2133a 
(P/P2 = 3 P2/H = 100) (PIIP2 = 3, P2/H = 15) (P/P2 = 3, P~H = 3) 
PI ,.dVI ..dHJ PI ..dvi ..dHJ PI ..dvi Ali 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
105.6 0.874 0.879 63.8 0.535 2.614 48.0 0.398 9.263 
211.2 1.766 1.856 127.6 1.055 5.403 96.0 0.818 18.994 
316.8 2.682 2.949 191.4 1.581 8.387 144.0 1.265 29.234 
422.4 3.629 4.181 255.2 2.114 11.587 168.0 1.499 34.559 
475.2 4.116 4.859 319.0 2.655 15.030 192.0 1.741 40.030 
528.0 4.615 5.585 382.8 3.207 18.746 216.0 1.992 45.654 
580.8 5.125 6.364 446.6 3.773 22.774 240.0 2.253 51.440 
633.6 5.650 7.213 478.5 4.062 24.919 264.0 2.525 57.405 
686.4 6.195 8.150 510.4 4.356 27.159 288.0 2.808 63.587 
739.2 6.774 9.253 542.3 4.657 29.507 312.0 3.106 70.044 
792.0 7.407 10.560 574.2 4.966 31.973 324.0 3.260 73.405 
844.8 8.144 12.340 606.1 5.288 34.585 336.0 3.420 76.881 
858.0 8.358 12.954 638.0 5.630 37.370 348.0 3.586 80.505 
877.8 8.712 14.091 669.9 5.997 40.357 360.0 3.761 84.404 
885.2 8.873 14.717 701.8 6.397 43.648 363.0 3.807 85.457 
888.0 8.939 15.002 733.7 6.846 47.424 367.5 3.879 87.208 
890.6 9.010 15.337 741.7 6.971 48.496 369.2 3.909 87.984 
891.4 9.039 15.493 753.6 7.179 50.295 371.1 3.950 89.186 
892.1 9.078 15.762 758.3 7.306 51.404 371.7 3.975 90.147 
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bm3-1111b bm3-1121b bm3-1131b 
(PziP2 = 0.333, P1/H = 100) (Pz/P2 = 0.333, P1/H = 15) (Pz/P2 = 0.333, P1/H = 3) 
p2 
..1V2 Ai-2 p2 ..1V2 Ai-2 p2 ..1V2 Ai-2 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
136.7 0.510 0.349 95.6 0.360 0.748 40.7 0.157 1.317 
205.1 0.766 0.528 191.2 0.721 1.512 81.4 0.314 2.646 
273.4 1.024 0.710 239.0 0.903 1.903 122.1 0.472 3.990 
341.8 1.282 0.896 286.8 1.085 2.298 162.8 0.632 5.349 
410.1 1.542 1.087 334.6 1.268 2.700 203.5 0.792 6.725 
478.5 1.804 1.282 382.4 1.452 3.108 244.2 0.953 8.116 
546.8 2.068 1.482 430.2 1.637 3.521 284.9 1.115 9.525 
615.2 2.334 1.687 478.0 1.823 3.941 325.6 1.279 10.951 
683.5 2.603 1.898 525.8 2.010 4.368 366.3 1.444 12.402 
751.9 2.877 2.118 573.6 2.198 4.801 407.0 1.613 13.902 
820.2 3.162 2.366 621.4 2.387 5.242 447.7 1.790 15.488 
888.6 3.467 2.664 669.2 2.579 5.695 488.4 1.980 17.227 
956.9 3.811 3.055 717.0 2.776 6.179 529.1 2.216 19.474 
1025.3 4.234 3.631 764.8 2.980 6.710 534.2 2.260 19.899 
1042.3 4.366 3.848 812.6 3.194 7.298 541.8 2.352 20.793 
1068.0 4.620 4.346 860.4 3.426 7.993 543.7 2.389 21.157 
1070.4 4.655 4.430 908.2 3.688 8.844 545.6 2.446 21.705 
1074.3 4.755 4.742 956.0 4.066 10.519 546.6 2.486 22.089 
I 1074.8 4.792 4.876 957.1 4.115 10.881 547.9 2.616 23.327 
bm3-211lb bm3-2121b bm3-2131b 
(Pz/P2 = 0.333, Pz/H = 100) (PzfP2 = 0.333, P1/H = 15) (Pz/P2 = 0.333, Pz/H = 3) 
p2 
..1V2 Ai-2 p2 ..1V2 Ai-2 p2 ..1V2 Ai-2 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
119.3 0.751 1.110 71.7 0.454 2.422 26.7 0.182 3.918 
238.6 1.506 2.332 143.4 0.912 4.983 53.4 0.367 7.918 
357.9 2.267 3.684 215.1 1.373 7.697 80.1 0.557 12.002 
417.6 2.651 4.415 286.8 1.837 10.577 106.8 0.752 16.173 
477.2 3.037 5.188 358.5 2.307 13.641 133.5 0.952 20.434 
536.9 3.425 6.006 430.2 2.782 16.907 160.2 1.156 24.788 
596.5 3.815 6.873 466.1 3.021 18.623 186.9 1.366 29.238 
656.2 4.209 7.794 501.9 3.263 20.400 213.6 1.582 33.788 
715.8 4.608 8.782 537.8 3.507 22.252 240.3 1.805 38.448 
775.5 5.017 9.903 573.6 3.755 24.207 267.0 2.037 43.265 
835.1 5.444 11.276 609.5 4.009 26.292 293.7 2.284 48.321 
894.8 5.907 13.073 645.3 4.271 28.574 307.1 2.415 50.985 
954.4 6.444 15.693 681.2 4.549 31.152 320.4 2.554 53.766 
969.3 6.597 16.575 717.0 4.853 34.237 333.8 2.703 56.727 
991.7 6.859 18.333 726.0 4.937 35.152 347.1 2.871 60.003 
1000.1 6.974 19.235 739.4 5.101 37.241 360.5 3.096 64.207 
1003.2 7.021 19.644 740.7 5.128 37.641 363.8 3.179 65.689 
1007.9 7.117 20.657 741.8 5.162 38.176 365.5 3.242 66.762 
1008.6 7.154 21.208 742.5 5.202 38.850 366.7 3.358 68.624 
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bm3-1113b bm3-1123b bm3-1133b 
(PIIP2 = 0.333, PIIH = 100) (P/P2 = 0.333, PIIH = 15) (P/P2 = 0.333, P/H = 3) 
p2 
.AV2 An p2 .AV2 An2 p2 .AV2 An2 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
123.0 0.613 0.419 86.0 0.257 0.528 36.9 0.184 1.569 
246.0 1.241 0.858 172.0 0.516 1.064 73.8 0.370 3.154 
307.5 1.564 1.090 258.0 0.779 1.612 110.7 0.557 4.763 
369.0 1.894 1.331 344.0 1.045 2.174 147.6 0.746 6.395 
430.5 2.232 1.582 430.0 1.315 2.749 184.5 0.937 8.053 
492.0 2.579 1.845 516.0 1.590 3.339 221.4 1.130 9.737 
553.5 2.936 2.121 602.0 1.871 3.945 258.3 1.325 11.449 
615.0 3.307 2.417 688.0 2.157 4.569 276.8 1.424 12.316 
676.5 3.695 2.745 774.0 2.451 5.212 295.2 1.523 13.191 
738.0 4.114 3.142 860.0 2.752 5.879 313.7 1.624 14.077 
799.5 4.588 3.648 946.0 3.062 6.578 332.1 1.725 14.975 
861.0 5.193 4.464 1032.0 3.386 7.331 350.6 1.829 15.890 
876.4 5.389 4.792 1118.0 3.732 8.181 369.0 1.934 16.824 
882.1 5.478 4.976 1161.0 3.915 8.653 387.5 2.043 17.786 
884.3 5.516 5.065 1204.0 4.111 9.193 405.9 2.154 18.781 
887.5 5.582 5.238 1247.0 4.326 9.832 424.4 2.272 19.830 
888.8 5.610 5.318 1300.8 4.635 10.861 442.8 2.399 20.967 
890.6 5.662 5.487 1317.1 4.788 11.605 461.3 2.593 22.722 
891.5 5.726 5.756 1318.0 4.822 11.839 462.1 2.641 23.171 
bm3-2113b bm3-2123b bm3-2133b 
(P1/P2 = 0.333,PI/H = 100) (P/P2 = 0.333 PIIH = 15) (P/P2 = 0.333, P/H = 3) 
p2 
.AV2 An2 p2 .AV2 An2 p2 .AV2 An2 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
52.8 0.436 0.633 63.8 0.529 2.855 24.0 0.214 4.642 
105.6 0.877 1.302 95.7 0.796 4.356 48.0 0.434 9.401 
158.4 1.321 2.011 127.6 1.065 5.911 72.0 0.661 14.282 
211.2 1.771 2.765 159.5 1.336 7.521 96.0 0.895 19.291 
264.0 2.228 3.569 191.4 1.610 9.191 120.0 1.138 24.433 
316.8 2.691 4.428 223.3 1.886 10.925 144.0 1.389 29.717 
369.6 3.163 5.349 255.2 2.165 12.726 168.0 1.649 35.148 
422.4 3.644 6.339 287.1 2.448 14.600 192.0 1.920 40.737 
475.2 4.136 7.410 319.0 2.735 16.552 216.0 2.203 46.503 
528.0 4.640 8.572 350.9 3.026 18.587 240.0 2.502 52.499 
580.8 5.158 9.845 382.8 3.322 20.712 252.0 2.660 55.607 
633.6 5.693 11.281 414.7 3.624 22.937 264.0 2.824 58.809 
686.4 6.258 13.016 446.6 3.932 25.278 276.0 2.997 62.141 
739.2 6.865 15.215 478.5 4.250 27.760 288.0 3.182 65.638 
792.0 7.559 18.437 510.4 4.578 30.430 300.0 3.391 69.491 
805.2 7.758 19.555 542.3 4.922 33.337 303.0 3.454 70.619 
825.0 8.094 21.780 574.2 5.292 36.654 304.1 3.482 71.095 
832.4 8.242 22.957 606.1 5.714 40.809 306.4 3.559 72.394 
835.6 8.348 24.220 614.3 5.909 43.379 307.2 3.633 73.560 
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A4. Benchmark series 4 load-deflection results 
Note: P shown in kN units, L1 shown in mm units. 
bm4-1101 (w = 0) bm4-1151 (P + w) bm4-1161 (P = 0) 
load 
.dv1 ~3 load .dVl ,dH3 load .dv1 ~3 
factor factor factor 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.068 0.277 0.019 0.080 0.264 0.176 0.077 0.063 0.477 
0.136 0.555 0.037 0.160 0.529 0.354 0.153 0.126 0.953 
0.203 0.834 0.056 0.240 0.796 0.534 0.230 0.190 1.429 
0.271 1.114 0.074 0.320 1.064 0.715 0.306 0.255 1.904 
0.339 1.396 0.093 0.401 1.333 0.899 0.383 0.320 2.378 
0.407 1.679 0.112 0.481 1.604 1.084 0.459 0.386 2.851 
0.475 1.964 0.130 0.561 1.877 1.271 0.536 0.452 3.324 
0.542 2.252 0.149 0.641 2.153 1.460 0.612 0.519 3.796 
0.610 2.542 0.167 0.721 2.432 1.654 0.689 0.587 4.268 
0.678 2.836 0.186 0.801 2.723 1.870 0.765 0.659 4.745 
0.746 3.137 0.209 0.881 3.036 2.133 0.842 0.739 5.241 
0.813 3.460 0.241 0.961 3.397 2.499 0.918 0.835 5.767 
0.881 3.827 0.290 0.981 3.508 2.627 0.995 0.989 6.283 
0.949 4.287 0.381 0.989 3.560 2.689 0.996 0.994 6.288 
0.966 4.431 0.425 0.992 3.585 2.718 0.997 0.998 6.291 
0.991 4.702 0.576 0.996 3.633 2.777 0.999 1.006 6.288 
0.994 4.733 0.597 0.997 3.656 2.805 1.000 1.011 6.260 
0.997 4.787 0.644 0.999 3.684 2.839 
00 4.858 0.786 1.000 3.730 2.892 
bm4-2101 (w = 0) bm4-2151 (P + w) bm4-2161 (P = 0) 
load 
.dv1 ~3 load .dv1 ~3 load .dv1 ~3 
factor factor factor 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.104 0.706 0.107 0.076 0.423 0.506 0.078 0.069 1.315 
0.208 1.415 0.218 0.151 0.847 1.024 0.156 0.140 2.627 
0.312 2.129 0.334 0.227 1.271 1.555 0.234 0.213 3.935 
0.416 2.849 0.455 0.303 1.696 2.100 0.312 0.288 5.240 
0.520 3.576 0.581 0.379 2.121 2.659 0.390 0.365 6.542 
0.624 4.313 0.714 0.454 2.547 3.233 0.468 0.445 7.841 
0.728 5.066 0.861 0.530 2.974 3.822 0.546 0.526 9.136 
0.832 5.875 1.108 0.606 3.401 4.427 0.624 0.610 10.427 
0.936 6.871 1.652 0.681 3.830 5.049 0.702 0.697 11.716 
0.962 7.187 1.918 0.757 4.262 5.689 0.780 0.788 13.030 
0.972 7.320 2.076 0.833 4.712 6.424 0.858 0.889 14.372 
0.986 7.548 2.448 0.909 5.193 7.340 0.936 1.007 15.770 
0.992 7.645 2.649 0.984 5.743 8.557 0.956 1.040 16.134 
0.994 7.684 2.734 0.989 5.782 8.648 0.975 1.077 16.503 
0.997 7.745 2.882 0.996 5.847 8.789 0.995 1.123 16.910 
0.998 7.771 2.959 0.999 5.878 8.842 1.000 1.141 16.957 
1.000 7.836 3.249 1.000 5.904 8.860 
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bm4-1103 (w = 0) bm4-1153 (P + w) bm4-1163 (P = 0) 
load ilv1 Al3 load .4Vl AI3 load ilv1 AI3 
factor factor factor 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.081 0.365 0.023 0.095 0.351 0.232 0.087 0.083 0.628 
0.161 0.736 0.046 0.190 0.706 0.467 0.173 0.168 1.254 
0.242 1.112 0.069 0.286 1.068 0.706 0.260 0.254 1.880 
0.323 1.495 0.091 0.381 1.437 0.949 0.346 0.342 2.505 
0.404 1.887 0.113 0.476 1.814 1.197 0.433 0.431 3.129 
0.484 2.290 0.136 0.571 2.200 1.451 0.520 0.522 3.752 
0.565 2.704 0.158 0.667 2.597 1.713 0.606 0.614 4.374 
0.646 3.131 0.181 0.762 3.010 1.994 0.693 0.709 4.997 
0.726 3.577 0.208 0.857 3.453 2.326 0.779 0.809 5.619 
0.807 4.054 0.247 0.952 3.957 2.778 0.866 0.918 6.256 
0.888 4.600 0.301 0.976 4.105 2.936 0.953 1.046 6.922 
0.969 5.314 0.448 0.985 4.166 3.005 0.974 1.083 7.096 
0.989 5.564 0.551 0.999 4.312 3.185 0.982 1.099 7.163 
0.996 5.682 0.645 1.000 4.338 3.219 0.995 1.124 7.266 
0.999 5.760 0.776 0.996 1.127 7.276 
1.000 5.789 0.849 0.997 1.131 7.292 
0.998 1.133 7.298 
0.999 1.136 7.307 
1.000 1.139 7.316 
bm4-2103 (w = 0) bm4-2153 (P + w) bm4-2163 (P = 0) 
load ilv1 Al3 load .4Vl .4H3 load ilv1 Al3 
factor factor factor 
0.000 0.00 0.00 0.000 0.000 0.000 0.000 0.000 0.000 
0.055 0.41 0.06 0.093 0.545 0.666 0.088 0.089 1.727 
0.110 0.83 0.12 0.186 1.091 1.354 0.177 0.182 3.448 
0.165 1.25 0.19 0.278 1.638 2.065 0.265 0.279 5.164 
0.220 1.67 0.25 0.371 2.188 2.800 0.354 0.380 6.873 
0.276 2.10 0.32 0.464 2.740 3.560 0.442 0.484 8.577 
0.331 2.54 0.39 0.557 3.295 4.349 0.531 0.593 10.275 
0.386 2.98 0.46 0.649 3.856 5.166 0.619 0.705 11.965 
0.441 3.43 0.53 0.742 4.427 6.016 0.708 0.822 13.649 
0.496 3.89 0.61 0.835 5.025 6.910 0.796 0.945 15.327 
0.551 4.35 0.69 0.928 5.807 7.998 0.884 1.077 17.036 
0.606 4.83 0.77 0.951 6.030 8.340 0.973 1.226 18.779 
0.661 5.32 0.86 0.974 6.268 8.726 0.995 1.270 19.234 
0.716 5.82 0.96 0.983 6.363 8.886 0.996 1.273 19.264 
0.771 6.35 1.08 0.996 6.523 9.148 0.998 1.276 19.293 
0.827 6.90 1.26 0.997 6.541 9.174 1.000 1.282 19.353 
0.882 7.51 1.47 0.999 6.588 9.234 
0.937 8.21 1.87 1.000 6.610 9.250 
0.992 9.11 2.91 
1.000 9.33 3.50 
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A5. Benchmark series 5 load-deflection results 
Note: P shown in kN units, L1 shown in mm units. 
bm5-1111 (P/H = 100) bmS-1121 (PIH = 15) bmS-1131 (PIH = 3) 
p Livi Lim p Livi An p Livz ~I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
186.0 0.217 1.584 56.3 0.066 2.292 30.0 0.044 5.775 
279.0 0.326 2.475 112.5 0.135 4.692 45.0 0.070 8.715 
372.0 0.436 3.443 168.8 0.205 7.206 60.0 0.100 11.691 
465.0 0.546 4.499 225.0 0.279 9.844 75.0 0.133 14.704 
558.0 0.657 5.655 281.3 0.355 12.615 90.0 0.169 17.754 
651.0 0.769 6.927 337.5 0.436 15.529 105.0 0.210 20.843 
744.0 0.882 8.333 393.8 0.520 18.598 120.0 0.253 23.970 
837.0 0.996 9.895 450.0 0.609 21.834 135.0 0.301 27.137 
930.0 1.112 11.642 506.3 0.704 25.263 150.0 0.353 30.349 
1023.0 1.230 13.610 562.5 0.807 28.980 165.0 0.410 33.630 
1116.0 1.352 15.871 618.8 0.924 33.148 180.0 0.473 37.038 
1209.0 1.482 18.693 675.0 1.058 37.882 195.0 0.544 40.587 
1302.0 1.628 22.523 731.3 1.222 43.478 210.0 0.623 44.323 
1395.0 1.813 28.394 787.5 1.433 50.482 225.0 0.716 48.382 
1488.0 2.139 40.306 843.8 1.757 60.864 240.0 0.826 52.900 
1511.3 2.329 47.323 847.3 1.790 61.947 255.0 0.971 58.613 
1520.0 2.477 52.558 850.8 1.830 63.271 258.8 1.027 60.855 
1521.6 2.530 54.401 852.5 1.858 64.231 262.7 1.163 66.295 
1522.9 2.631 57.815 854.1 1.911 66.159 263.0 1.211 68.213 
bmS-1113 (P/H = 100) bmS-1123 (P/H = 15) bmS-1133 (PIH = 3) 
p Livi Lim p Livi ~I p Livz ~I 
0.0 0.000 0.000 0.0 0.000 0.000 0.0 0.000 0.000 
93.0 0.124 0.947 56.3 0.076 2.840 30.0 0.053 7.135 
186.0 0.249 1.987 112.5 0.156 5.843 45.0 0.087 10.783 
279.0 0.374 3.137 168.8 0.239 9.026 60.0 0.126 14.487 
372.0 0.500 4.413 225.0 0.327 12.405 75.0 0.169 18.247 
465.0 0.627 5.839 281.3 0.421 15.999 90.0 0.219 22.066 
558.0 0.755 7.441 337.5 0.521 19.828 105.0 0.274 25.945 
651.0 0.885 9.257 393.8 0.628 23.918 120.0 0.335 29.886 
744.0 1.018 11.330 450.0 0.745 28.297 135.0 0.402 33.889 
837.0 1.154 13.722 506.3 0.872 32.997 150.0 0.476 37.958 
930.0 1.294 16.510 562.5 1.013 38.084 165.0 0.557 42.097 
1023.0 1.442 19.804 618.8 1.174 43.774 180.0 0.645 46.339 
1116.0 1.599 23.779 675.0 1.367 50.342 195.0 0.745 50.766 
1209.0 1.776 28.868 731.3 1.615 58.449 210.0 0.858 55.482 
1302.0 2.005 36.560 787.5 2.002 70.571 225.0 0.990 60.611 
1395.0 2.429 52.068 791.0 2.049 72.093 240.0 1.153 66.569 
1418.3 2.742 63.112 791.9 2.065 72.593 243.8 1.207 68.525 
1419.7 2.794 64.870 792.8 2.083 73.205 245.2 1.233 69.423 
1420.6 2.854 66.892 793.8 2.122 74.507 247.3 1.284 71.272 
1420.9 2.902 68.493 247.8 1.311 72.274 
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Appendix B. Comparison of Load-
Deflection Curves 
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B1. Benchmark series 11oad-deflection curves 
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B2. Benchmark series 2 load-deflection curves 
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B3. Benchmark series 3 load-deflection curves 
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B4. Benchmark series 41oad-deflection curves 
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BS. Benchmark series 5 load-deflection curves 
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Appendix C. Comparison of Strength 
Curves 
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C1. Benchmark series 1 strength curves 
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C2. Benchmark series 2 strength curves 
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C3. Benchmark series 3 strength curves 
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C4. Benchmark series 4 strength curves 
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CS. Benchmark series 5 strength curves 
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Appendix D. Abaqus Residual Stress 
Modules 
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Dl. Abaqus module used to define membrane residual stress 
in hot-rolled !-sections 
SUBROUTINE SIGINI(SIGMA,COORDS,NTENS,NCRDS,NOEL,NPT,LAYER,KSPT) 
INCLUDE 'ABA_PARAM.INC' 
REAL X,Y,Z,span,height,impAx,impBx 
REAL bf,d1,localx,fyw,fyf,rsfactor 
DIMENSION SIGMA(NTENS) ,COORDS(NCRDS) 
X=COORDS(1) 
Y=COORDS(2) 
Z=COORDS(3) 
span=4000. 
height=2850. 
impAx=10. 
impBx=-12. 
bf=149. 
d1=290. 
fyw=395. 
fyf=360. 
IF ((d1/bf) .LE. (1.2)) THEN 
rsfactor=0.5 
ELSE 
rsfactor=0.3 
END IF 
C flanges 
IF (((NOEL.GE.1) .AND. (NOEL.LE.3000)) .OR. 
+ ( (NOEL.GE.5001) .AND. (NOEL.LE.8000)) .OR. 
+ ((NOEL.GE.10001) .AND. (NOEL.LE.13000))) THEN 
localx=Z 
SIGMA(2)=rsfactor*fyf-4*rsfactor*fyf/bf*ABS(localx) 
C webs 
ELSE 
IF ((NOEL.GE.10001) .AND. (NOEL.LE.20000)) THEN 
localx=X-Y*impAx/height 
ELSEIF ((NOEL.GE.30001) .AND. (NOEL.LE.40000)) THEN 
localx=X-Y*impBx/height-span 
ELSEIF ((NOEL.GE.60000) .AND. (NOEL.LE.80000)) THEN 
localx=Y-height 
END IF 
SIGMA(2)=-rsfactor*fyw+4*rsfactor*fyw/d1*ABS(localx) 
END IF 
RETURN 
END 
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D2. Abaqus module used to define membrane residual stress 
in welded !-sections 
SUBROUTINE SIGINI(SIGMA,COORDS,NTENS,NCRDS,NOEL,NPT,LAYER,KSPT) 
INCLUDE 'ABA_PARAM.INC' 
REAL X,Y,Z,span,height,impAx,impBx 
REAL bf,dl,localx,fyw,fyf,alf,a2f,alw,a2w 
DIMENSION SIGMA(NTENS),COORDS(NCRDS) 
X=COORDS(l) 
Y=COORDS(2) 
Z=COORDS(3) 
span=4000. 
height=2817. 
impAx=5. 
impBx=2. 
bf=200. 
dl=350. 
fyw=310. 
fyf=303. 
alf=0.075*bf 
a2f=0.125*bf 
alw=0.075*dl 
a2w=0.125*dl 
C flanges 
IF (((NOEL.GE.l) .AND. (NOEL.LE.3000)) .OR. 
+ ((NOEL.GE.5001) .AND. (NOEL.LE.8000)) .OR. 
+ ((NOEL.GE.lOOOl) .AND. (NOEL.LE.13000))) THEN 
localx=Z 
IF (ABS(localx) .LE.alf) THEN 
SIGMA(2)=l.O*fyf 
ELSEIF (ABS(localx) .GE.a2f) THEN 
SIGMA(2)=-0.25*fyf 
ELSE 
SIGMA(2)=(1.0-1.25*(ABS(localx)-alf)/(a2f-alf))*fyf 
END IF 
C webs 
ELSE 
IF ((NOEL.GE.lOOOl) .AND. (NOEL.LE.20000)) THEN 
localx=X-Y*impAx/height 
ELSEIF ((NOEL.GE.30001) .AND. (NOEL.LE.40000)) THEN 
localx=X-Y*impBx/height-span 
ELSEIF ((NOEL.GE.60000) .AND. (NOEL.LE.80000)) THEN 
localx=Y-height 
END IF 
IF (ABS(localx) .LE. (dl/2-a2w)) THEN 
SIGMA(2)=-0.25*fyw 
ELSEIF (ABS(localx) .GE. (dl/2-alw)) THEN 
SIGMA(2)=l.O*fyw 
ELSE 
SIGMA(2)=(1.0-1.25*(dl/2-alw-ABS(localx))/(a2w-alw))*fyw 
END IF 
END IF 
RETURN 
END 
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D3. Abaqus module used to define membrane and bending 
residual stress in cold-formed rectangular hollow sections 
SUBROUTINE SIGINI(SIGMA,COORDS,NTENS,NCRDS,NOEL,NPT,LAYER,KSPT) 
INCLUDE 'ABA_PARAM.INC' 
REAL X,Y,Z,span,height,impAx,impBx 
REAL flange,web,t,localx,b,nipt,ipt 
DIMENSION SIGMA(NTENS) ,COORDS(NCRDS) 
X=COORDS(l) 
Y=COORDS(2) 
Z=COORDS(3) 
span=4000. 
height=2950. 
impAx=14. 
impBx=-13. 
flange=200. 
web=lOO. 
t=4. 
nipt=9. 
IF (KSPT.EQ.l) THEN 
ipt=l. 
ELSEIF (KSPT.EQ.2) THEN 
ipt=2. 
ELSEIF (KSPT.EQ.3} THEN 
ipt=3. 
ELSEIF (KSPT.EQ.4) THEN 
ipt=4. 
ELSEIF (KSPT.EQ.5} THEN 
ipt=5. 
ELSEIF (KSPT.EQ.6) THEN 
ipt=6. 
ELSEIF (KSPT.EQ.7) THEN 
ipt=7. 
ELSEIF (KSPT.EQ.8) THEN 
ipt=8. 
ELSEIF (KSPT.EQ.9) THEN 
ipt=9. 
END IF 
C flanges 
IF ({(NOEL.GE.l) .AND. (NOEL.LE.10000)) .OR. 
+ ((NOEL.GE.20001) .AND. (NOEL.LE.30000)) .OR. 
+ ((NOEL.GE.40001) .AND. (NOEL.LE.50000))) THEN 
localx=Z 
b=flange-t 
C left column webs 
ELSEIF ((NOEL.GE.10001) .AND. (NOEL.LE.20000)) THEN 
localx=X-Y*impAx/height 
b=web-t 
C right column webs 
ELSEIF ((NOEL.GE.30001) .AND. (NOEL.LE.40000)) THEN 
localx=X-Y*impBx/height-span 
b=web-t 
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C beam webs 
ELSEIF ((NOEL.GE.60000) .AND. (NOEL.LE.80000)) THEN 
localx=Y-height 
b=web-t 
END IF 
SIGMA(2)=30.-120.0/b*ABS(localx)-200.+(ipt-1)/(nipt-1)*400. 
RETURN 
END 
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Appendix E. Source Listing of BMC 
Program 
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#include <stdio.h> 
#include <stdlib.h> 
#include <math.h> 
typedef struct 
{ 
float d; 
float x; 
float y; 
float z; 
float bf; 
float tf; 
float tw; 
} SECTION; 
main(argc,argv) 
int argc; 
char **argv; 
{ 
/* define variables */ 
SECTION col,beam; 
float fy,E,span,height,imp; 
float Hl,H2,H3,Vl,V2,V3; 
float xl,x2,yl,y2,x3,x4; 
float cmesh,bmesh; 
float fr,rsbf,rsbw,rscf,rscw; 
char bmcfile[lS], joufile[lS], bufile[lS], dbfile[lS], rsfile[lS]; 
FILE *fin; 
FILE *fout; 
/* open files */ 
strcpy(bmcfile,argv[l]); 
strcpy(joufile,argv[l]); strcpy(bufile,argv[l]); 
strcpy(dbfile,argv[l]); strcpy(rsfile,argv[l]); 
strcat (bmcfile,". bmc"); 
strcat(joufile," .db.jou"); strcat(bufile, "bu"); 
strcat(dbfile,".db"); strcat(rsfile,".rs"); 
if((fin = fopen(bmcfile,"r"))==NULL) { 
} i 
printf("\nCannot open .bmc file\n"); 
exit(l); 
if( (fout = fopen(joufile, "w") )==NULL) 
print£ ( "\nCannot open . jou file\n"); 
exit(l); 
} i 
/* read input data */ 
fscanf(fin,"%f %£ %£ %£\n",&col.d,&col.bf,&col.tf,&col.tw); 
fscanf(fin,"%£ %£ %£ %£\n",&beam.d,&beam.bf,&beam.tf,&beam.tw); 
fscanf(fin,"%£ %f %f %£ %f\n",&fy,&E,&span,&height,&imp); 
fscanf(fin,"%f %£ %£ %£ %£ %f\n",&Vl,&Hl,&V2,&H2,&V3,&H3); 
£close (fin) ; 
/* calculate stuff */ 
col.x=(col.d-col.tf)/2; 
beam.y=(beam.d-beam.tf)/2; 
col.z=col.bf/2; 
beam.z=beam.bf/2; 
yl=height-beam.y; 
xl=yl/imp; 
y2=2*beam.y; 
x2=y2/imp; 
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x3=height/imp; 
x4=x3+span; 
V1=-1000*V1; 
V2=-1000*V2; 
V3=-1000*V3; 
H1=1000*H1; 
H2=1000*H2; 
H3=1000*H3; 
cmesh=(col.d-col.tf)/16; 
bmesh=(beam.d-beam.tf)/16; 
/* write to .inp file */ 
fprintf(fout,"uil_file_rebuild.start(\"/pkg1/patran/patran6/template. 
db\ 11 ' @"); 
fprintf(fout,"\n\" ./%s\") ",dbfile); 
/* define geometry (points and curves for column A base) */ 
fprintf(fout,"\nSTRING asm_create_grid_xyz_created_ids[VIRTUAL]"); 
fprintf(fout,"\nasm_const_grid_xyz( \"1\", \"[%f 0 0]\", \"Coord 
0\", @",col. x) ; 
fprintf(fout,"\nasm_create_grid_xyz_created_ids) "); 
fprintf(fout,"\nasm_const_grid_xyz( \"2\", \"[%f 0 0]\", \"Coord 
0\", @",-1*col.x); 
fprintf(fout,"\nasm_create_grid_xyz_created_ids )"); 
fprintf(fout,"\nasm_const_grid_xyz( \"3\", \"[%f 0 %f]\", \"Coord 
0\", @" ,col.x,col.z); 
fprintf(fout,"\nasm_create_grid_xyz_created_ids )"); 
fprintf(fout,"\nasm_const_grid_xyz( \"4\", \"[%f 0 %f]\", \"Coord 
0\", @",col.x,-1*col.z); 
fprintf(fout,"\nasm_create_grid_xyz_created_ids )"); 
fprintf(fout,"\nasm_const_grid_xyz( \"5\", \"[%f 0 %f]\", \"Coord 
0\", @",-1*col.x,col.z); 
fprintf(fout,"\nasm_create_grid_xyz_created_ids )"); 
fprintf(fout,"\nasm_const_grid_xyz( \"6\", \"[%f 0 %f]\", \"Coord 
0\", @",-1*col.x,-1*col.z); 
fprintf(fout,"\nasm_create_grid_xyz_created_ids )"); 
fprintf(fout,"\nSTRING asm_line_2point_created_ids[VIRTUAL]"); 
fprintf(fout,"\nasm_const_line_2point( \"1\", \"Point 1 \", 
\"Point 2 \", 0, \"\",50., 1, @"); 
fprintf(fout,"\nasm_line_2point_created_ids ) "); 
fprintf(fout,"\nasm_const_line_2point( \"2\", \"Point 
\"Point 4 \", 0, \"\",50., 1, @"); 
fprintf(fout,"\nasm_line_2point_created_ids ) "); 
fprintf(fout,"\nasm_const_line_2point( \"3\", \"Point 
\"Point 6 \", 0, \"\", 50., 1, @"); 
3 \II I 
5 \ n ' 
fprintf(fout,"\nasm_line_2point_created_ids ) "); 
fprintf(fout,"\nSTRING sgm_sweep_surface_e_created_ids[VIRTUAL]"); 
/* define geometry (surfaces) */ 
fprintf ( fout, "\nsgm_const_surface_extrude ( \ "1 \", \ "<%f %f 0> \", 
1 . , 0 . , \ " [ 0 0 0] \ " , \ "Coord 0 \ " , @" , x1 , y1) ; 
fprintf(fout,"\n \"Curve 1:3 \", sgm_sweep_surface_e_created_ids 
) 11 ) ; 
fprintf(fout,"\nsgm_const_surface_extrude( \"4\", \"<%f %f 0>\", 
1. , 0. , \" [ 0 0 0] \" , \"Coord 0\", 
fprintf(fout,"\n\"Surface 
@" ,x2 ,y2); 
1.2 2.2 
sgm_sweep_surface_e_created_ids ) "); 
3.2 \11 I 
fprintf(fout,"\nSTRING sgm_transform_surf_created_ids[VIRTUAL]"); 
fprintf(fout,"\nsgm_transform_translate( \"7\", \"surface\", \"<%f 
0 0>\", \"Coord 0\", 1, FALSE, @",span); 
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fprintf ( fout, "\n \"Surface 1: 6 \", sgm_transform_surf_created_ids 
) ") i 
fprintf(fout,"\nSTRING sgm_surface_2curve_created_ids[VIRTUAL] "); 
fprintf ( fout, "\nsgm_const_surface_2curve ( \ "13 \", \"Surface 4.1 
\", \"Surface 10. 3 \", @") ; 
fprintf(fout,"\nsgm_surface_2curve_created_ids) "); 
fprintf ( fout, "\nsgm_const_surface_2curve ( \ "14 \", \"Surface 5. 2 
\", \"Surface 12.2 \", @") ; 
fprintf(fout,"\nsgm_surface_2curve_created_ids) "); 
fprintf ( fout, "\nsgm_const_surface_2curve ( \ "15 \", \"Surface 2. 2 
\" , \"Surface 9 . 2 \" , @" ) ; 
fprintf(fout,"\nsgm_surface_2curve_created_ids )"); 
/* define geometry (coordinate systems) */ 
fprintf(fout,"\nSTRING asm_create_cord_nor_created_ids[VIRTUAL]"); 
fprintf ( fout, "\nasm_const_coord_normal ( \ "1 \", \"Surface 1 \", 1, 
\"[0 0 0]\", @"); 
fprintf(fout,"\nasm_create_cord_nor_created_ids ) "); 
fprintf (fout, "\nasm_const_coord_normal ( \ "2\", \"Surface 2 \", 1, 
\"[0 0 0]\", @"); 
fprintf(fout,"\nasm_create_cord_nor_created_ids ) "); 
fprintf ( fout, "\nasm_const_coord_normal ( \ "3 \", \"Surface 7 \", 1, 
\" [% f 0 0] \ " , @" , span) ; 
fprintf(fout, "\nasm_create_cord_nor_created_ids ) "); 
fprintf ( fout, "\nasm_const_coord_normal ( \ "4 \", \"Surface 8 \", 1, 
\"[0 0 0]\", @"); 
fprintf(fout,"\nasm_create_cord_nor_created_ids ) "); 
fprintf(fout,"\nasm_const_coord_normal( \"5\", \"Surface 13 \", 1, 
\"[0 %f 0]\", @",height); 
fprintf(fout,"\nasm_create_cord_nor_created_ids ) "); 
fprintf(fout,"\nasm_const_coord_normal( \"6\", \"Surface 14 \", 1, 
\"[0 %f 0]\", @",height); 
fprintf(fout,"\nasm_create_cord_nor_created_ids) "); 
/* define mesh seeds */ 
fprintf(fout,"\nui_exec_function( \ "mesh_seed_display_mgr\", 
\ " ini t \ " ) " ) ; 
fprintf ( fout, "\nmesh_seed_create ( \"Curve 2 3 Surface 6. 2 8. 4 9. 4 
2. 2 5. 2 12. 2 11. 2 \"' @") ; 
fprintf(fout, "\n1, 8, 0., 0., 0. ) "); 
fprintf(fout,"\nmesh_seed_create( \"Curve 1 Surface 6.1 5.1 4.1 
7.4 12.1 11.1 10.3 4.2 10.2 \", @"); 
fprintf(fout,"\n1, 16, 0., 0., 0. )"); 
fprintf(fout,"\nmesh_seed_display_mgr.erase( ) "); 
/* define material properties */ 
fprintf(fout,"\nmaterial.create( \"Analysis code ID\", 1, 
\"Analysis type ID\", 1, \"steel\", 0, @"); 
fprintf(fout, "\n\"Date: 21-0ct-97 Time: 13 : 02: 02\", 
\"Isotropic\", 1, \"Directionality\", 
fprintf(fout, "\n1, \"Linearity\", 
Elastic\", 1, @"); 
@"); 
1, \ "Homogeneous\ " , 0' \"Linear 
fprintf(fout,"\n\"Model Options & IDs\",[\"\",\"\",\"\",\"\", 
\"\"], [0, 0, 0, 0, 0], \"Active Flag\", @"); 
fprintf(fout,"\n1, \"Create\", 10, \"External Flag\", FALSE, 
\"Property IDs\", [\"Elastic Modulus\", @"); 
fprintf(fout, "\n\"Poisson Ratio\"], [2, 5, 0], \"Property 
Values\", [\"%f\", \"0.3\", \"\"] ) ",E); 
fprintf(fout,"\nuil_pref_analysis.set_analysis_pref( \"ABAQUS\", 
\"Structural\", \".inp\", \".fil\" )"); 
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fprintf(fout,"\nmaterial.create( \"Analysis code ID\", 2, 
\"Analysis type ID\", 1, \"steel\", 1, @") ; 
fprintf(fout,"\n\"Date: 21-0ct-97 Time: 13 : 02: 02\" , 
\"Isotropic\", 1, \"Directionality\", @"); 
fprintf(fout,"\n1, \"Linearity\", 3, \"Homogeneous\", 0, 
\"Plastic\", 3, \"Model Options & IDs\", [ @"); 
fprintf (fout, "\n\ "MisesiHill \", \"Perfect Plasticity\", \"None\", 
\"None\" , \" \"] , [ 10, 2 8, 3 0, 3 0, 0] , @" ) ; 
fprintf(fout,"\n\"Active Flag\", 1, \"Create\", 10, \"External 
Flag\", FALSE, \"Property IDs\", [ @"); 
fprintf(fout,"\n\"Yield Point\", \"\"], [121, 0], \"Property 
Values\", [\"%f\", \"\"] )",fy); 
I* define element properties *I 
fprintf(fout,"\nelementprops_create( \"column A web\", 51, 25, 35, 
1, 1, 20, [13, 1080, 1071, @"); 
fprintf(fout,"\n21, 1079,20,1066,1067,1068, 1069], [5, 1, 3, 
9, 3, 1, 1, 1, 1, 1], [ @"); 
fprintf(fout,"\n\"m:steel\", \"%f\", \"\", \"Coord 1\", \"3\", 
\" 0\" , \" \" , \" \" , \" \" , \" \"] , \"Surface 1 4\" ) " , col. tw) ; 
fprintf(fout,"\nelementprops_create( \"column A flanges\", 51, 25, 
35, 1, 1, 20, [13, 1080, @"); 
fprintf(fout,"\n1071, 21,1079,20, 1066, 1067, 1068, 1069], [5, 
1, 3, 9, 3, 1, 1, 1, 1, 1], [ @"); 
fprintf(fout,"\n\"m:steel\", \"%f\", \"\", \"Coord 2\", \"3\", 
\"0\", \"\", \"\", \"\",\"\"],\"Surface 2 3 56\" )",col.tf); 
fprintf(fout, "\nelementprops_create( \"column B web\", 51, 25, 35, 
1, 1, 20, [13, 1080, 1071, @"); 
fprintf(fout,"\n21, 1079,20,1066,1067,1068, 1069], [5, 1, 3, 
9, 3, 1, 1, 1, 1, 1], [ @"); 
fprintf(folit,"\n\"m:steel\", \"%f\", \"\",\"Coord 3\", \"3\", 
\"0\", \"\", \"\", \"\",\"\"],\"Surface 7 10\" )",col.tw); 
fprintf(fout, "\nelementprops_create( \"column B flanges\", 51, 25, 
35, 1, 1, 20, [13, 1080, @"); 
fprintf(fout,"\n1071, 21,1079,20,1066,1067,1068, 1069], [5, 
1, 3, 9, 3, 1, 1, 1, 1, 1], [ @"); 
fprintf(fout,"\n\"m:steel\", \"%f\", \"\", \"Coord 4\", \"3\", 
\"0\", \"\", \"\", \"\",\"\"],\"Surface 8 9 1112\" )",col.tf); 
fprintf(fout, "\nelementprops_create( \"beam web\", 51, 25, 35, 1, 
1, 20, [13, 1080, 1071, 21, @") i 
fprintf(fout, "\n1079, 20, 1066, 1067, 1068, 1069], [5, 1, 3, 9, 3, 
1, 1, 1, 1, 1], [\"m:steel\", @"); 
fprintf(fout, "\n \"%f\", \"\", \"Coord 5\", \"3\", \"0\", \"\", 
\"\", \"\",\"\"],\"Surface 13\" )",beam.tw); 
fprintf(fout,"\nelementprops_create( \"beam flanges\", 51, 25, 35, 
1, 1, 20, [13, 1080, 1071, @"); 
fprintf(fout,"\n21, 1079,20,1066,1067,1068, 1069], [5, 1, 3, 
9, 3, 1, 1, 1, 1, 1], [ @"); 
fprintf(fout,"\n\"m:steel\", 
\"0\", \"\", \"\", \"\", \"\"], 
I* create nodes 1 and 2 *I 
\"%f\", \"\", \"Coord 6\", 
\"Surface 14 15\" ) ",beam.tf); 
\"3\", 
fprintf(fout,"\nSTRING fem_create_nodes_nodes_created[VIRTUAL]"); 
fprintf(fout, "\nfem_create_nodes( \"Coord 0\", \"Coord 0\", FALSE, 
\"1\", \"[%f %f 0]\", @",x3,height); 
fprintf(fout,"\nfem_create_nodes_nodes_created )"); 
fprintf(fout,"\nfem_create_nodes( \"Coord 0\", \"Coord 0\", FALSE, 
\"2\", \"[%f %f 0]\", @",x4,height); 
fprintf(fout, "\nfem_create_nodes_nodes_created ) "); 
I* mesh joints *I 
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fprintf(fout,"\niNTEGER fem_create_mesh_surfa_num_nodes"); 
fprintf(fout,"\niNTEGER fem_create_mesh_surfa_num_elems"); 
fprintf(fout,"\nSTRING fem_create_mesh_s_nodes_created[VIRTUAL]"); 
fprintf(fout,"\nSTRING fem_create_mesh_s_elems_created[VIRTUAL]"); 
fprintf ( fout, "\nfem_create_mesh_surf_2 ( \ "IsoMesh \" , 0, \"Surface 
4 6 5101211 \", 1, [100.], @"); 
fprintf(fout,"\n\"Quad4\", \"3\", \"1\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout,"\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout,"\nfem_create_mesh_s_elems_created )"); 
/* boundary conditions */ 
fprintf(fout,"\nloadsbcs_create( \"fixed base\", \"Displacement\", 
\"Nodal\",\"\", \"Static\", [ @"); 
fprintf(fout,"\n\"Surface 1:3.4 7:9.4\"], \"Geometry\", \"Coord 
0\", 1., [\"<0,0,0 >\", @"); 
fprintf(fout,"\n\"<0,0,0 >\"], [\"\", \"\"] )"); 
fprintf(fout,"\nloadsbcs_create( \"out-of-plane\", 
\"Displacement\", \"Nodal\",\"\", \"Static\", [ @"); 
fprintf(fout,"\n\"Node 1 2\"], \"FEM\", \"Coord 0\", 1., [\"<, ,0 
>\", \"< >\"], [\"\", \"\"] ) ") i 
fprintf(fout,"\nloadsbcs_create( \"more out-of-plane\", 
\"Displacement\", \"Nodal\", 
fprintf(fout,"\n\"Surface 
\" \", \"Static\", [ @"); 
1:13:6.1 1:13:6.3\"], 
\"Coord 0\" , 1. , [ \ "< , 
fprintf(fout,"\n\"< 
,0 >\", @"); 
>\"], [\"\", \"\"] )"); 
/* loads */ 
fprintf(fout,"\nloadsbcs_create( \"vertical 
\"Force\", \"Nodal\",\"\", \"Static\", [ @"); 
load 
\"Geometry\", 
(V/H=100)\", 
fprintf(fout,"\n\"Node 1 2\"], \"FEM\", \"Coord 0\", 1., [\"<,%f 
> \ " , \ " < > \ " ] , [ \ " \ " , \ " \ " ] ) " , V1 ) ; 
fprintf ( fout, "\nloadsbcs_create ( \"vertical load (V/H=15)\", 
\"Force\", \"Nodal\", \"\", \"Static\", [ @"); 
fprintf (fout, "\n\ "Node 1 2\"], \ "FEM\", \"Coord 0\", 1., [\ "<, %f 
> \ " , \ "< > \ " ] , [ \ " \ " , \ " \ " ] ) " , V2 ) ; 
fprintf(fout,"\nloadsbcs_create( \"vertical load (V/H=3)\", 
\"Force\", \"Nodal\",\"\", \"Static\", [ @"); 
fprintf(fout, "\n\"Node 1 2\"l, \"FEM\", \"Coord 0\", 1., [\"<,%f 
> \ " , \ " < > \ " ] , [ \ " \ " , \ " \ " ] ) " , V3 ) ; 
fprintf(fout,"\nloadsbcs_create( \"horizontal load (V/H=100)\", 
\"Force\", \"Nodal\",\"\", \"Static\", @"); 
fprintf(fout,"\n[\"Node 1\"], \"FEM\", \"Coord 0\", 1., [\"<%f, 
> \ " , \ "< > \ " ] , [ \ " \ " , \ " \ " ] ) " , H1 ) ; 
fprintf ( fout, "\nloadsbcs_create ( \"horizontal load (V /H=15) \", 
\"Force\", \"Nodal\",\"\", \"Static\", [ @"); 
fprintf(fout, "\n\"Node 1\"], \"FEM\", \"Coord 0\", 1., [\"<%f, 
> \ " , \ " < > \ " ] , [ \ " \ " , \ " \ " ] ) " , H2 ) ; 
fprintf(fout, "\nloadsbcs_create( \"horizontal load (V/H=3) \", 
\"Force\", \"Nodal\",\"\", \"Static\", [ @"); 
fprintf(fout,"\n\"Node 1\"], \"FEM\", \"Coord 0\", 1., [\"<%f, 
> \ " , \ " < > \ " ] , [ \ " \ " , \ " \ " ] ) " , H3 ) ; 
fprintf(fout,"\nloadcase_create( \"V/H=100\", \"Static\", \"\", 
[\"fixed base\", \"more out-of-plane\", @"); 
fprintf (fout, "\n\ "out-of-plane\", \"horizontal load (V/H=100) \", 
\"vertical load (V/H=100)\"], [0, @"); 
fprintf ( fout, "\nO, 0, 0, 0] , \" \", 0., FALSE ) ") ; 
fprintf ( fout, "\nloadcase_create ( \ "V /H=15 \", \"Static\", \" \", 
[\"fixed base\", \"more out-of-plane\", @"); 
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fprintf ( fout, "\n\ "out-of-plane\", \"horizontal 
\"vertical load (VIH=15)\"], [0, 0, @"); 
fprintf(fout,"\nO, 0, 0], \"\", 0., FALSE)"); 
fprintf ( fout, "\nloadcase_create ( \ "V IH=3 \", 
load (V IH=15) \", 
\"Static\", \" \"' 
[\"fixed base\", \"more out-of-plane\", @"); 
fprintf (fout, "\n\ "out-of-plane\", \"horizontal load 
\"vertical load (V IH=3) \"] , [ 0, 0, 0, @") ; 
fprintf(fout,"\n 0, 0], \"\", 0., FALSE)"); 
I* equivalence grids *I 
fprintf(fout,"\nREAL fem_equiv_all_x_equivtol"); 
fprintf(fout,"\niNTEGER fem_equiv_all_x_segment"); 
(VIH=3) \", 
fprintf ( fout, "\nfem_equi v_all_group3 ( [ \" \"] , 0, \" \", 1, 0. 5, 
FALSE, fem_equiv_all_x_equivtol, @"); 
fprintf(fout,"\nfem_equiv_all_x_segment )"); 
I* create MPCs *I 
fprintf(fout,"\nfem_create_mpc_nodal( 1, \"Rigid (Fixed)\", 0., 2, 
[TRUE, FALSE], [0., 0.], [ @"); 
fprintf(fout,"\n\"Node 3:146 148:295 297:304 306:313 315:322 
324:331 333:340 342:349 351:35\" II @"); 
fprintf(fout,"\n\"8 360:367 369:376 378:385 387:394 396:403 
405:412 414:421423:430 432:439\" II@"); 
fprintf(fout,"\n\" 441:448 450:457 459:466 468:475 477:484 486:493 
495:502 504:511 513:520 \" II @"); 
fprintf(fout,"\n\"522:529 531:538 540:547 549:556 558:565 567:574 
576:583 585:592 594:597\", @"); 
fprintf(fout, "\n\"Node 1\"], [\"\", \"\"] ) "); 
fprintf(fout,"\nfem_create_mpc_nodal( 2, \"Rigid (Fixed)\", 0., 2, 
[TRUE, FALSE], [0., 0.], [ @"); 
fprintf(fout,"\n\"Node 598:741 743:890 892:899 901:908 910:917 
919:926 928:935 937:944 946:\" II @"); 
fprintf(fout,"\n\"953 955:962 964:971 973:980 982:989 991:998 
1000:1007 1009:1016 1018:1025\" II @"); 
fprintf(fout,"\n\" 1027:1034 1036:1043 1045:1052 1054:1061 
1063:1070 1072:1079 1081:1088 10\" II@"); 
fprintf(fout, "\n\"90:1097 1099:1106 1108:1115 1117:1124 1126:1133 
1135:1142 1144:1151 1153:\" II@"); 
fprintf(fout,"\n\"1160 1162:1169 1171:1178 1180:1187 1189:1192\", 
\"Node 2\ 11 ] , [ \" \", \" \ 11 ] ) 11 ) ; 
I* mesh columns and beam *I 
fprintf(fout,"\niNTEGER fem_create_mesh_surfa_num_nodes"); 
fprintf(fout,"\niNTEGER fem_create_mesh_surfa_num_elems"); 
fprintf(fout,"\nSTRING fem_create_mesh_s_nodes_created[VIRTUAL]"); 
fprintf(fout,"\nSTRING fem_create_mesh_s_elems_created[VIRTUAL]"); 
fprintf ( fout, "\nfem_create_mesh_surf_2 ( \" IsoMesh \", 0, \"Surface 
1 \", 1, [%f], \"Quad4\", @",cmesh); 
fprintf(fout,"\n\"10001\", \"10001\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout,"\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout,"\nfem_create_mesh_s_elems_created) "); 
fprintf ( fout, "\nfem_create_mesh_surf_2 ( \" IsoMesh \", 0, \"Surface 
3 2 \", 1, [%f], \"Quad4\", @",cmesh); 
fprintf(fout,"\n\"20001\", \"20001\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout,"\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout,"\nfem_create_mesh_s_elems_created) "); 
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fprintf ( fout, "\nfem_create_mesh_surf_2 ( \ "IsoMesh\", 0, \"Surface 
7 \", 1, [%f], \"Quad4\", @",cmesh); 
fprintf(fout,"\n\"30001\", \"30001\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout, "\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout, "\nfem_create_mesh_s_elems_created) "); 
fprintf(fout,"\nfem_create_mesh_surf_2( \"IsoMesh\", 0, \"Surface 
9 8 \", 1, [%f], \"Quad4\", @",cmesh); 
fprintf(fout,"\n\"40001\", \"40001\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout, "\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout, "\nfem_create_mesh_s_elems_created) "); 
fprintf ( fout, "\nfem_create_mesh_surf_2 ( \ "IsoMesh \", 0, \"Surface 
13 \", 1, [%f], \"Quad4\", @",bmesh); 
fprintf(fout,"\n\"50001\", \"50001\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout, "\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout, "\nfem_create_mesh_s_elems_created ) "); 
fprintf ( fout, "\nfem_create_mesh_surf_2 ( \ "IsoMesh \", 0, \"Surface 
1415 \", 1, [%f], \"Quad4\", @",bmesh); 
fprintf(fout,"\n\"70001\", \"70001\", \"Coord 0\", \"Coord 0\", 
fem_create_mesh_surfa_num_nodes, @"); 
fprintf(fout, "\nfem_create_mesh_surfa_num_elems, 
fem_create_mesh_s_nodes_created, @"); 
fprintf(fout, "\nfem_create_mesh_s_elems_created ) "); 
/* equivalence grids */ 
fprintf ( fout, "\nfem_equiv_all_group3 ( [ \" \"], 0, \" \", 1, 0. 5, 
FALSE, fem_equiv_all_x_equivtol, @"); 
} 
fprintf(fout, "\nfem_equiv_all_x_segment )"); 
fprintf(fout, "\n"); 
fclose(fout); 
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Appendix F. Equation Derivations 
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Fl. Derivation of the refined plastic hinge model's hinge 
softening equation (5.1-42) 
The incremental force-displacement relationship for the refined plastic hinge 
formulation is shown in Equation F1-1. 
MA ¢+-::(H.)] <P AlPBS2 0 eA 
MB EJ [ s' ¢A)] eB = <PA<PBS2 <Ps si __ z (1 0 (Fl-1) 
L sJ 
p 0 0 A/I u 
For an element subject to a constant bending moment, lPA = lPB = ¢, e A = -8 B = e ' and 
M A = -M s = M . The incremental moment-rotation relationship from Equation F1-1 
therefore reduces to Equation F1-2. 
. E I { [ s; ( )] 2 } • M =--;: <P sl --;: 1-¢ -<P Sz e (Fl-2) 
The corresponding relationship for an elastic element (E1 = E, <P = 0) is shown in 
Equation F1-3. 
. EI ( M=- s1 (Fl-3) 
L 
The incremental moment-rotation relationship for an element with hinge softening is 
defined by replacing the elastic modulus (E) in Equation F1-3 with the softening 
modulus (Es), as shown in Equation F1-4. 
. E I ( M =-s- sl (Fl-4) 
L 
The softening modulus can be expressed as a function of the tangent modulus (E1) and 
the flexural stiffness reduction factor (¢),by equating Equations F1-2 and F1-4. 
E,{+- :: (1 ¢)]-¢'s,} 
Es=--~~-----~----~ 
(si -sz) 
(Fl-5) 
In order to simplify Equation F1-5, the softening modulus can be assumed to be 
independent of the second-order effects represented by the stability functions (s1, s2). 
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Substituting the first-order values (s1 = 4, s2 = 2) into Equation Fl-5 provides the 
following equation: 
(Fl-6) 
It is convenient to normalise both the softening modulus and the tangent modulus 
with respect to the elastic modulus, as shown in Equation Fl-7. 
E E 
e =-s. e =-t 
s ' t 
(Fl-7) 
E E 
Substituting Equation Fl-7 into Equation Fl-6 and rearranging yields the following 
quadratic equation: 
(Fl-8) 
Equation Fl-8 can be solved to obtain an expression for the flexural stiffness 
reduction factor (¢) as a function of the normalised softening modulus (es) and the 
normalised tangent modulus (e1). 
(Fl-9) 
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F2. Derivation of the pseudo plastic zone model's flexural 
stiffness reduction factor equation (6.2-10) 
The incremental force-displacement relationship for the pseudo plastic zone 
formulation is shown in Equation F2-1. 
MA ¢A[s;- ;; (1-¢8 )] l/JA>ss~ 0 eA 
MB sEI l/JAl/JBS~ ¢.[s;- s;;' (HJ] 0 eB (F2-l) 
L 
p 0 0 eta A u 
sl 
For an element subject to a constant bending moment (i.e., single curvature), l/JA = l/Js 
= ¢, e A= -eB = e' and M A= -M B = M. The incremental moment-rotation 
relationship from Equation F2-1 therefore reduces to Equation F2-2. 
(F2-2) 
Alternatively, the incremental moment-rotation relationship can be defined using the 
tangent modulus instead of the flexural stiffness reduction factor, as shown in 
Equation F2-3. This equation assumes the tangent modulus to be constant along the 
length of the member. 
(F2-3) 
Equations F2-2 and F2-3 can be combined and solved to obtain an expression for the 
flexural stiffness reduction factor ( ¢) as a function of the normalised tangent modulus 
(et). 
MA for--=-1 
MB 
(F2-4) 
Application of the same procedure for an element subject to equal end moments and 
double curvature (i.e., l/JA = l/JB = ¢, e A = e B = e ' and M A = M B = M ) provides a 
similar equation: 
if> = -0.5 + ~0.25 + 2e1 (F2-5) 
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Equation F2-6 represents a simple generalised form of equations F2-4 and F2-5 which 
is valid for any end moment ratio ({3). Note that Equation F2-6 reduces to F2-4 for f3 
= -1, and to F2-5 for f3 = 1. 
</J = (0.5 -1/ /3)+1_~(0.5 -1/ f3Y + 2etf / f3 for f3 =t 0 
l/31 
</J = etf for f3 = 0 
The end moment ratio ({3) is defined as: 
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(F2-6) 
(F2-7) 
• 284 
F3. Derivation of the pseudo plastic zone model's 
imperfection reduction factor equation (6.2-8) 
Consider a cantilever beam-column, as shown in Figure F3-1. 
Figure F3-1 Cantilever beam-column 
The slope-deflection equations can be used to express the end moments as a function 
of the displacements, as shown in Equation F3-1. 
(F3-l) 
Substituting the boundary conditions (}A = 0 and Ms = 0 into Equation F3-1, and 
solving forMA gives: 
(F3-2) 
Moment equilibrium at end A provides the following equation: 
HL+P(!::,.i +/::,.)+MA =0 (F3-3) 
Equating F3-2 and F3-3 gives: 
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(F3-4) 
The effect of the initial imperfection can be alternatively considered by replacing L1i 
with a stiffness reduction factors, as shown in Equation F3-5. 
Equating F3-4 and F3-5, and solving for s gives: 
( = [!+~~] 
[~<( A;:A ]J 
(F3-5) 
(F3-6) 
An identical equation can be obtained for a sway beam-column with full rotational 
restraint at end B. This suggests that the imperfection reduction factor is independent 
of the beam to column stiffness ratio(/'?. 
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